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Orthogonal Complex Filter Banks and
Wavelets: Some Properties and Design
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Abstract—Recent wavelet research has primarily focused on  Both the continuous wavelet transform (CWT) and Fourier
real-valued wavelet bases. However, complex wavelet bases offetransform are defined for signals that are complex as well
a number of potential advantageous properties. For example, it oq yaa The basis functions of the Fourier transform are the
has been recently suggested that the complex Daubechies wavele%l | ial f . d th . ival
can be made symmetric. However, these papers always imply COMPIex exponential functions, and the FFT is equivalent to
that if the complex basis has a symmetry property, then it must implementing a bank of bandpass complex-valued filters. Sim-
exhibit linear phase as well. In this paper, we prove that a linear- ilarly, the short time Fourier transform (STFT) is equivalent
phase complex orthogonal wavelet does not exist. We study theig jmplementing a bank of bandpass complex-valued filters
implications of symmetry and linear phase for both complex and having equal bandwidths. The mother wavelets of the CWT
real-valued orthogonal wavelet bases.Asabyproduct., we propose ft | | d.f fi h as the Morlet let
a method to obtain a complex orthogonal wavelet basis having the @€ Oltén complex-valued tunctions, such as the Morlet wavele
symmetry property and approximately linear phase. The numer- and the Gabor wavelet, etc. Present theory and techniques
ical analysis of the phase response of various complex and realhave already shown that these approaches are better able to
Daubechies wavelets is given. Both real and complex-symmetric handle complex signals such as in radar and sonar applications
orthogonal wavelet can only have symmetric amplitude spectra. [15]-[17]. Therefore, adopting complex filter banks and asso-

It is often desired to have asymmetric amplitude spectra for - ) ! p .g p . . -
processing genera| Comp|ex signa]sl Therefore, we propose aC|ated wavelet bases for similar appllcatlons is a natural choice.
method to design general complex orthogonal perfect reconstruct For example, in radar and sonar applications, the complex |/

p pp p
filter banks (PRFB’s) by a parameterization scheme. Design grthogonal signals can be processed with complex filter banks
examples are given. It is shown that the amplitude spectra of (oo than processing the 1/Q channels separately. Therefore,

the general complex conjugate quadrature filters (CQF’s) can be h | h | | b d choi
asymmetric with respect the zero frequency. This method can the complex orthogonal wavelet may prove to be a good choice

be used to choose optimal complex orthogonal wavelet basis for Since it will allow us to process both the magnitude and phase
processing complex signals such as in radar and sonar. simultaneously.

Recently, a few authors [1], [2], [18]-[20] have stud-
ied complex-valued filter banks. The complex Daubechies
wavelet and some applications were discussed in [1], [2],

HE USE OF wavelet transforms (WT's) is becoming18], and [19]. In [1], the symmetric complex Daubechies
ubiquitous in signal processing, owing to the power of th@avelets were constructed. These wavelets are used for image
multiresolution technique and the existence of fast algorithmesding applications in [2] and showed better compression
[3], [4]. Research on wavelet theory is tightly connectegerformance than asymmetric wavelets. The parameterization
with the filter bank work through Mallat's algorithm [5]-[7]. of complex Daubechies wavelets is developed in [18]. The
Both orthogonal and biorthogonal wavelet bases correspogignmetric complex Daubechies wavelets were also used in
to perfect reconstruct filter banks (PRFB's). Research @fereo image matching in [19]. It is shown in these papers that
wavelets mainly concerns real-valued wavelet bases and filigs complex Daubechies wavelet can be symmetric, whereas
banks, as is evident by a large number of publications on thg real Daubechies wavelet cannot. However, all these authors
subject [5]-{14]. However, complex wavelet bases and filtgeem to be confused about the symmetry property of the filter
banks have seldom been discussed. with its linear-phase response. They always imply that if the
complex basis has a symmetry property, then it must exhibit
Manuscript received November 1, 1997; revised November 30, 1998. lellirs]ear phase as well. Symmetry and linear phase are often
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numerical analyses of various interesting phase propertiesngither symmetric nor antisymmetric, except Haar functions
Daubechies wavelets. [22], [23]. Lawton [1] and Linaet al. [18] showed that it
We also propose methods for designing general orthogoimalpossible to have the symmetry property for a complex
complex PRFB’s and give design examples. It is shown thBaubechies wavelet. In addition to their results, we show
the general complex conjugate quadrature filter (CQF) hdse relationship between compactly supported real orthogonal
a very flexible frequency response. The amplitude-frequenasavelet bases and compactly supported complex orthogonal
responses of the general complex CQF's can be asymmetiavelet bases. This is given as follows.
with respect to the zero frequency, whereas the symmet-Proposition 1: The scaling filter, in CQF PRFB associated
ric complex CQF's and real CQF's must have symmetrigith the dyadic compactly supported complex orthogonal
amplitude-frequency responses. This property can be usefidvelet basis cannot be antisymmetric.
when processing complex-valued signals, such as radar and Proof. The lengthV of the scaling filter in CQF PRFB
sonar 1/Q orthogonal complex signals with Doppler phasessociated with the dyadic compactly supported orthogonal
shift. For example, the moving target detector (MTD) isvavelet basis must be even [13], [22]. Therefore, assuming
usually a specific type of complex-valued filter bank withh is antisymmetric, i.e.h[r] = —h[N — 1 — n], we have
asymmetric amplitude spectrum. In any Doppler processr ' A[k] = 0. In addition, it is known [3], [13], [22] that
ing application, the positive and the negative frequenciqeg(ejw)|w=0 = |Z£’=—01 R[K]| = V2 # 0. Therefore, the
have a different meaning. Therefore, a filter must be abdgsumption of antisymmetry does not hold, i/e.cannot be
to distinguish between the positive and negative frequenciggtisymmetric. O
Hence, the complex filters with asymmetric amplitude spec- Since the scaling function and the scaling filter have the
trum promise to be very useful for processing these complg®me symmetry property [13], the associated scaling function
signals. cannot be antisymmetric either. More generally, if complex
This paper is organized as follows. In Section Il, compactigQF PRFB’s have any symmetry property, then they can only
supported symmetric orthogonal complex-valued wavelge symmetric and not antisymmetric.
bases are discussed, and implications of the linear phas&heorem 1:If there exists a symmetric complex-valued
property are explored. Numerical analysis of the phagsQF PRFB, then there also exists a corresponding real-valued
response of various Daubechies’ orthogonal scaling functiog®F PRFB having scaling filters with identical amplitude
is also presented, and the results are compared. In Sectiondfectra.
the design of general orthogonal complex PRFB’'s and Proof: According to the Daubechies method for the
associated orthogonal complex wavelets are proposed, @d@struction of real compactly supported orthogonal wavelet
some examples are given. We conclude the paper Hasis [22], [23], let

Section IV.
Notations: Some notations used in this paper are shown joy L (% 1
here. The bar or superscript “*,” such asor *, denotes the pole’™) = 2 (™) (1)

conjugation. H(¢’*) or h(w) denotes the Fourier transform
of discrete or continuous functioh. H(z) denotes thez whereH is the scaling filter. Fop, to have regularity > 1,
transform of discrete-time function df[n]. For polynomial p, should have the form
matrix or vectorH(z), HY(z) denotes the transpose Hf(»);
H"(») denotes the conjugate transpose Hf»); H.(»)

. . . . jw 1+ Cjw
denotes the conjugation of all the coefficient Hi(~); and po(c’Y) = <

K )
) Q) @)

H(z) £ HL(»1). The downsampling operatd{ M] and 2
upsampling operatoff M] are defined as and po should satisfy
M £ z[M : .
[l ].’L’[TL] -T[ 7’L] PO(C]w) +PO(C](w+ﬁ)) -1 (3)
and . .
where Py(e’*) = |po(e?“)[2.
[ Mlz[n] £ z[n/M], if nis a multiple of M Given the scaling filtedd . for any symmetric complex CQF
0, otherwise PRFB, and sincé.[n] = h.[N — 1 — n], we have
respectively. H (/%) = e 9oWN=D g (¢77%), 4)
Il. COMPACTLY SUPPORTED SYMMETRIC Thus
ORTHOGONAL COMPLEX-VALUED WAVELET BASES ' '
|He(e"*)]? = |[He(e ™) (5)

A. The Symmetry of Compactly Supported i.e., its amplitude spectrum is an even function.
Orthogonal Wavelet Bases BecausgH.(¢/“)|? is an even function, it can be written as
Daubechies has shown that all compactly supported reateal-valued polynomial ofos(w). Furthermore|H..(c?)|?

orthogonal wavelet bases and their associated CQF FB’s &uHills the required conditions of CQF sincH, is a CQF.
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Therefore,|H.(¢?*)|? is also a solution of the Daubechiesis conjugate symmetric or conjugate antisymmetric
equation (3). Then, by using the zero decomposition method

of Daubechies (see [22] and [23]), we can find a scaling fliter 8[k] =" hinlhln + 2k]
associated with a real CQF PRFB, whose amplitude spectrum " -
is | H,(c7*)|. O = h[2m]h[2m + 2k]
In Theorem 1, it is shown that for every symmetric complex- m
valued CQF PRFB, there is a corresponding real-valued CQF + Z h[2m — 1]h[2m — 1 + 2k]
PRFB. It has already been shown that the inverse proposition ™
does not hold, for example, for some real Daubechies wavelets, _ Z h[2m]h[2m + 2k]

it is impossible to find the corresponding symmetric complex-
valued ones [1], [18].

m

+ ) h2ng — 2m]h[2ne — 2m — 2K]

m

=2 h[2m]h[2m + 2k] @)

m

B. Linear-Phase Property

As mentioned earlier, both symmetry and linear-phase re-
sponse are often desirable properties of digital filters. How- .
ever, a given symmetric filter does not necessarily posse§@ds for all k. Note thaté is a Kroneckew. - /
linear-phase response, i.e., nonlinear-phase distortion may stit-€t &[] = [2m]. Tr]en, |A(‘3Jw)|/ =1/2 ie,3n’ € Z
exist in the output signals of the filter. Strictly speaking, a° thata[7}] = cb[n — n’']. Thus,Im’ € Z so thath[2m] =
digital filter is called linear phase only if its phase-frequenc§’[™ — 7], where|e| = 1/v2. Sinceh[0] # 0, we have
responsep(w) is a linear function ofw, i.e., has the form 7 = 0. 1.6, h[2m] = cbm]; then, h[N — 1] = A[0] = c.
or-w, wherea is a constant. However, in engineering practicd{€Nce. h[2m + 1] = cém — nol. Subsequently, from the
a loose definition is often used [7], [22], ie., a filteiis said normaiization condition 3=, Aln]| = v2, we gete = +1/v2.
to have linear phase if Therefore, it can be easily deduced that the scaling function

can only be a real Haar function. This contradicts our original

H(M%) = ™ Hp(w) (6) assumption, i.e/; cannot be conjugate symmetric or conjugate
antisymmetric. O
where Just as in the real-valued case, it is clear from Theorem
¢ complex constant; 2 that the linear-phase complex CQF PRFB does not exist.
o real number, However, it is possible to design the complex symmetric CQF
Hpg(w) real function ofw. with approximate linear phase by the following method.
This definition shows that the phase response of the filter carFirst, design the real CQF PRFB, assuming the real scaling
be piecewise linear with possible phase jump filter is &’ with length N, and P(¢/) = |H'(¢/*)|%. In the »
It is well known that if a real FIR filterk is symmetric domain, P(z) = H'(z)H'(z7!).
(h[n] = AN — 1 —n]) or antisymmetriqh[n] = —h[N —1 — Daubechies [22], [23] and Smitat al. [11] showed that

n]), then the filter has the linear-phase property [7], [21]. P(z) should have the form

If an FIR filter A~ has complex-valued coefficients, it can Iy
be shown (see Appendix A) that if is conjugate symmetric P(z) = C(1 4+ »~HK H O m)(z_l _ 7,—1)
(h[n] = h[N — 1 — n]) or conjugate antisymmetrith[n] =

X =1
—h[N — 1 —n]), then the filter has linear phase. However, a J "
general nonreal complex-valued filterdoes not have linear . H(;—l — 7,)(7—1 - 7,—1)(7—1 — ;,)(7—1 - ;.—1)
P . . . ~ AN ~j ~ AN ~j
phase if it is symmetric or antisymmetric. i
Then, the natural question follows: Can we construct com- (8)

pactly supported linear phase dyadic complex-valued wavelet

bases? In response, we present and prove the following thderer,, denotes the real zeros, ang denotes the complex

orem. zeros. Its distribution of zeros is shown in Fig. 1. The zeros
Theorem 2: The compactly supported dyadic orthogonat = —1 represent the regularity of the scaling function. Note

complex-valued wavelet bases cannot be linear phase. that whenK = N, it becomes the Daubechies compactly

Proof: Proving this theorem is equivalent to proving thasupported scaling filter.

a linear-phase complex-valued CQF PRFB that fulfills the From Theorem 1, we can expect to construct the symmetric

conditions [3], [4] to construct a scaling function and wavel@omplex-valued CQF scaling filtdd (») from P(z). For CQF

does not exist. Assume there exists a linear-phase compléiter H(z), as shown in [7] and [9]P(z) = H(2)H(z) =

valued CQF PRFB, i.e., its associated scaling functiois H(z)H,(z!). This implies that ifz; is a zero ofH(z), then

linear phase; then, must be conjugate symmetri@[n] = Ej_l will be a zero of H(z).

h[N — 1 — n]) or conjugate antisymmetrigh[n] = —h[N — For symmetric complex-valued CQF scaling filtéx =), we

1 —n)). should haveH (z) = »~ V-V H(z1), i.e., its zeros must be
Assume the length of the filter iV, i.e., h[0] # 0 and reciprocal pairs a$zj,zj_1).

h[N — 1] # 0, while h[n] = 0 whenn < 0orn > N — 1. Since K is even, we can choose half the number of the

Since N is even, we can assum¥ = 2no. Then, whethe  zeros for H(z) and the remaining half fof(z). Note that
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A TABLE |
FiIRsT CoLumN |s THE NORMAL COEFFICIENTS OFCOMPLEX SYMMETRIC (NSC)
z plane DAUBECHIES CQF SALING FILTER AND THE SECOND COLUMN |S THE
COEFFICIENTS OFCOMPLEX APPROXIMATELY LINEAR-PHASE SYMMETRIC
2_1 (ALPSC) DausecHiEs CQF SALING FILTER, WHERE 2[n] = A[N — 1 — n]
) N h[n] (NSC) h[n] (ALPSC)
6 -0.0662912607+0.0855816496
0.1104854346+0.0855816496j
7z=—1 0.6629126074-0.1711632992j
10 -0.01316549131-0.0190001547j | 0.0104924505+0.0205904371j
-0.0407762717+0.0282317864j | -0.0171289081+0.0087285287j
0.0139497502+0.2176964423j | -0.0806397041-0. 1179474736
0.2459691628+0.1232325600j | 0.1513797084-0.0942236567 ]
0.5011190530-0.3501606340j | 0.6430032345+0.1828521645j
14 0.0049120149-0.0018464710j | -0.0019561120+0.0048693913j
-0.0054111299-0.0143947836j | 0.0032381460+0.0013008148j
-0.0701089996-0.0079040001j | 0.0176519705-0.0376015185j
-0.0564377788+0.1169376946j | -0.0307464201-0.0140449767j
0.1872348173+0.2596312614j | -0.0864785180+0.1308596826
0.3676385056+0.0475928095j | 0.1715121845+0.0944523287j
Fig. 1. Zeros distribution ofP(z). 0.2792793518-0.4000165107j | 0.6338855303-0.1798357222j
18 0.0001673289+0.00121254543 [ 0.0003942226+0.0011588157]
S 0.0044674339-0.0006164972j | -0.0006617029+0.0002261076j
the complex zerosf P(z) are sets of four(zj’ Zj 1’ Zjs 1)' 0.0062198948-0.0211481356j | -0.0042292751-0.0112272165j

o

The zeros ofH(z) can be selected as; and zj_l (or z;
and zj_l), and the zeros off(») can be selected ag and
z7t (or z; and z;*). Only the real double roots (zerospf
P(z) will appear as conjugate reciprocal sets of four. Similar
to the complex zeros, one pair of reciprocal zefos,r,,})
from the double roots can be selected f6(z) and the other
pair for H(z). The single real rootsr,, and ;! of P(z)
cannot be decomposed as the reciprocal pair according to the
above-mentioned requirements &) and H(z).

However, sometime#’(z) has no real zeros, and then, we
can deduce the symmetric complex-valued CQF scaling filter
H(z) from P(z) of the corresponding real-valued CQF scaling
filter H'(z).

As mentioned in [1] and [18], wheK = N for Daubechies 26
CQF filters,2M +4J = N —2. If N is an integral multiple of
4 (notice thatN must be even), then there must exist the
reciprocal pair of the single roots aP(z). Therefore, the
corresponding complex CQF filter cannot be constructed from
the real CQF filter. On the other hand, wh&Tris not a multiple
of 4, whether the corresponding complex CQF filters can be
deduced from all Daubechies real CQF filters is still an open

-0.0440552941-0.0275890806 j .0073680018-0.0027405777
-0.1194569938+0.0742727829j 0.0225529709+0.0499330794j
0.0110213630+0.2211650683j | -0.0408982409+0.0174301294]
0.3474269887+0.1686984877j | —0.0897522960-0.1361570402]
0.3968721371-0.0985470780] 0.1833586940-0.0928762244j
.1044439327-0.3173480928 0.6289744068+0 . 1742539267 j
-0.0002890832-0.0000211708j | -0.0000831451+0.00027767643
-0.00009835982+0.0012780664 ] 0.0001411949+0.0000422782j
0.0059961342+0.0029648612j 0.0010437781-0.0032380120j
0.0122232015-0.0144283733j | -0.0018308635-0.0005859558
-0.0243700791-0.0503067404j | —-0.0063536692+0.0175220001j
-0.1092940642+0.0044659104] 0.0114832692+0.0040506389j
-0.0918847036+0.1999654035j 0.0261082799-0.0687784828j
0.1540094645+0.2603015239j | -0.0486011747-0.0197272670]
0.4014277015-0.0013800055j | -0.0919600615+0.1380002004 j
0.3153022916-0.2232934469j 0.1911016248+0.0908806184j
]
0

o

22

O W N U B WRN RO NOOO D WRNR OO d WNR O W= O R O3

[
(=]

.0440795062-0. 1795460286 0.6260575582-0.1684436948j
.0000188880-0.0000666842j 0.0000180658+0.0000669117 j
~0.0003432243-0.0000972169j | -0.0000309778+0.0000083639j
-0.0011728503+0.0016006744j | -0.0002607987-0.0009126780j
0.0042233619+0.0048993464j 0.0004606252-0.0001310241j
0.0196555369-0.0066509422j -0018115864+0.0058273044j
0.0016797833-0.0476733263j | —0.0032888907+0.001006467Sj
.0953962269-0.0487974312j | -0.0082348462-0.0232218672j
-0.1479282408+0.1025689720j 0.0152897663-0.0051889009j
0310224644+0.2893865149] .0288266812+0.0651864904j
2980363862+0.1896532730j | -0.0546003089+0.0213655054 j

(=]

-
Horooo«losm.hww»—uo
1
(=]
o

O O O O O

question 3322438272-0. 14867738563 | -0.0936227228-0. 1381234283

o ) 1796833483-0.2555307427j | 0.1965231655-0.0888539941 ]

Without loss of generality, assume that the complex zeros | 15 | o.0853837273-0.0806150524 | 0.6242154359+0. 16297084923
zj, § = 1,...,J of P(z) are within the unit circle and the

upper half of thez plane, with the phase angle< ang ;) <

angz) < --- < angz;) < =. When decomposing the zeros i i i
of P(z), ifall z;, j = 1,2,...,J are selected fof (z), then plex CQF filters but any other approximate linear-phase sym-

the normal symmetric complex CQF filter is obtained. Notdetric compIex_CQF filters as well. Next, we use Daubechies
that this will be a special case of Daubechies CQF filter§@ss of CQF filters as an example to analyze the phase of
Lawton obtained symmetric complex Daubechies CQF filreflfferent types of CQF filters.
using this method [1]. However, if odd indexed zerosz¢f
j=1,...,J are selected foH (z) and even indexed zeros ar
selected forH (z), then approximate linear-phase symmetri
complex CQF filter are obtained because a linear-phase filteiSome design results are presented in Table | for complex
has conjugate reciprocal zero paits z—). This scheme is Daubechies wavelets. In Table I, the coefficients of the normal
similar to the one used by Smitt al. [11] and Daubechies symmetric complex (NSC) Daubechies CQF scaling filters are
[22] for the real-valued case. shown in the left column, and the approximately linear phase
The above-mentioned method can be used to design not oodmplex (ALPSC) ones are shown in the right column. When
Daubechies minimum compactly supported symmetric com¥ = 6, there is only one complex conjugate reciprocal pair

&C. Numerical Analysis of Phase Property
gf Daubechies Wavelets
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Fig. 2. Symmetric complex Daubechies scaling functions and waveletd fer 10. The solid line shows real part, and the dashed line shows imaginary
part. (a) NSC Daubechies scaling function. (b) NSC Daubechies wavelet. (c) ALPSC Daubechies scaling function. (d) ALPSC Daubechies wavelet.

40r TABLE 1
LINEAR CORRELATION COEFFICIENTS OF THEPHASE
RESPONSES OFDIFFERENT DAUBECHIES SCALING FUNCTIONS
N | ALPSC NSC NR ALPR
@ 10 | 0.99579 | 0.98041 | 0.98726 | 0.99972
g 14 | 0.99772 | 0.97459 | 0.98377 | 0.99981
§ 18 | 0.99863 | 0.97082 | 0.98258 | 0.99982
[qr) 22 | 0.99902 | 0.96777 | 0.98148 | 0.99994
§ 26 | 0.99931 | 0.96591 | 0.98119 | 0.99988
o 30 | 0.99945 | 0.96378 | 0.97759 | 0.99998
34 | 0.99956 | 0.96222 | 0.97995 | 0.99995
38| 0.99963 | 0.96339 | 0.98001 | 0.99974

_40
1

N =10. The solid line shows the phase response of ALPSC; the dashed
shows NSC; the dotted line shows ALPR, and the dash-dotted line shows

to derive symmetricH (z).

part.

0
Frequency(Hz)

The phase responses of different Daubechies scaling func-
tions with N = 10 are shown in Fig. 3. The ALPSC is shown
Fig. 3. Phase-frequency response of Daubechies scaling functions #gf the solid line; the NSC is shown as dashed line; In addition,

,'ﬁfe phase response of the corresponding normal real (NR)

Daubechies scaling functions and the phase response of the
approximately linear-phase real (ALPR) Daubechies scaling
for P(z); therefore, there is only one decomposition methoginctions [22] are shown as dash-dotted and dotted lines,
respectively. In this figure, the phase-frequency response of

In Fig. 2, the NSC and ALPSC scaling functions anthe scaling functions are calculated for 1024 samples and the
wavelets whenV = 10 are shown. The solid line representsange of[—2x, 2x]. Since the scaling functions are lowpass,
the real part, whereas the dashed line represents the imagirthey range of[—2x, 2x] is sufficient. Note that these phase
responses are compensated by the phase jump of
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P C d (] C . Lemma 1: Assumeay, as,...,an € C; then
d B T T
x[n] H, +@—> ‘[nl—b@—b G, yn] | Ei\:l ak| < Ei\:l |ak|2 (11)
: : N - \/ N
: dy ) :
Hy "@” "@" Gy holds, where the equality holds if and onlyuif = a; = - - - =

an. (See Appendix B for proof).
In the following theorem, we give the Householder decom-
) ) o position of theM -band scaling filter. Note that it is similar to
The linear correlation coefficients are also calculated, 8% real Az-band scaling filter.
shown in Table Il. From Table Il and Fig. 3, we see that rheqrem 3: Assume thath, is a scaling filter with length

the ALPR Daubechies scaling function possesses the bgshssciated with/-band complex orthogonal wavelet bases.
approximation to linear phase, and the NSC one has the Wqgst, t;ansform can be written in polyphase form as
linear phase: even worse than the normal real Daubechies

Fig. 4. Structure of M-band FIR filter bank.

wavelet. The ALPSC is a good choice if both symmetry and M—1
approximately linear-phase properties are desired. Ho(z) = Z 2R Ho (™). (12)
In arecent paper [24], Lina’s independent work used another —o ’

method to obtain symmetric Daubechies wavelets (SDW's)

J, which give the same results as our ALPSC results usimfine the polyphase vector as

Daubechies wavelets. However, our ALPSC wavelets are

more general; they can be any type of compactly supported ho(z) = [Hoo, Ho, .- Hon—1]" (13)
orthogonal wavelets, including the Daubechies class. ’ ’ ’

Define theM x 1 complex constant vector
Ill. THE DESIGN OF GENERAL ORTHOGONAL

COMPACTLY SUPPORTEDCOMPLEX WAVELETS - 1 1 1

As seen in Section Il, symmetric complex CQF filters can vo =" VM VMU VM
only have the same amplitude spectra as real CQF filters. This
implies that their amplitude spectra must be an even functiorhen, the Householder decomposition form
However, some applications require asymmetric amplitude
spectra (with respect to the zero frequency) when processing ho(2) = Va(2)V_i(2) - - Vi(2)vo(2) (15)
the complex I/Q orthogonal signal. For example, the general
Morlet wavelet has asymmetric amplitude spectrum. In thhs Ids for b d
sense, the frequency response of the complex filter is morg > 1of fto, an
flexible than the real filter. Therefore, for some applications,
design of the general orthogonal compactly supported complex
wavelet may be necessary.

Designing orthogonal compactly supported complex
wavelets is equivalent to designing the associated complvt\a/ ere
CQF PRFB’s. In the following, we will develop a
parameterization method of general complex CQF PRFB’s
that will be used to design complex CQF PRFB's. Vu(2) =I-v, v + 7 tv, vl 17)

(14)

YneZ (16)

> ho[MFk + n]
k

1
/—M7

A. The Parameterization of General Complex CQF PRFB’s andv,, is anM x 1 complex vector that satisfiev,|| = 1.

The structure ofi/-band FIR FB’s is depicted in Fig. 4. Proof: Assume that(l) = 3", holklholk + M1] = &[1];
Analogous to the two-band case, féf-band PRFB’s, if then, itsz transform becomes
filter ho satisfies

3" holklholk + M1] = ]I 9) 1= A(z) = [l M]Ho(2)Ho(z)
k = [l M] Zz_kH()’k(ZA{)ZjHo’j(zA{)
holk]| = VM (10) MO
zk: ol = ZHo,k(Z) - Ho 1 (%) (18)
-

then hg can be theM-band scaling filter associated with an

M-band multiresolution analysis and, therefore, can be used ) ) )

to constructM-band wavelet bases [7], [25], [26]. i.e., hy(=) is a unitary polynomial vector. Hence [7], we have
To develop the parameterization method of genéfaband

complex CQF PRFB’s. We will require the following Lemma. ho(2) = VN (2)Vn(2) - Vi(2)ug(z) (19)
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whereV,,(z) is defined as (171, € CM*! and ||u|| = 1. TABLE Il
Using (17)’ we get Two-BAND CompPLEX CQF SALING FILTER COEFFICIENTS
DETERMINED BY ANGLE PARAMETER 7 WHEN NV = 4

h[n]
0.4829629131
0.8365163037
0.2241438680

-0.1294095226
0.4596568751-0.1171723928j
0.8132092657+0.1171723928j
0.2474509061+0.1171723928j

-0.1061024845-0.1171723928j

0.3932830462-0.2165063509 j

.7468364368+0.2165063509j

,3138237349+0.2165063509j

.0397296656-0.2165063509j

.2939490881-0.2828791798j

.6475024787+0.2828791798j

.4131576931+0.2828791798j

.0596043026-0.2828791798j

.1767766953-0.3061862178]

.5303300859+0.3061862178]

.5303300859+0.3061862178]

.1767766953-0.3061862178j

$1

VM = = [Ho(2)]=1]

> holk]

Z Z_kH07k(ZA/[)

k

. (20)

Z H07k(z)
k

z=1

Since forV,,(») we have

I (21)

(=}

Vo(2)|oz1 = T = vovll + 27 v v |

z:l::

|
(=)

thenhg(1) = ug. From (20) and (13), we get 8

z=1=vM. (22

Zuo,k ZHo,k(Z)
k k

W N OWNHOIWNEOIWNEROIWNRK OIS
(=]

©C O O 0|0 O O O

Since||ug|| = />4 Juo.x|* = 1, from Lemma 1, the solution
of ug must be equal torg in (14). Sincehy(1) = uy, using
(13) and (22), we know (16) holds. O

It is also easy to prove that the, as in (14) and (15)
satisfies the conditions of (9) and (10).

By using this theorem, we can get the parameterization
y g 9 P For general(M # 2) compactly supported/-band com-

the scaling filter associated with genetl-band complex plex orthogonal wavelet bases and their associated complex
orthogonal wavelet bases. We take the elements of v r
g S0 orthogonal FIR CQF PRFB'’s [27], we can also change the

n=12,...,N/Min (17) as (23), shown at the bottom of the . ;
page, i.e.v,. can be determined B8(1 —1) angle parameters waveshape of the frequency response of filters flexibly by
b (’p ' ’j’? — 01 M — 2 using the parameterization method expressed by (14), (15), and
n,J ¥N,j S Rt I '

After we get the scaling filter, we also can construct th@s)' After the scaling filtew, is designed, then the method
other complex wavelet filters by the method in [26]. n 71, .[25]’ and [26] can be used to cpnstruct other wavelet
Obviously, dyadic complex orthogonal wavelet bases apgers in M-band complex orthogonal filter banks.
a special cases of th&/-band complex orthogonal wavelet V. CONCLUSION
bases, i.e., we can use the method in the above section b
taking M = 2. Then, the wavelet filtely can be simply
determined byg[k] = (—=1)*A[N — 1 — k] with filter length
N. Then, (23) becomes

changing angle parameters. Similarly, the waveshape of the
filter amplitude spectrums can also be adapted by changing

t&e angle parameters,.

1h this paper, first we investigated the symmetry and linear-
phase property of compactly supported complex orthogonal
wavelet bases and their associated complex orthogonal FIR

CQF FB and proved that it is impossible to construct linear-
Vi = [cos(6,) exp(ion),sin(@)]F, n=1,2,...,N/2. phase compactly supported comp!ex orthogonal wavglet bases.
(24) However, both syr.nme.try and. linear phase are important

and useful properties in practice. We proposed a scheme

to construct the symmetric compactly supported complex

B. Some Examples orthogonal wavelet base with approximately linear phase.
In Table Ill, we give the coefficients of dyadid = 2) The phase response of different kinds of Daubechies scaling
complex scaling filter withV = 4, which are calculated by functions are analyzed numerically. It is shown that the phase
(14), (15), and (24). As an example, we fiy = 57 /6, responses of normal symmetric complex Daubechies scaling
wo = 0 and vary ¢;. Note thaty; = 0 corresponds to functions, which are often treated as linear phase [1], [2], have

a real Daubechies filter. The amplitude spedttc’«)| of the smallest linear correlation coefficients.

the scaling filters are shown in Fig. 5(a)—(e). The filters with Both the real orthogonal wavelet and the symmetric com-
various asymmetric amplitude spectrums can be designedddgx orthogonal wavelet can only have symmetric amplitude

[ [ILZssin(@n1)] cos(8n;) exp(ign )y, 4 =0,1,...,M —2
Un,j = M-2 . P (23)
=0 Sin(0n 1), j=M-1
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1.5 T 1.5
1+ 1r
0.5r 0.5r
—8.5 0 0.5 —8.5 0 0.5
Frequency (Hz) Frequency (Hz)
(@) (b)
1.5 T 1.5
1+ 1r
0.5r 1 0.5r
—8.5 0 0.5 —8.5 0 0.5
Frequency (Hz) Frequency (Hz)
(© (d)
1.5
1 |
0.5r
—8.5 0 0.5
Frequency (Hz)
(e)
Fig. 5. Filter amplitude-frequency respong (¢« )| of the complex CQF scaling filters with different angle parameter.{a)= 0. (b) 1 = -5
©w =-F e = -5 @y = —F.

spectra. However, in practice, for the general complex signatigsign examples were given. The design results show that
asymmetric amplitude spectra are often needed. To this etitk waveshape of complex wavelet bases and their associated
we developed a method to design general complex orthddters can be easily adjusted by changing the angle parameters.
onal filter banks and their associated wavelet bases by dn analogy with real filter banks [7], [9], the parameteri-
parameterization scheme of complex orthogonal filter banksation of complex filter banks can also provide an effective
Note that this is similar to their real-valued cousin. Soms&tructure and algorithm for implementation. Furthermore, it
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can be used as an effective method for selecting optimalSimilar results can be shown whéw is odd or when. is
wavelet bases and filter banks. The parameterization of coeenjugate symmetri¢h[n] = —h[N —1—n]). In fact, when an
plex filter banks changes the constrained optimization probldfR filter with complex coefficients is linear phase, its zeros
to an unconstrained problem, which can be easily solved blgould appear as conjugate reciprocal péi’@sigl).

numerical algorithms. An appropriate criterion can be chosen

and a similar optimization method used in choosing real APPENDIX B

wavelet bases [28]-[30] and can be used to choose optimal PROOF OF LEMMA 1

complex orthogonal wavelet bases and filter banks. Similarly,
the method can also be used to select optimal complex wavelet
packet bases.

Proof: The inequality in Lemma 1 is equivalent to

N 2 N
Suf <83 Ik
k=1 k=1

APPENDIX A
Assume filterh has even lengthV, and & is conjugate Sincelai — aa|® = |a1|22+ a2 — 2Re{aya2} > 0, ie.,
symmetric(h[n] = h[N — 1 — n]); then 2Re{a1a;} < |a1]” + |a2|* and if and only ifa; = a the

equality holds. Thus
N-1

H(z) = hlnlz—" N 2N
(7) nz=:0 7/[”]7 Zak :Z|ak|2+2 Z Re{aZELJ}
k=1 k=1

S i<j<N

N-1
= hn]z™" + hn]z™" N
2 Py <Yl Y (il + o)
k=1

n=0
v - i<j<N
2 2 N

= Z hln]z=" + Z R[N —1 —n]N =" _ NZ lax |2 (28)
n=0 n=0 k=1
N_1

_ 22: (Aln]e=" + Rn]e 1] (25) where equality holds if and only if; = as = --- = ax.
n=0
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