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Motion Parameter Estimation and Focusing From
SAR Images Based on Sparse Reconstruction

Ahmed Shaharyar Khwaja, Member, IEEE, and Xiao-Ping Zhang, Senior Member, IEEE

Abstract—This letter presents a new motion parameter estima-
tion method using synthetic aperture radar (SAR) images based
on sparse reconstruction. The method uses orthogonal matching
pursuit, which correlates a SAR image with elements in a reference
basis. The reconstruction result provides a high-resolution focused
image and corresponding motion parameters. It does not require
narrow-beamwidth assumption and prior motion information, as
compared with the existing method based on matching pursuit.
We design the reference basis by theoretically analyzing the per-
formance degradation due to parameter mismatch. We further
calculate required position and velocity parameter resolutions in
the basis. The calculated resolutions are validated by means of
simulations. Imaging examples with real SAR images of a scene
acquired over Ottawa, Canada, show the effectiveness of our
method.

Index Terms—Motion parameter estimation, moving objects,
orthogonal matching pursuit (OMP), sparse reconstruction, syn-
thetic aperture radar (SAR) images.

I. INTRODUCTION

SYNTHETIC aperture radar (SAR) imaging of a static scene
is carried out using 2-D matched filtering and interpolation

[1]–[3]. However, moving objects present in the scenes are
displaced from their original positions and defocused [4]. Their
motion parameters and original positions are estimated using
raw data [5]–[9]. As raw data are not commonly available,
processed images are used for motion parameter estimation in
[10]–[13].

Iterative matched filtering is used in [10] for motion param-
eter estimation. However, it is not possible to always determine
the parameters that give the best focused images with this
method [14]. Relative displacement between different looks
is used in [11], which is suitable for high-velocity targets.
In [12], time-frequency techniques are used to focus objects
moving in a single direction. A matching pursuit algorithm
with basis designed on Gaussian models is used in [13] to
represent defocused moving target images, and the advantage
of the method over other existing methods is shown. However,
it makes narrow-beamwidth assumption and requires prior in-
formation about motion direction.

This letter presents a new method to estimate motion param-
eters and create high-resolution images of moving objects from
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processed SAR images. The method is based on sparse recon-
struction using orthogonal matching pursuit (OMP). It consists
of correlation carried out with elements in a reference basis.
An advantage gained by using processed images for motion
parameter estimation and focusing is that the reference basis
size can be reduced, as compared with compressed-sensing-
based sparse reconstruction applied to raw data in [8], [9], and
[15]. This makes it possible to apply sparse reconstruction to
large airborne or satellite SAR images, e.g., RADARSAT-2
images. Our method does not require any trajectory analysis
for range velocity estimation as in [8], which requires raw data
and significant movement caused by range walk. In addition,
our method does not require any specific acquisition mode or
sensing conditions, as compared with [9], which uses spotlight-
mode raw data and randomly placed transmitters and receivers.

Compared with [13], the novel features of our work are the
following.

1) No narrow-beamwidth assumption is made, which allows
better localization of moving targets.

2) No prior information about target motion direction is re-
quired. This information cannot always be correctly esti-
mated from images, particularly in case of ambiguities [14].

3) We use a basis composed of an actual image response
rather than a product of two 1-D Gaussian functions. The
Gaussian function can represent defocusing effects as it
is similar to a sinc function-like focused SAR image.
However, in case of high-resolution images, where the
image has more complicated form than a product of two
sinc functions, the Gaussian function may not be suit-
able. Similarly, it is not possible to represent range walk
defocusing effects using a product of two 1-D Gaussian
functions only.

4) Our method can carry out motion parameter estimation,
when clutter cancelation is carried out with polarimetric
images. The method in [13] does not deal with this case.

5) We carry out a theoretical analysis to design the refer-
ence basis. This analysis is validated by mean square
error (MSE) calculated from simulated SAR images for
different values of mismatch in range and azimuth pixels
and range and azimuth velocities. We show that the MSE
stays low when the mismatch is less than the calculated
parameter resolution limits. This study of basis design
and mismatch effects on sparse motion parameter estima-
tion from processed SAR images has not been carried out
in other available literature, to the best of our knowledge.

II. PROBLEM FORMULATION

This section presents the data model and symbols used in
the letter. We consider n range (across-flight) cells and m
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azimuth (along-flight) cells in a scene. An antenna at a height
H moving with velocity V emits electromagnetic pulses, which
are reflected from the scatterers present in the scene. Each pulse
has a bandwidth of B = KTp, where Tp is the pulsewidth, and
K is the chirp rate. The demodulated raw data received from
the kth scatterer moving with the jth motion parameter in the
scene are as follows [2]:

sjk(t, τ) = γj
krect

(
t− 2djk(τ)/c

Tp

)
rect

(
τ − yk/V

Δτk

)

× exp
(
−jkcd

j
k(τ)

)
exp

⎛⎝−jπK

(
t− 2djk(τ)

c

)2
⎞⎠ . (1)

Range time is represented as t, and azimuth time is represented
as τ . γj

k is the reflectivity of each scatterer. The kth point is
illuminated in azimuth direction for time Δτk = (rk θy)/V ,
where rk is the range position. Azimuth aperture angle is
represented as θy . The antenna-target distance djk(τ) is given
as follows:

djk(τ) ≈ rk − vrjk(τ − yk/V ) +

(
V − vyjk

)2

(τ − yk/V )2

2rk
(2)

where yk is the azimuth position. vrjk is the translational
velocity and is related to vxj

k, i.e., the ground-range velocity
at ground-range position xk as vrjk = vxj

k sin(θk). The inci-
dence angle is given as θk = cos−1(H/rk). Azimuth velocity
is denoted by vyjk. A 2-D matched filter for stationary points is
convolved with the raw data sjk(t, τ). The result of the matched
filter process is an image denoted by Ijk(r, y). In this image,
translational velocity vrjk causes a shift in range and azimuth
positions [4], where the shifted positions are given as [2]

rjk = rk cos
(
Θj

k

)
(3)

yjk = yk − rk sin
(
Θj

k

)
(4)

with Θj
k ≈ (vrjk)/V . In range direction, this shift is small and

can be ignored. Azimuth velocity vyik leads to defocusing in the
azimuth direction [4]. A further effect is the shifting of signal
in range due to range velocity known as range walk [4].

In case of multiple moving scatterers, the processed image is
a superposition of image from each moving scatterer, i.e.,

I(r, y) =
∑
k,j

Ijk(r, y). (5)

Image I(r, y) should be processed to estimate the motion
parameters and true positions of the moving targets. In the next
section, we describe our proposed method to carry out this
process.

III. SPARSE MOTION PARAMETER ESTIMATION AND

FOCUSING FROM PROCESSED SAR IMAGES

A. Data Model

We use sparse reconstruction to provide high-resolution im-
ages and estimate motion parameters of scatterers moving at
constant velocities. As a first step toward motion parameter

estimation using sparse reconstruction, a function f is utilized,
which converts a 2-D input of size nt = n×m in 1-D form
with size nt × 1.Using this function, (5) is written in 1-D form
as Ī = f ◦ I(r, y). We further rewrite (5) as follows:

Ī = IbΓ + Υ (6)

where Υ represents noise. Γ consists of reflectivities of the
scatterers in the scene moving with different velocities, i.e.,

Γ =
[
γji
ki
· · · γji

kf
, γji+1

ki
· · · γji+1

kf
, . . . , γ

jf
ki

· · · γjf
kf

]T
(7)

ki and kf are the initial and final position indices, respectively;
whereas ji and jf are the initial and final motion parameter
indices, respectively. Ib is the basis containing the point re-
sponse for all the points in the scene, having unit reflectivity
and moving with the considered motion parameters, i.e.,

Ib =

[ ∣∣∣f ◦ Ijiki
(r, y) · · · f ◦ Ijikf

(r, y)
∣∣∣ , ∣∣∣f ◦ Iji+1

ki
(r, y) . . .

f ◦ Iji+1
kf

(r, y)
∣∣∣ , . . . , ∣∣∣f ◦ Ijfki

(r, y) · · · f ◦ Ijfkf
(r, y)

∣∣∣ ]. (8)

B. Focusing and Motion Parameter Estimation

As the moving scatterers consist of higher than the back-
ground intensity points and are usually smaller in number
compared with the complete stationary scene, they can be seen
as sparse. Consequently, sparse reconstruction can be carried
out by the following optimization:

min ‖Γ‖1 subject to ‖I− IbΓ‖22 ≤ Υ. (9)

The first term represents l1 norm. Its minimization encourages
sparsity of the solution by penalizing scatterers with low ampli-
tude and encouraging appearance of high-intensity scatterers.
As the moving scatterers are less in number and higher in inten-
sity compared with the stationary ones, solving (9) will lead to
the appearance of moving targets’ reflectivities at their original
positions and corresponding to their motion parameters. OMP
[16] can be used to solve (9), which correlates the image with
the basis elements and removes the element with maximum
correlation from the image and the basis iteratively. The 1-D
result Γ̂1D is given as

Γ̂1D =
[
γ̂ji
ki
· · · γ̂ji

kf
, γ̂ji+1

ki
· · · γ̂ji+1

kf
, . . . , γ̂

jf
ki

· · · γ̂jf
kf

]T
(10)

where γ̂ji
ki
· · · γ̂ji

kf
are the estimated reflectivities for scatterers

at positions ranging from ki to kf , moving with jthi motion pa-
rameter and have a total length of nt. A focused 2-D image can
be obtained by rearranging results for each motion parameter in
2-D form and adding them, i.e.,

Γ̂(r, y) =

jf−ji−1∑
i=0

f−1 ◦
[
Γ̂1D(i× nt + 1), Γ̂1D(i× nt + 2) ,

. . . , Γ̂1D ((i+ 1)× nt)
]
. (11)

C. Basis Design

Due to discretization of motion parameters and positions,
there can be a difference between parameters used for designing
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Ib and the actual parameters of the data. As a result, the system
model in (8) will be mismatched to the original model. Hence,
it is necessary to design the basis to minimize the mismatch
effects. We consider these effects using (2). Considering corre-
lation between pulses of sample length N with a mismatch of
Δr, the result shows a decrease in correlation and, hence, in the
recovered amplitude, i.e.,

N−1∑
n=0

exp(jnΔkrΔr) = Nsinc

(
π
Δr

δr

)
(12)

where Δkr is the range wavenumber step size, and δr =
c/(2B) is the range resolution cell. As Δr decreases, the actual
element with reduced amplitude and sidelobes corresponding to
elements in the vicinity of the actual element will be recovered.
The same applies for a mismatch Δy. Position mismatch may
be countered by creating a basis with upsampled positions such
that the maximum difference in positions between successive
elements in Ib is less than half the resolution cell, i.e.,

Δ̃r <
δr
2

(13)

Δ̃y <
δy
2

(14)

where δy = c/(2fcθy) is the azimuth resolution cell.
Next, considering a mismatch in range velocity of Δvrjk

and using it in (2), it can be seen that after correlation with a
pulse without mismatch, the result as a function of mismatch is
given as

N−1∑
n=0

exp
(
jkcΔvrjknΔτ

)
= Nsinc

(
π
2fc
c

ΔvrjkNΔτ

)
(15)

where Δτ = 1/fPRF, where fPRF is the sampling frequency.
The recovered amplitude decreases with mismatch and will also
lead to appearance of sidelobes. To keep the error small, the
range velocity parameters in the basis should be upsampled
such that

Δ̃vr
j

k <
cV

2fcrkθy
(16)

or

Δ̃vx
j

k <
δyV

rk sin(θk)
. (17)

In case of a mismatch in azimuth velocity of Δvyjk, the error
term from (2) is (V − vyjk)

2 − (V − vyj+1
k )2, where Δvyjk =

vyjk − vyj+1
k . The resulting term that contributes to phase error

is −2VΔvyjk. Using this term, the correlation expression with
a mismatch in azimuth velocity will be

N−1∑
n=0

exp

(
−j

4πfcVΔvyjkn
2Δτ2

crk

)
. (18)

If the number of oscillations in this function is small enough,
the result of the preceding term will be a maximum N .
Otherwise, the result will rapidly decrease, leading to a loss of
amplitude and appearance of sidelobes. The constraint on the

number of oscillations should be such that the time-bandwidth
product is much smaller than 100 [3], i.e.,

4fcVΔvyikΔτ2k
crk

� 100. (19)

Thus, the basis should have upsampled azimuth velocity param-
eters so that

Δ̃vy
j

k � 100cV

4fcrkθ2y
(20)

or

Δ̃vy
j

k � 100V δy
2rkθy

. (21)

A conservative estimate can be obtained by choosing rk as the
far range in (16) and (20). As the moving scatterers are focused
at roughly the correct range position, the size of Ib can be re-
duced by designing the basis only along a selected range patch.

The basis design with upsampled parameters causes the
successive entries of Ib to have a high correlation. This is

particularly true for Δ̃vx
j

k, which can be very small due to
high values of rk. Consequently, there is a possibility that
the imaging results will not correspond to actual parameters.
However, the upsampling ensures that the results will still be
near the actual results. Furthermore, any sidelobes that can
appear in case of small parameter mismatch will be in the
vicinity of the actual results. Furthermore, to avoid creating
a large basis due to very high upsampling in ground-range
velocity, the velocities in the basis can be iteratively varied until
the best image quality is obtained.

IV. RESULTS FOR SIMULATED AND REAL SAR IMAGES

We select simulation parameters similar to the real data used
in [14]. We chose θy and fPRF to be half of those used for
real data in [14] as we want to reduce simulation time and
data size. The parameters for simulated SAR data in strip map
SAR configuration are as follows: fc = 5.3 GHz, B = 25 MHz,
V = 142 m/s, Tp = 7 μs, θy = 1.5◦, and fPRF = 166 Hz. The
incidence angle at the center of the scene is equal to 47◦; range
and azimuth pixel sizes are 4 and 0.86 m, respectively. A scene
of size 50 m × 400 m in slant-range and azimuth directions is
considered.

Raw data corresponding to randomly selected positions are
simulated. Ground-range and azimuth velocities are randomly
chosen from a set of velocities: (−2,−3,−4,−5, 2, 3, 4, 5, 0) m/s.
The simulated raw data are processed using a matched filter
corresponding to a stationary point at the center of the scene.
The resulting image containing defocused/displaced moving
objects is processed for motion parameter estimation using
OMP. MSE is calculated between the original reflectivity map
and the reconstructed reflectivity as follows:

MSE =
1

n×m
‖Γ− Γ̂‖22. (22)

The MSE is averaged over a number of simulations. First, we
show performance with respect to varying signal-to-clutter ratio
(SCR) in Fig. 1(a). It can be seen that the performance degrades
for the SCR less than 12 dB, which is similar to performance
using other methods.
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Fig. 1. Results showing variation of MSE with SCR and basis mismatch. (a) MSE versus SCR. MSE increases for SCR < 12 dB. (b) MSE versus basis mismatch
in positions and velocities. Range velocity mismatch leads to highest MSE. (c) Focused result in the presence of range velocity mismatch. Velocity mismatch leads
to shifted result.

Fig. 2. Comparison of focused results. (a) Focused result with the proposed method. (b) Focused result with the method in [13].

Next, we compare performance in case of parameter mis-
match: Reconstruction is carried out by searching over a mis-
matched basis that contains entries generated with a mismatch
in range and azimuth pixels and range and azimuth velocities.
The result is shown in Fig. 1(b). The MSE gradually increases
when the basis mismatch exceeds 0.3 of the pixel size for mis-
match in range and azimuth pixels. The error also gradually in-
creases when the mismatch in azimuth velocity exceeds 0.3 m/s,
whereas for the case of mismatched range velocity, it suddenly
increases when the mismatch exceeds 0.01 m/s. For the case of
mismatch in range and azimuth velocities, the limits given by
(16) and (20) for the simulation parameters are Δvxj

k < 0.02
and Δvyjk � 38, which agree with those in Fig. 1(b). There-
fore, the calculated constraints can be used for defining the
parameter resolution of the basis.

The reason for a sudden increase in MSE due to a mismatch
in range velocity is explained in Fig. 1(c). A mismatch in range
velocity causes the reconstructed result to be shifted in azimuth
direction along with the presence of sidelobes: If a point in
acquired raw data is at a position rk, yk and moving with a
velocity vxj

k +Δvxj
k and the basis contains elements only with

velocity vxj
k, reconstruction will give a maximum value at

positions rk, yk − rk sin(((Δvxj
k)/V ) sin θk). In Fig. 1(c), the

mismatch was 0.18 m/s, which gives a shift of 6.8 m or 8 pixels
compared with the original azimuth position. The shift leads to
a sudden increase in MSE. Consequently, the reconstruction is
highly sensitive to range velocity.

In Fig. 2, results are compared with the technique in [13]
using images simulated according to the parameters of real
data given in [14]. Compared with Fig. 2(a), the result in

Fig. 2(b) shows the presence of sidelobes and a single-pixel
range mislocation of the moving target position when the basis
designed on the narrow-beamwidth assumption in [13] is used.
Thus, the method presented in this letter has better localization
performance compared with [13].

Next, we present examples using real SAR images. These
images were obtained after processing of raw data acquired
by a CV-580 airborne system. Image after clutter cancelation
using difference of cross-polarized image channels is shown
in Fig. 3(a). Two targets at the bottom of the scene can be
seen, which are displaced from their original position on the
road due to range velocity. Note that as described in [14],
clutter cancelation is necessary as one of the targets is not
visible in any of the single-channel images. The results after
processing the image using OMP are shown in Fig. 3(b) and (c).
The images correspond to scatterers identified as having veloc-
ities of 7.9 and 8.9 m/s, which closely agree with the results
in [14] for image labeled 11p8. They are also focused at their
true location, corresponding to the road. Azimuth velocity was
correctly estimated to be around 0. Sidelobe-like artifacts were
suppressed using a thresholding operation. A 3-D plot of the
input difference image is shown in Fig. 4(a). A 3-D image
of the focused image obtained by summing the individual
images is shown in Fig. 4(b). It can be seen that the image
is focused with high resolution; the first target in range bin 2
has higher sidelobes. These sidelobes may be present as the
processing algorithms and actual parameters used to obtain raw
data may be different than those used here, particularly due to
a nonlinear chirp in CV-580 data. In addition, [14] reported
multiple peaks due to reflection from other objects in the scene
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Fig. 3. Comparison of input image and images with retrieved motion parameters. (a) Difference of cross-polarized channels. (b) Focused result at a velocity of
7.9 m/s. (c) Focused result at a velocity of 8.9 m/s.

Fig. 4. Comparison of input and output 3-D images. (a) Three-dimensional image of difference of cross-polarized channel. (b) Three-dimensional focused image.

and acceleration, which may appear here as sidelobes. The
proposed method can also be useful for application to satellite
data such as RADARSAT-2 data.

V. CONCLUSION

In this letter, we have presented moving target parameter
estimation and focusing from processed SAR images based on
sparse reconstruction. Our method uses OMP, which correlates
the image with a reference basis. The method can give higher
resolution imaging results and estimate motion parameters. We
do not make any assumptions about system configuration or
motion direction that results in better localization performance.
The reference basis is designed by analyzing effects of mis-
match for different parameters and upsampling limits for the
parameters calculated. These limits are validated by means
of simulations. The effectiveness of the proposed method is
further demonstrated using real SAR images.
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