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On the Accuracy of Passive Source Localization
Using Acoustic Sensor Array Networks
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Abstract— Angles of arrival (AOAs), gain ratios of
arrival (GROAs), and time differences of arrival (TDOAs)
are the three most commonly used signal metrics for source
localization in acoustic sensor array networks. It is intuitive
to expect a performance increase by combining those metrics.
In this paper, we develop a feasible new source positioning
framework using joint AOA-GROA-TDOA measurements,
and establish the Cramér–Rao lower bound (CRLB) of the
new method to quantify the performance increase compared
with existing methods. Our analysis starts from the received
waveforms rather than directly from the signal metrics, and
hence these bounds characterize the fundamental limits of
localization accuracy. The CRLB derived in this paper reveals
that the GROAs can be utilized in conjunction with AOAs
and TDOAs to improve the source localization accuracy. The
improvement could be great for some special localization
geometries. Moreover, the improvement from GROAs increases
when the value of spatial coherence across the arrays is low and
the signal propagation speed is high.

Index Terms— Acoustic sensor array networks (ASANs),
Cramér-Rao lower bound (CRLB), source localization, angles of
arrival (AOAs), gain ratios of arrival (GROAs), time differences
of arrival (TDOAs).

I. INTRODUCTION

IN RECENT years, acoustic sensor array networks (ASANs)
have been an increased interest in both civil and military

applications [1]–[6]. An ASAN consists of a number of
spatially distributed sensors and arrays. Each node (sensor or
array) has local processing capability and a wireless commu-
nication link with a fusion center. When properly programmed
and networked, the nodes can cooperate to localize multiple
sources or emitters. Intuitively, localization performance can
be analyzed through a Cramér-Rao lower bound (CRLB)
on the mean square error of the location estimates [7]–[9].
In previous works concerning CRLB, the localization scheme
involves bearing estimation at the individual arrays and time
delay estimation [10]–[13] between sensors on different arrays.
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When the source signal is captured by a sensor, the source
signal energy [14] can also be used to localize a target.
In this paper, we explore the potential performance
improvement of source localization by developing CRLB
based on angles of arrival (AOAs), gain ratios of arrival
(GROAs) and time differences of arrival (TDOAs).

For source localization in the ASANs, a standard scheme
involving bearing estimates at individual arrays consists of
two steps [15], [16]: 1) the AOA of the source signal is
estimated in each local array [17], [18]; 2) those bearings are
intersected to localize the target [6], [19]–[21]. This scheme
is simple to implement and has minimum communication
load [22]. However, it is suboptimal because it totally
ignores the wavefront coherence between the spatial separated
arrays [23]. With regard to localization accuracy, the optimal
method is joint processing all sampled data in the fusion
center. This method requires maximum communication load
and high computational complexity. A compromising scheme
that combines AOAs and time delay (TD) estimates is
proposed in [3]. Each array transmits the bearing estimate
to the fusion center. At the same time, the raw data from
one sensor on each array is also communicated to the fusion
center and therefore the coherence across the arrays can be
utilized to produce TD estimates. In this way, Kozick and
Sadler [3] analyzed the CRLB on source localization accuracy
using both AOAs and TD estimates.

The other two common techniques for source localization
are to measure the TDOAs [10], [24] and the source signal
energy [14]. TDOA based localization can be solved by
intersecting a set of hyperbolic curves [24]. Following
the well-known path loss law, the energy measurements
from a large number of spatially separated sensors can be
incorporated to localize one or multiple targets [14]. In fact,
the signal gain can be used in conjunction with the
TDOAs or AOAs to reduce the localization error.
Ho et al. [25] presented a hybrid source localization method
that combines the gain ratios of arrival (GROAs) and TDOAs
together. The energy measurements add new information to the
TDOA-only source localization approaches and therefore the
Cramér-Rao lower bound (CRLB) of the hybrid localization
method is improved compared with that of the TDOA-only
method. Gu [26] proposed a power-bearing (PB) approach
for target motion analysis (TMA) and showed that the CRLB
of PB-TMA is lower than that of the bearing-only TMA.
Recently, Badriasl et al. [27] presented a hybrid weighted
instrumental variable method to solve the AOA-TDOA TMA
problem using a single platform.

In this paper, we consider the acoustic source localization
problem using AOA-GROA-TDOA (AGT) measurements in
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an ASAN. We first present a new localization framework to
estimate source position using AGT information. The proposed
framework uses a set of sensors to characterize spatial coher-
ence over individual arrays. Besides, several additional inde-
pendent sensors colocated at the reference positions of arrays
are utilized to depict the spatial coherence among distinct
arrays as well as signal gain attenuation. Then the fundamental
limits of localization accuracy of ASANs with imperfect
spatial coherence across the arrays are determined, since the
derivation of CRLB begins with the received waveforms rather
than directly from AOA, GROA and TDOA metrics. The effect
of GROAs on reducing the CRLB is proved and the amount
of reduction in CRLB can be explicitly calculated. If there
is no coherence across the arrays, the derived CRLB using
AGT is reduced to the one using AOA-GROA measurements
and it is lower than the one using AOAs only. When the
coherence is considered, the CRLB using AGT is consistently
lower than other bounds using AOA-only, TDOA-only and
AOA-TDOA. The numerical simulations illustrate interesting
effects on position estimation with changes in the acoustic
signal propagation speed, e.g., 340 m/s in the air, 1500 m/s
underwater and 5200 m/s across ferrous metal. It is shown
that the GROAs are quite beneficial to improve the estimation
accuracy if the signal propagation speed is large enough for
narrowband sources. The estimation error in TDOA-only will
be amplified by multiplying with the signal propagation speed
to form range differences in estimating source position, and
therefore the bound of using TDOA-only may even worse than
the one using AOA-only for high signal propagation speed.
We also show that the triplet metric is complementary in terms
of geometrical properties. The performance improvement by
adding GROA is very large for some special geometries.

The paper is organized as follows. In Section II, the mea-
surement equations of ordinary sensors and reference sensors
are derived and the source localization problem is formulated.
Section III derives the CRLB for source localization using
AGT measurements and analyzes the effect of GROA in
reducing the CRLB. Section IV gives the numerical examples
of changes in the CRLB with various model parameters. It also
contains a comparison with the CRLB when using AOA-only,
TDOA-only and AOA-TDOA. Section V is the conclusion.
The main symbols and notations in this paper are given in
Appendix A.

II. STATISTICAL MODEL

The problem of acoustic source localization begins with a
model for locating K stationary narrowband sources using
H nodes with each node consisting of an array and an
additional independent sensor, see Fig. 1. The array sensors
and additional independent sensors are denoted by So,h[n]
and Sr [h] respectively, n = 1, 2, . . . , Nh , h = 1, 2, . . . , H .
Assume that So,h[1], So,h[2], . . . , So,h[Nh ] on the hth array
are collaborated to estimate the source bearing and the array
transmits the bearing estimate to the fusion center. Besides, the
independent sensors transmit the raw samples to the fusion
center. All sources and arrays are assumed to be located in
the xy-plane. Let us assume Sr [h] is located at (xh, yh), and
the location of So,h[n], n ∈ {1, . . . , Nh }, is at coordinate

Fig. 1. A passive source localization example (two sources and three nodes)
with each node consisting of an array and an additional independent sensor.

(xh+�xhn, yh+�yhn). The sources are supposed to be located
in the far field with respect to each array. The position of the
kth source is denoted by (xs

k , ys
k).The objective of the source

localization is to find/estimate the positions of all sources given
the observation measurements at all sensors.

If the sensors on each array are properly calibrated to have
equal gain, the measurement of So,h[n] at time t can be
modeled as

xhn(t) =
K∑

k=1

skh(t − τkhn) + whn(t) (1)

where xhn(t) denotes the array sensor output data, skh(t) is
the kth source signal impinging on array h and whn(t) is the
noise on each array sensor,

τkhn = −1

c
(cos θkh�xhn + sin θkh�yhn) (2)

is the propagation delay from the reference sensor to sensor n
on array h, c is the signal propagation speed, θkh is the bearing
of the kth source with respect to array h.

In consideration of signal gain and propagation time delay,
the signals received at the independent sensors can be mod-
eled as

y1(t) =
K∑

k=1

s̄k1(t) + n1(t) (3)

y j (t) =
K∑

k=1

1

ηk, j1
s̄k1(t − ζk, j1) + n j (t) (4)

for j = 2, 3, . . . , H , where ζk, j1 and ηk, j1 are the relative
time delays and gain ratios of the kth signal received at Sr [ j ]
with respect to Sr [1]. The signal s̄k1(t) is independent of
the measurement noise nh(t) and whn(t), s̄k1(t), nh(t) and
whn(t) are independent with one another, for k = 1, 2, . . . , K ,
h = 1, 2, . . . , H , n = 1, 2, . . . , Nh . Both s̄k1(t) and nh(t) are
modeled as real valued, continuous time, jointly wide-sense
stationary (WSS), zero-mean Gaussian random processes.

By exploring the potential information hidden in the
models (1) and (3), more insights can be revealed step by step.
First, the array observation model in (1) contains the source
location information through the AOA θkh , which could be
estimated at each array if the arrays have local computational
capabilities. Second, the independent sensor measurement
model in (3) provides the source position information through
the GROA gk,h1 and TDOA ζk,h1.
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Thus, we establish the localization framework that the
AOA, GROA, TDOA can be used jointly to determine the
source locations. In fact, the relation between source location
parameters and AOA, GROA and TDOA is given by

cos(θkh) = xs
k − xh

dkh
, sin(θkh) = ys

k − yh

dkh
,

ζk, j1 = dkj − dk1

c
, ηk, j1 =

(
dkj

dk1

)β

(5)

where dk1 = [(xs
k − x1)

2 + (ys
k − y1)

2]1/2 and dkj =
[(xs

k − x j )
2 + (ys

k − y j )
2]1/2 for j = 2, 3, . . . , H . In (5),

ηk, j1 is used to represent the relative attenuation between
the independent sensor j with respect to the independent
sensor 1 and it is proportional to the power β of the dis-
tance between the source and the independent sensor. In
free-space propagation β is equal to unity [25], [26], and
ηk, j1 = dkj /dk1. For convenient purpose, we collect θkh

in (5) to form the AOA vector θ = [θT
1 , θT

2 , . . . , θT
K ]T , θ k =

[θk1, θk2, . . . , θk H ]T , ζk, j1 in (5) to form the TDOA vector
ζ = [ζ T

1 , ζ T
2 , . . . , ζ T

K ]T , ζ k = [ζk,21, ζk,31 . . . , ζk,H1]T and
ηk, j1 in (5) to form the GROA vector η = [ηT

1 , ηT
2 , . . . , ηT

K ]T ,
ηk = [ηk,21, ηk,31 . . . , ηk,H1]T . In this paper, we aim to
evaluate the accuracy of the potential estimator using the above
three metrics. We do not focus on developing the specific
localization method and it will be our future work.

Mostly, source localization algorithms with networked
arrays have been developed based on the assumption of perfect
coherence across the arrays [28], [29]. Nevertheless, in most
real scenarios, this assumption is inappropriate because many
kinds of dispersion phenomena make received signals exhibit
a limited spatial coherence. Causes of such spatial coherence
loss can be attributed to the propagation medium [3] or
spatially scattered sources [30]. Indeed, when a number of
microphone arrays are used for tracking ground vehicles or
helicopters, the propagation signal may suffer spatial coher-
ence loss due to random scattering caused by atmospheric
turbulence [30]. The effect of spatial coherence loss can
be described using the transverse mutual spectral coherence
function [3], defined by

γig,kh (ω) = Gig,kh(ω)

[Gig,ig(ω)Gkh,kh (ω)]1/2 (6)

where Gig,kh (ω) = F{rig,kh (τ )} is the cross spectral
density (CSD) of the source signals, F{·} is the Fourier
transform and

rig,kh (τ ) = E{sig(t + τ )skh (t)} (7)

is the cross correlation function between the i -th sig-
nal received at independent sensor g and the k-th signal
received at independent sensor h. The value of γig,kh(ω) can
be employed to characterize different levels of coherence,
i.e. γig,kh(ω) = 0 means the signals are fully incoherent and
γig,kh(ω) = 1 indicates the signals are perfectly coherent.
If 0 < |γig,kh(ω)| < 1, the signals are partially coherent.
In particular, we can use γkg,kh(ω) to model the random
propagation effects in the difference between the paths that the
k-th signal radiates to independent sensor g and h. Meanwhile,

the value of γih,kh (ω) can be used to describe the coherence
between the i and k signals, both impinging on the h-th
independent sensor.

The measurements for bearing estimation taken at array h
can be stacked into Nh × 1 dimensional vector

xh(t) = [
xh1(t), xh2(t), . . . , xh,Nh (t)

]T
. (8)

Then we collect the measured signals from the independent
sensors into H × 1 dimensional vector

y(t) = [y1(t), y2(t), . . . , yH (t)]T . (9)

Further, the observations from all array sensors and indepen-
dent sensors are collected into a single vector

z(t) =
[

x1(t)
T , . . . , x H (t)T , y(t)

]T
. (10)

The elements of z(t) are jointly WSS, zero mean Gaussian
random processes. To simplify the parameter estimation prob-
lem, we assume the K signals are uncorrelated with each other.
The measurement noise in (1) and (3) is mutually uncorrelated
between array sensors and the additional independent sensor
in a single node and is uncorrelated among the nodes. Then,
the CSD of the signals is given by

G(ω) = F{R(τ )}
=

[
Go(ω) 0

0 Gr (ω)

]
(11)

where R(τ ) = E[z(t + τ )z(t)T ] is the covariance matrix
of the observed signals, Go(ω) is the CSD of array sensor
measured signals for bearing estimation, Gr (ω) is the CSD
from independent sensor measurements. For bearing estima-
tion, we assume that the signals are spatially incoherent among
arrays. The measurement noise on each ordinary sensor has
the identical noise distribution, and we denote the noise power
spectral density (PSD) as W(ω). We denote an array manifold
for the k-th signal impinging on array h at frequency ω as

akh(ω) =
⎡

⎢⎣
e− jωτkh1

...

e− jωτkhNh

⎤

⎥⎦. (12)

Specifically, we introduce

Ak(ω) = blkdiag
[

ak1(ω)ak1(ω)H , . . . , ak H (ω)ak H (ω)H
]

where blkdiag(·) denotes block diagonal matrix with each
block akh(ω)akh(ω)H having Hermitian structure. From the
assumption of the source signal, we denote the PSD of skh(t)
as Gkh(ω) = F{rkh,kh (τ )}. Then we denote the PSD of the
k-th signal as

Gk(ω) =
⎡
⎢⎣

Gk1(ω)1N1 · · · 0
...

. . .
...

0 · · · Gk H (ω)1NH

⎤
⎥⎦ (13)

where 1Nh is an Nh × Nh matrix of 1’s. Using the above
notation, the expression of Go(ω) is given by

Go(ω) =
K∑

k=1

Gk(ω) � Ak(ω) + W(ω)I1 (14)
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where � denotes the Schur-Hadamard (element-by-element)
product, I1 is an identity matrix with the same size of Go(ω).

In addition to bearing estimation conducted by local arrays,
the original data sampled at the independent sensors is uti-
lized to provide GROA and TDOA information. Under the
assumption that the K signals measured at each independent
sensor are uncorrelated, we obtain γig,kh (ω) = 0 for i �= k.
In the following, γkg,kh(ω) is simplified as γk,gh(ω), for g, h =
1, . . . , H . To simplify the notation, we denote by �k(ω) the
spectral coherent coefficient matrix for the k-th source signal
among the independent sensors

�k(ω) =

⎡

⎢⎢⎢⎣

1 γk,12(ω) · · · γk,1H (ω)
γk,21(ω) 1 · · · γk,2H (ω)

...
...

. . .
...

γk,H1(ω) γk,H2(ω) · · · 1

⎤

⎥⎥⎥⎦. (15)

The relative time delays in (3) can be expressed as phased shift
after Fourier transformation. Let the delay transfer vector be

αk(ω) = [1, e− jωζk,21, . . . , e− jωζk,H1 ]T . (16)

We then define an delay transfer matrix as

Dk(ω) = αk(ω)αk(ω)H

=

⎡
⎢⎢⎢⎣

1 e jωζk,21 · · · e jωζk,H1

e− jωζk,21 1 · · · e jωζk,H2

... · · · · · · ...

e− jωζk,H1 e− jωζk,H2 · · · 1

⎤
⎥⎥⎥⎦ (17)

where ζk,gh = 1
c (dkg − dkh), for g, h = 1, . . . , H . For

simplicity, we assume the measurement noise on each
independent sensor has the same distribution and we denote
the PSD of measurement noise on each independent sensor as
N (ω). Based on the above notation, the expression of Gr (ω)
is given by

Gr (ω) =
K∑

k=1

Dk(ω) � Qk(ω) � �k(ω) + N (ω)I2 (18)

where

Qk(ω) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Gk1(ω)
Gk1(ω)

ηk,21
· · · Gk1(ω)

ηk,H1
Gk1(ω)

ηk,21

Gk1(ω)

η2
k,21

· · · Gk1(ω)

ηk,21ηk,H1
...

... · · · ...
Gk1(ω)

ηk,H1

Gk1(ω)

ηk,H1ηk,21
· · · Gk1(ω)

η2
k,H1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

I2 is an identity matrix with the same size as Gr (ω).

III. THE Cramer-Rao LOWER BOUND ANALYSIS

The CRLB provides a powerful tool to find a minimum
variance unbiased estimator if such estimator exists. It offers us
a benchmark for the performance comparison of any unbiased
estimator. In this section, we derive the CRLB for the source
location parameter estimation problem based on the model
given in Section II to address the best source localization
accuracy using AGT measurements.

As in [3], we employ the best trade-off between parameter
estimation accuracy and communication bandwidth, where
local arrays transmit the estimated bearings to the fusion
center, yet the independent sensors transmit raw data for
time delay estimation. In addition to bearing and time delay
estimation, the signal gain information can also be utilized
when source signals are measured by an ASAN. When the
new signal strength information is taken into consideration, we
would like to explore the possibility performance improvement
using all these measurement sets.

The estimated parameter of interest may change with var-
ious applications. In this paper, the unknown parameters are
the source locations denoted by p = [xs

1, ys
1, . . . , xs

K , ys
K ]T .

We assume that the signals are sampled at each sensor with
the sampling rate satisfying the Nyquist sampling theorem. Let
z(n), n = 1, 2, . . . , N , denote the discrete-time signal received
at the sensors and N the total data length collected at each
sensor. Assume that z(n) is bandlimited between ω0 − �ω

2
and ω0 + �ω

2 . By taking the discrete Fourier transform (DFT),
all sensor measurements are converted from the time domain
to the frequency domain. We use Z(ω) to represent the DFT
of z(n). Z(ω) is a zero mean complex Gaussian random vector
with its covariance matrix G(ω). The probability density
function (pdf) of Z(ω) is [31]

p(Z(ω); p) = 1

π M |G(ω)| exp{−ZH (ω)G−1(ω)Z(ω)} (19)

where M = ∑H
h=1 Nh + H . When the data length N is

sufficiently long, Z(ωi ) is uncorrelated with Z(ω j ) for ωi �=
ω j [32]. If all frequencies are considered, the log of the pdf is

ln p(Z(ω); p) = −M
�ωN

2π
ln π − N

2π

∫

B
ln |G(ω)|dω

− N

2π

∫

B
ZH (ω)G−1(ω)Z(ω)dω (20)

where B = {ω|ω0 − �ω
2 ≤ ω ≤ ω0 + �ω

2 }.
Let p̂ be an unbiased estimate of p based on all measure-

ment samples. Further, let Ĉ denote the covariance matrix
of the estimation error � p = p̂ − p, and J is the Fisher
information matrix (FIM)

J( p) = −E

[
∂2 ln p(Z(ω), ω ∈ B; p)

∂ p∂ pT

]

= − N

2π

∫

B
E

[
∂2 ln p(Z(ω); p)

∂ p∂ pT

]
dω. (21)

Since Z(ω) is zero mean, the expectation of the second
derivative indicated in (21) is [8], [33]

−E

[
∂2 ln p(Z(ω); p)

∂pi∂p j

]

= tr

{
∂G(ω)

∂pi
G−1(ω)

∂G(ω)

∂p j
G−1(ω)

}
(22)

where tr{·} represents the trace of the matrix, pi , p j ∈ p.
Substituting (22) into (21), the elements of J( p) for the
parameters p are given by

Ji j = N

2π

∫

B
tr

{
∂G(ω)

∂pi
G−1(ω)

∂G(ω)

∂p j
G−1(ω)

}
dω. (23)
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If the bandwidth �ω is chosen small enough, Ji j can be
approximated by

Ji j ≈ N�ω

2π
tr

{
∂G(ω0)

∂pi
G−1(ω0)

∂G(ω0)

∂p j
G−1(ω0)

}
(24)

By taking inverse of (21), we can get the CRLB of p, which
is denoted by C . The estimation error covariance matrix holds

Ĉ = E{( p̂ − p)( p̂ − p)T } � C = J−1. (25)

meaning the matrix Ĉ − C is positive semidefinite. The mean
squared error (MSE) is bounded by

E{‖ p̂ − p‖2} = tr{C}. (26)

It can be observed from (11) and (23) that the depen-
dency of the CRLB on θ , η and ζ , and hence p, is rep-
resented through the expression of CSD matrix G(ω). For
Go(ω), it ignores the spatial coherence information among the
arrays. Yet Gr (ω) explores this coherence information which
is used to improve the performance of source localization
further. If γk,21(ω) = · · · = γk,H1(ω) = 0, Gr (ω) is
reduced to

ϒ(ω) =
K∑

k=1

diag

[
Gk1(ω)

Gk1(ω)

η2
k,21

· · · Gk1(ω)

η2
k,H1

]

+N (ω)I2. (27)

We say that the CRLB using AGT is reduced to the CRLB
using AOA-GROA.

To show that the GROA has influence on the CRLB, we first
consider the case when there is no coherence existing across
the arrays. The following result holds.

Remark 1: Let Ga,g(ω) be the CSD model based on both
AOAs (θ ) and GROAs (η). pi represents the i -th element
of p. If pi is a real, scalar parameter included in Ga(ω) and
Ga,g(ω), then the inequality holds,

Cii (θ) ≥ Cii (θ , η) (28)

where the expressions of Cii (θ) and Cii (θ , η) are given
in (29) and (30).

C ii (θ) =
(

N

2π

∫

B
tr

(
∂Ga(ω)

∂pi
Ga(ω)−1

)2

dω

)−1

(29)

C ii (θ , η) =
(

N

2π

∫

B
tr

(
∂Ga,g(ω)

∂pi
Ga,g(ω)−1

)2

dω

)−1

(30)

The proof is presented in Appendix B.
Equality in Remark 1 is achieved if the power of signals

is zero. As the signal gain increases, the GROA becomes
more beneficial to reduce the source location estimation error.
In particular, the increase of Fisher information for narrowband
source localization due to GROAs is given by

�Jii = N�ω

2π

(
tr[H2(ω)]2 − tr[H1(ω)]2

)
, (31)

where �Jii = Jii (θ, η) − Jii (θ) and

H1(ω) = ∂Ga(ω)

∂pi
Ga(ω)−1 (32)

H2(ω) = ∂Ga,g(ω)

∂pi
Ga,g(ω)−1. (33)

Similarly, we denote �Cii = Cii (θ , η) − Cii (θ). Then the
amount of reduction in CRLB can be exactly calculated and
the expression is

�Cii = 2π

N�ω

tr[H2(ω)]2 − tr[H1(ω)]2

tr[H1(ω)]2tr[H2(ω)]2 . (34)

From (34), we note that the increase in GROA information
results in an decrease in the CRLB. Remark 1 is considered
when no coherence exists between two arbitrary arrays. This
result is applicable to the model (14), (27) and (42).

If the coherence is considered, we need to explore the
possibility of using GROAs in conjunction with AOAs and
TDOAs to improve the estimation accuracy.

Remark 2: Let pi represent the i -th element of p. If pi

is a real, scalar parameter included in the Fisher information
matrix J , then

Cii (θ , ζ ) ≥ Cii (θ , ζ , η). (35)
Please refer to Appendix C for detailed proof.
Remark 2 is formulated and proven in a very general sense.

The coherence among the arrays is included in the observation
model (11). The sensor measurements in (10) contain the
information about the source locations through AOAs, TDOAs
and GROAs. Compared with the CRLB derived in [3] and [4],
the decrease in the CRLB can be achieved by adding GROAs
in the model (11). From the proof of Remark 2 in Appendix C,
we notice that X is the CRLB of p using both AOAs and
TDOAs. Hence, the amount of reduction in CRLB is the
second term of (56).

The remarks given in this section relate how to reduce the
CRLB by adding GROA information in the source model.
Besides, the value of CRLB can also be increased or decreased
by changing the model parameters, e.g. the number of sources,
the noise level or the power of sources and the speed of signal
propagation. Since it is difficult to analytically show these
effects on source localization, the numerical simulations are
given to quantitatively illustrate the effects on the CRLB with
changes of those parameters.

For the rest of the problem of interest, we derive the
expression of J when we calculate the CRLB. For notation
simplicity, we will drop the ω index in the following symbols.

Let Go
h be the h-th block matrix of Go. From (14) we infer

∂Go
h

∂pi
= Gih

(
bih aH

ih + aih bH
ih

)
, (36)

where bih = ∂aih/∂pi . It follows from (18) that

∂Gr

∂pi
=

(
∂ Di

∂pi
� Qi + Di � ∂ Qi

∂pi

)
� �i . (37)

Substituting (11), (36) and (37) into (24), the expression of
Ji j is obtained.

IV. SIMULATIONS

Numerical examples are conducted to evaluate the CRLB on
the localization accuracy using AOA, GROA and TDOA in an
acoustic sensor array network. In the first two examples, we
consider the same array network geometry as the examples
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Fig. 2. The CRLB ellipses derived using AOA-TDOA and AOA-GROA-TDOA with zero coherence across the arrays, c = 340 m/s. (a) One-source case,
SNR = 0dB. (b) One-source case, SNR = 10dB.

Fig. 3. The CRLBs using AOA-only, TDOA-only, AOA-TDOA and AOA-GROA-TDOA with respect to various coherence. (a) SNR = −10dB,
c = 340 m/s. (b) SNR = 10dB, c = 340 m/s. (c) SNR = −10dB, c = 1500 m/s. (d) SNR = 10dB, c = 1500 m/s.

given in [3] and [4]. There are H = 3 identical arrays are
located at coordinates

(x1, y1) = (0, 0), (x2, y2) = (400, 400), (x3, y3) = (100, 0).

The arrays are circular with a 4-ft radius and each array con-
tains six omni-directional sensors, i.e., N1 = · · · = NH = 6.
Six sensors are equally spaced around the perimeter of the

array and the additional independent sensor is located at the
center of the circle. In all cases, the source is assumed to be
narrowband with a bandwidth of 1 Hz centered at ω0 = 100π .

For each example, N = 4000 samples are measured. The
performance of source localization using AGT depends on the
signal coherence, signal-noise-ratio (SNR) and signal speed.
To simplify the source localization problem, we assume the
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Fig. 4. The CRLBs using AOA-only, TDOA-only, AOA-TDOA and AOA-GROA-TDOA with respect to various c, SNR = 10dB. (a) Coherence = 0. (b)
Coherence = 0.01. (c) 0.1 coherence case. (d) Perfect coherence case.

coherence between all pairs of arrays to be identical and
it is denoted by γ0. The source signals have equal power.
All sensors are properly calibrated and the observation errors
are jointly zero mean Gaussian distributed with the same
standard deviation. Thus the SNR is all identical among
different signals or sensors and can be uniquely determined
by the PSD ratio of the signal and noise. Moreover, various
values of the signal propagation speed c are investigated to
illustrate how c will affect the estimation accuracy.

A. One-Source Case

We first consider the localization of a single source at
(200, 300) using AOAs, GROAs and TDOAs (AGT). If the
spatial coherence equals to zero from array to array, i.e.,
γ0 = 0, the AOA-TDOA and AGT localization methods
are reduced to AOA-only and AOA-GROA respectively. The
corresponding CRLB ellipses are plotted in Fig. 2 where the
SNR is 0dB and 10dB. To compare these ellipses with those
in [3], the signal propagation speed is fixed at 340 m/s. We
observe that the CRLB using AOA-GROA is lower than the
CRLB using AOA-only. This result is in accordance with the
conclusion of Remark 1. The addition of GROA will increase
the information about the source location.

If the spatial coherence is nonzero, the information of
TDOA should be taken into consideration. Fig. 3 plots the
CRLBs of the source localization using AOA-only, TDOA-
only, AOA-TDOA and AGT with respect to various values
of signal coherence. From Fig. 3, we observe that the CRLB
using AGT is consistently lower than the other bounds using
AOA-only, TDOA-only and AOA-TDOA. The CRLB using
TDOA-only depends on the signal coherence parameter and
we find the CRLB of TDOA-only method will go to infinity if
γ0 = 0. For c = 340 m/s, the CRLB using AGT is quite close
to the one using AOA-TDOA, see Fig. 3(a) and (b). If we set
c = 1500 m/s for underwater acoustic signals, Fig. 3(c) and
(d) depict that the GROAs are more beneficial to reduce the
estimation error.

If we fix the SNR at 10dB, the CRLBs with respect to
various signal coherence are shown in Fig. 4 as the velocity
c increases. We notice that the bound curves reflect the
superposition of two impacts on estimation accuracy. First,
the impact of the coherence shows TDOAs and GROAs have
difference effect on the accuracy of source localization. When
γ0 is large enough, e.g. γ0 = 0.1 in Fig. 4(c), using AOA-
TDOA gives similar accuracy as using AGT. This is because
the performance is dominated by the accuracy of TDOAs.
Note that the TDOA measurements have more effect as the
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Fig. 5. The CRLBs using AOA-TDOA and AOA-GROA-TDOA with respect to different SNR, c = 1500 m/s. (a) Zero coherence case. (b) Perfect coherence
case. (c) 0.01 coherence case. (d) 0.1 coherence case.

value of γ0 gets larger and larger, until γ0 = 1 for the perfect
coherence case, see Fig. 4(d). On the contrary, when γ0 is
small, e.g. γ0 = 0.01 in Fig. 4(b), GROAs have much effect on
reducing the MSE. In particular, the maximum estimation error
reduction can be achieved by adding GROA measurements if
the coherence γ0 = 0, see Fig. 4(a). As we known, there is
no information from TDOAs when γ0 = 0. Second, It is more
beneficial to use GROAs as the value of velocity increases,
see Fig. 4(a) and (b). Note that the propagation delay related
to the AOAs and TDOAs need to multiply with the signal
propagation speed to form range differences and the GROAs
do not. Thus, the errors in AOAs and TDOAs will be enlarged
by the propagation speed when estimating the source location
and therefore the GROAs is more effective to reduce CRLB
if the signal propagation speed is high.

We then investigate the CRLB with respect to SNR when
c is fixed at 1500 m/s. The comparisons among the CRLBs
using AOA-only, TDOA-only, AOA-TDOA and AGT with
respect to various SNR are given in Fig. 5. As shown in
Fig. 5(a), the utilization of AOA-GROA provides about 5
dB improvement at low SNR and about 2 dB at high SNR.
The amount of improvement is reduced as the value of
γ0 increases, see Fig. 5(c) and (d). For perfect coherence
case, the CRLB using AGT is almost the same with TDOA

and AOA-TDOA methods. It should be pointed out that the
TDOA-only localization method does not provide much per-
formance improvement at high SNR when γ0 is small, e.g.
γ0 = 0.01 in Fig. 5(c) and γ0 = 0.1 in Fig. 5(d). To explain
this, we rewrite (18) to obtain the CSD matrix Gt (ω) from
additional independent sensor measurements for TDOA-only
estimation.

Gt (ω) = D(ω) � � + N (ω)I2, (38)

where D(ω) is the delay transfer matrix which is defined
in (17). The expression of � is

� =
⎡

⎢⎣
1 · · · γ0
...

. . .
...

γ0 · · · 1

⎤

⎥⎦. (39)

Substituting (38) into (24), we have

Ji j = N�ω

2π
tr

{
∂Gt (ω0)

∂pi
Gt (ω0)

−1 ∂Gt (ω0)

∂p j
Gt (ω0)

−1
}

(40)

From (40), we observe that the value of Ji j is influenced by
Gt (ω0)

−1 with various SNRs. When N (ω0) is small or the
SNR is high, D(ω0) � � dominates the CSD matrix Gt (ω0).
Hence, the TDOA-only method is incapable of reducing esti-
mation error when γ0 is low and the SNR is high. In such case,
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the AOA and GROA is more useful to improve the localization
performance.

B. Two-Source Case

In this set of examples, two sources are considered and their
locations have been chosen to be:

xs
1 = 200 m, ys

1 = 300 m

xs
2 = 300 m, ys

2 = 100 m. (41)

We conduct the simulations with respect to various γ0, c
and SNR components. These simulations will demonstrate
the advantage of using hybrid AGT measurements for source
localization. In the first example, the CRLB error ellipses
corresponding to a model with zero signal coherence are
drawn in Fig. 6. The utilization of GROA measurements
helps reduce estimation error. Comparing with source two, the
amount of CRLB reduction for source one is much larger. This
phenomenon illustrates that the amount of CRLB reduction
using additional GROA information depends on the placement
of the sources.

In Fig. 7, we set c = 1500 m/s and plot the CRLBs using
AOA-only, TDOA-only, AOA-TDOA and AGT again when
the signal coherence is taken into consideration. The CRLB
using AGT is consistently lower than the other bounds using
AOA-only, TDOA-only and AOA-TDOA. These results are
expected and comparable to Remark 2. In the low SNR
scenario, the use of AGT provides performance improvement
for γ0 ≤ 0.1 in Fig. 7(a), whereas the CRLB using AGT is
similar with the one using AOA-TDOA approach for γ0 ≥
0.035 in Fig. 7(b).

As aforementioned, the signal propagation speed c and
SNR also affect the estimation accuracy. Fig. 8 shows the
CRLBs of localizing two sources with respect to various c.
As expected, the CRLB using AGT is lower than other bounds.
It should be pointed out that the bound using AOA-TDOA
is quite close to the one using AGT if the coherence value
is not too small, e.g. γ0 = 0.05. We then experimentally
investigate the impact of SNR for the case of localizing two
sources. The SNR is controlled by varying the power of noise,
but at the same time keeping the power of signal constant.
Obviously, the total CRLBs decrease with increasing SNR and
the CRLB using AGT has consistently lower value compared
with AOA-only, TDOA-only, AOA-TDOA methods, see Fig. 9.
Similar with one source case, the TDOAs have little effect on
reducing the estimation error with small γ0 and high SNR, see
Fig. 9 (c) and (d).

C. Other Geometries

From Fig. 6, we observe that the effect of GROA on the
estimation accuracy is related to the geometry. Note that the
amount of CRLB reduction for source one is much larger
comparing with source two. Inspired by this phenomenon, we
did simulations using different geometries. In the first example,
three nodes are deployed at (0,0), (25,31) and (41,35). The
source is set at (300,300). The simulations are implemented
with various γ0, c and SNR parameters.

Fig. 10 depicts the CRLBs using AOA-only, TDOA-only,
AOA-TDOA and AGT with respect to various coherence
when SNR equals to 10dB. The CRLB for AGT and the
star solid line for AOA-TDOA are well separated showing the
performance improvement by adding the GROA information.
Moreover, the performance gap widens considerably as the
speed of signal propagation changes from 340 m/s to 1500 m/s.

Fig. 11 illustrates the CRLBs using AOA-only,
TDOA-only, AOA-TDOA and AGT with respect to various
velocities when SNR equals to 10dB. From Fig. 11, we
observe that the CRLB using AGT is consistently lower
than the other bounds using AOA-only, TDOA-only and
AOA-TDOA. For this specific example, the GROAs are more
beneficial to reduce the estimation error. We notice that the
bound curves reflect the superposition of two impacts on
estimation accuracy. First, the impact of the threshold, when
c is below that threshold, e.g. 340 m/s in Fig. 11 (a), the
performance bound using AGT is close to the curves using
AOA-TDOA. Yet the advantage of adding GROAs increases
when c is larger than the threshold. This is because the
performance is dominated by the accuracy of GROAs in
this region. Note that the bearing of the k-th source with
respect to array h depends on the propagation delay from
the independent sensor to array sensors on array h. The
propagation delay related to the AOAs and TDOAs needs
to multiply with the signal propagation speed to form range
differences and the GROAs do not. Thus, the errors in AOAs
and TDOAs will be enlarged by the propagation speed when
estimating the source location and therefore the GROAs is
more effective to reduce CRLB if the propagation speed
is larger than the threshold. Second, the value of threshold
increases as the coherence changes from 0 to 1. It is more
beneficial to use GROAs when the state of coherence is at a
low level. This is because the accuracy of source localization
using TDOAs is influenced by the value of spectral coherence.
If the value of coherence is low, the range differences will
suffer greater errors by the propagation speed.

Fig. 12 compares the CRLBs using AOA-only,
TDOA-only, AOA-TDOA and AGT with respect to various
SNRs with perfect coherence. The improvement of using
AGT is distinct when c equals to 340 m/s. Compared
to AOA-GROA, the use of AGT provides about 7.26 dB
improvement at low SNR and about 4.65 dB at high SNR.
The amount of improvement increases for higher velocity,
see Fig. 12 (b). When c equals to 1500 m/s, the use of AGT
provides about 13.59 dB improvement at low SNR and about
10.82 dB at high SNR.

Then we fix the positions of two nodes at (0,0) and (25,31).
The location of the third varies by setting (41a, 35a), where
a is selected from 1 to 5. The target is located at (300,300).
We drew the figures with various a, see Fig. 13. It illustrates
that the CRLB using AGT is consistently lower than the other
bounds with different ranges. If the third sensor is closer to
the source, the improvement of CRLB is greater.

The numerical results provided here are used to illustrate
the decrease of CRLB when the AOA, GROA and TDOA
information are jointly used according to the observation
model. As expected, the simulations are similar to Remark 1



1804 IEEE SENSORS JOURNAL, VOL. 17, NO. 6, MARCH 15, 2017

Fig. 6. The CRLB ellipses derived using AOA and AOA-GROA with zero coherence across the arrays, c = 340 m/s. (a) Two-source case, SNR = 0dB.
(b) Two-source case, SNR = 10dB.

Fig. 7. The CRLBs using AOA-only, TDOA-only, AOA-TDOA and AOA-GROA-TDOA with respect to various coherence, c = 1500 m/s.
(a) SNR = −10dB. (b) SNR = 10dB.

Fig. 8. The CRLBs using AOA-only, AOA-GROA, AOA-TDOA and AOA-GROA-TDOA with respect to various c, SNR = 10dB. (a) Zero coherence.
(b) Coherence = 0.01.

for zero coherence case and Remark 2 for general case,
see Fig. 2, Fig. 4(a), Fig. 5(a) and Fig. 6. To show the
details on how the AOAs, TDOAs and GROAs affect the
localization accuracy, more examples are utilized to describe
the possible changes in the CRLB as a function of spatial
spectral coherence, SNR and the speed of propagation, and
three other significant conclusions can be drawn from these
simulations.

1) The AOA, GROA and TDOA metrics are complemen-
tary in terms of geometrical properties and therefore the
GROA information can be used to improve the localiza-
tion accuracy greatly in some specific geometries.

2) The value of CRLB will uniformly scale as the speed
of signal propagation changes.

3) The CRLB using TDOAs is dependent on the spatial
coherence among the arrays. If the coherence is high
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Fig. 9. The CRLBs using AOA-only, TDOA-only, AOA-TDOA and AOA-GROA-TDOA with respect to various SNR, c = 1500 m/s. (a) Coherence = 0.005.
(b) Perfect coherence case.

Fig. 10. The CRLBs using AOA-only, TDOA-only, AOA-TDOA and AOA-GROA-TDOA with respect to various coherence, SNR = 10dB.
(a) c = 340 m/s. (b) c = 1500 m/s.

Fig. 11. The CRLBs using AOA-only, TDOA-only, AOA-TDOA and AOA-GROA-TDOA with respect to various velocities, SNR = 10dB.
(a) coherence = 0.3. (b) Perfect coherence case.

enough, the TDOAs will have significant effect on
reducing the CRLB.

4) As the coherence value is small enough, the accuracy of
source localization can be greatly improved by jointly
utilizing AOAs and GROAs.

5) For some special sensor-target geometries, the accuracy
of source localization is dominated by the GROAs and

the threshold effect should be taken into account as the
speed of signal propagation varies.

The above conclusions state that one should select esti-
mation method properly according to various applications.
For high coherence scenarios, TDOA-only method achieves
good localization accuracy and therefore adding AOA or
GROA information does not provide much benefit. When



1806 IEEE SENSORS JOURNAL, VOL. 17, NO. 6, MARCH 15, 2017

Fig. 12. The CRLBs using AOA-only, TDOA-only, AOA-TDOA and AOA-GROA-TDOA with respect to various SNR, γ0 = 1 m/s. (a) c = 340 m/s.
(b) c = 1500 m/s.

Fig. 13. The CRLBs using AOA-only, TDOA-only, AOA-TDOA and AOA-GROA-TDOA with various location parameter a, γ0 = 1 m/s and SNR = 10dB.
(a) c = 340 m/s. (b) c = 1500 m/s.

the coherence value is low and the SNR is high, one can
use AOAs and GROAs to perform localization. Moreover,
the GROAs have more advantages in reducing estimation
error for some special cases, e.g., the geometries depicted in
Subsection IV-C is used for localization, or the coherence
value is low and the speed of signal propagation is high.

V. CONCLUSION

In this paper, we analyze the problem of localizing acoustic
sources using an acoustic sensor array network, in which
each node is equipped with an array capable of perform-
ing AOAs and an additional independent sensor collecting
raw samples to get GROAs and TDOAs. We first develop
a general multi-target localization model including AOAs,
GROAs and TDOAs. We then derive a new performance bound
to characterize the parameter estimation accuracy. Both our
theoretical and numerical results show that the GROAs can
be used in conjunction with AOAs or TDOAs to reduce the
estimation error, especially for the geometries depicted in
Subsection IV-C or when the signal propagation speed is
high and the coherence is small. If there is no coherence
across the arrays, only GROAs can be estimated from the
raw data measured by the independent sensors. The CRLB
using AGT is reduced to the one using AOA-GROA. The
GROA information explicitly improves the performance of

localization and the amount of reducing CRLB using AOA-
GROA is deterministic and scales with different value of SNR.
When the coherence is explored, both GROAs and TDOAs
can be obtained by the independent sensors and the CRLB
using AGT is consistently lower than the other bounds using
AOA-only, TDOA-only and AOA-TDOA.

The results derived in this paper motivate us to apply
those three metrics appropriately in different applications when
one neglects the costs of implementing those techniques.
For example, acoustic array networks are used to tracking
ground vehicles, AOA-only localization algorithm may be
accurate enough for noncoherent, high SNR case. While the
AOA-GROA method is much more useful when acoustic
array networks are employed to localize objects underwater.
That is because the propagation speed of underwater sound
is much higher than air sound. If the coherence among the
arrays cannot be neglected, the TDOA technique is required
to perform localization.

APPENDIX A
SYMBOLS AND NOTATIONS

The symbols and notations used are given in Table I.

APPENDIX B
PROOF OF REMARK 1

Ga(ω) is the CSD model which only considers the spatial
coherence over individual arrays. Unlike Ga(ω), Ga,g(ω) not
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TABLE I

SYMBOLS AND NOTATIONS

only utilizes AOA estimates formed at the ordinary sensors,
but also exploits the signal gain information obtained by the
independent sensors. By taking advantage of these two kinds
of information, the CSD model results in

Ga,g(ω) =
[

Ga(ω) 0
0 Gg(ω)

]
(42)

where Gg(ω) is the CSD from additional sensor measurements
for GROA estimation. Thus, we infer

∂Ga,g(ω)

∂pi
Ga,g(ω)−1

=

⎡

⎢⎢⎣

∂Ga(ω)

∂pi
Ga(ω)−1 0

0
∂Gg(ω)

∂pi
Gg(ω)−1

⎤

⎥⎥⎦. (43)

From (43), we find that the following inequality holds

tr

(
∂Ga,g(ω)

∂pi
Ga,g(ω)−1

)2

≥ tr

(
∂Ga(ω)

∂pi
Ga(ω)−1

)2

. (44)

Obviously,
∫

B
tr

(
∂Ga,g(ω)

∂pi
Ga,g(ω)−1

)2

dω

≥
∫

B
tr

(
∂Ga(ω)

∂pi
Ga(ω)−1

)2

dω. (45)

Substituting (23) into (45), we have

Jii (θ , η) ≥ Jii (θ). (46)

Taking the inverse of FIM yields J−1
ii (θ , η) ≤ J−1

ii (θ). Thus
we get

Cii (θ , η) ≤ Cii (θ). (47)

The proof is completed.

APPENDIX C
PROOF OF REMARK 2

To prove the above statement, we first define the average
curvatures Bθθ , Bθζ , Bθη, Bζζ , Bζη and Bηη as

Bθθ = −E[∂2 ln p(Z(ω), ω ∈ B)/∂θ∂θT ] (48)

Bθζ = −E[∂2 ln p(Z(ω), ω ∈ B)/∂θ∂ζ T ] (49)

Bθη = −E[∂2 ln p(Z(ω), ω ∈ B)/∂θ∂ηT ] (50)

Bζζ = −E[∂2 ln p(Z(ω), ω ∈ B)/∂ζ∂ζ T ] (51)

Bζη = −E[∂2 ln p(Z(ω), ω ∈ B)/∂ζ∂ηT ] (52)

Bηη = −E[∂2 ln p(Z(ω), ω ∈ B)/∂η∂ηT ] (53)
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Bθζ = BT
ζθ , Bθη = BT

ηθ and Bζη = BT
ηζ . Using the

definitions above, the Fisher information matrix can be written
in terms of the gradients with respect to θ , ζ and η as

J =

⎡

⎢⎢⎢⎢⎢⎢⎣

∂θ

∂ p
∂ζ

∂ p
∂η

∂ p

⎤

⎥⎥⎥⎥⎥⎥⎦

T

⎡

⎣
Bθθ Bθζ Bθη

Bζθ Bζζ Bζη

Bηθ Bηζ Bηη

⎤

⎦

⎡

⎢⎢⎢⎢⎢⎢⎣

∂θ

∂ p
∂ζ

∂ p
∂η

∂ p

⎤

⎥⎥⎥⎥⎥⎥⎦
(54)

From the expression of G in (11), we have Bθζ = BT
ζθ =

Bθη = BT
ηθ = Bζη = BT

ηζ = 0. Therefore, the Fisher
information matrix given in (54) can be expressed as

J =
(

∂θ

∂ p

)T

Bθθ

(
∂θ

∂ p

)
+

(
∂ζ

∂ p

)T

Bζζ

(
∂ζ

∂ p

)

+
(

∂η

∂ p

)T

Bηη

(
∂η

∂ p

)
. (55)

Let X−1 =
(

∂θ
∂ p

)T
Bθθ

(
∂θ
∂ p

)
+

(
∂ζ
∂ p

)T
Bζζ

(
∂ζ
∂ p

)
, Y = ∂η

∂ p

and Z−1 = Bηη. Applying the matrix inversion lemma [34]
results in

C = J−1 = X − XY T (Z + Y XY T )−1Y X. (56)

From (56), we can obtain

Cii (θ, ζ ) ≥ Cii (θ , ζ , η). (57)

The proof is completed.
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