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Abstract

Recent wavelet research has primarily focused
on real-valued wavelet bases. However, complex
wavelet bases offer a number of potential
advantages. For example, it has been recently
suggested in some literature that the complex
Daubechies wavelet can be made symmetric.
However, these papers always imply that if the
complex basis has a symmetry property then it must
exhibit linear phase as well. In this paper we prove
that a linear phase complex orthogonal wavelet
does not exist. We study the implications of
symmetry and linear phase for both complex and
real-valued orthogonal wavelet bases. As a by-
product, we propose a method to obtain a complex
orthogonal wavelet basis having the symmetry
property and approximately linear phase.

1. Introduction

The use of wavelet transforms (WT) is becoming
ubiquitous in signal processing owing to the power
of the multiresolution technique and the existence of
fast algorithms [1]. Research on wavelet theory is
tightly connected with the filter bank work through
Mallat's algorithm [2]. Both orthogonal and
biorthogonal wavelet bases correspond to perfect

reconstruct filter banks (PRFBs). Research on
wavelets mainly concerns real-valued wavelet bases
and filter banks as is evident by a plethora of
publications on the subject [2]. However, complex
wavelet bases and filter banks have been seldom
discussed.

Both the continuous wavelet transform (CWT)
and Fourier transform are defined for signals that are
complex as well as real. The basis functions of the
Fourier transform are the complex exponential
functions and the FFT is equivalent to implementing
a bank of band-pass complex-valued filters.
Similarly, the short time Fourier transform (STFT)
is equivalent to implementing a bank of band-pass
complex-valued filters having equal band widths.
The mother wavelets of CWT are often complex-
valued functions, such as the Morlet wavelet and the
Gabor wavelet, etc. Present theory and techniques
have already shown that these approaches are better
able to handle complex signals such as in radar and
sonar applications. Therefore, adopting complex
filter banks and associated wavelet bases for similar
applications is a natural choice. For example, in
radar and sonar applications, the complex I/Q
orthogonal signals can be processed with complex
filter banks rather than processing the I/Q channels
separately. So the complex orthogonal wavelet may
prove to be a good choice.
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Recent publications [3-5] discussed the complex
Daubechies wavelet and its applications. It is shown
in these papers that the complex Daubechies wavelet
can be symmetric while the real Daubechies wavelet
cannot. However, all these authors seem to be
confused about the symmetry property of the filter
with its linear phase response. Symmetry and linear
phase are often critically important filter constraints.
In this paper, we prove the impossibility of a linear
phase complex orthogonal wavelet. However, a
method to achieve both symmetry and approximate
linear phase on a complex Daubechies wavelet is
proposed. Along the way, we present numerical
analyses of various interesting phase properties of
Daubechies wavelets.

2. The Symmetry of Compactly Supported
Orthogonal Wavelet Bases

Daubechies has shown that all compactly supported
real orthogonal wavelet bases and their associated
CQF FBs are neither symmetric nor antisymmetric
except Haar functions [6]. Lawton [3] and Lina et al
[5] showed that it is possible to have the symmetry
property for a complex Daubechies wavelet. In
addition to their results, we show the relationship
between compactly supported real orthogonal
wavelet bases and compactly supported complex
orthogonal wavelet bases. This is given as follows:

Proposition 1: The scaling filter h in CQF PRFB
associated with the dyadic compactly supported
complex orthogonal wavelet basis cannot be
antisymmetric (h[n]= -h[N-1-n]).

Proof: Omited.

Since the scaling function and the scaling filter
have the same symmetry property, the associated
scaling function also cannot be antisymmetric. That
is to say, complex CQF PRFBs only can be
symmetric if they have some symmetry property.

Theorem 1: If there exists a symmetric complex-
valued CQF PRFB, then there also exists a
corresponding real-valued CQF PRFB having
scaling filters with identical amplitude spectra.

Proof : Omited.

In Theorem 1, it is shown that for every
symmetric complex-valued CQF PRFB, there is a
corresponding real-valued CQF PRFB. It has
already been shown that the inverse proposition does
not hold, for example, for some real Daubechies
wavelets, it is impossible to find the corresponding
symmetric complex-valued ones [3].

3. Linear Phase Property

As mentioned earlier, both symmetry and linear
phase response are often desirable properties of
digital filters. However, a given symmetric filter does
not necessarily posses a linear phase response, i.e.,
nonlinear phase distortion may still exist in the output
signals of the filter.

It is well-known that if the real FIR filter h is
symmetric (h[n]=h[N-1-n]) or anti-symmetric
(h[n]= -h[N-1-n]), then the filter has the linear phase
property [2].

If an FIR filter h has complex-valued coefficients,
it can be easily shown that if h is conjugate
symmetric or conjugate antisymmetric, then the
filter has linear phase. However, a complex filter h
does not have linear phase if it is symmetric or
antisymmetric.

Then the natural question is: can we construct
compactly supported linear phase dyadic complex-
valued wavelet bases?  In response we present the
following theorem:

Theorem 2: The compactly supported linear
phase dyadic orthogonal complex-valued wavelet
bases do not exist.

Proof: Omited.

From Theorem 2, it can be concluded that the
general complex CQF PRFB also cannot be linear
phase, the same as the real-valued case. However, it
is possible to design the complex symmetric CQF
with approximate linear phase [7] by first designing
the real CQF PRFB and then obtaining the
associated the complex symmetric CQF by the
method of zeros decomposition. By decomposing
the zeros appropriately, approximate linear phase
symmetric complex CQF filter can be obtained
because a linear phase filter has conjugate mirror
zero pairs. This scheme is similar to that used in the
real-valued case [6].
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The above method can be used to design all types
of approximate linear phase symmetric complex
CQF filters including Daubechies minimum
compactly support symmetric complex CQF filters.
For simplicity and comparison, we use Daubechies
CQF filters as the example to analyze the phase of
different types of CQF filters in the next subsection.

4. Numerical Analysis of Phase Property of
Daubechies Wavelets Examples

Some design results are presented in Table I for
complex Daubechies wavelets. In Table I, the
coefficients of the normal symmetric complex
(NSC) Daubechies CQF scaling filters are shown in
the left column, and the approximately linear phase
complex (ALPSC) ones are shown in the right
column. When N = 6 , there is only one zero for
H z( )  except zeros at -1 so there is only one

decomposition method to derive symmetric H z( ) .

Next, the 10-tap Daubechies wavelets are used for
analysis. The phase properties of the real
Daubechies wavelet, the normal symmetric complex
(NSC) Daubechies wavelet and the approximately
linear phase complex (ALPSC) ones are compared.
The phase responses of different Daubechies scaling
functions with N = 10 are shown in Fig. 1. The
ALPSC is shown as the solid line; the NSC is
shown as dashed line; the NR is shown as the
dashdotted line and the ALPR is shown as dotted
line. Notice that we plot them by compensation of
the phase jump π. The linear correlation coefficients
are also calculated, as shown in Table II.

From Fig. 1 and Table II, we see that the ALPR
Daubechies scaling function possesses the best
approximation to linear phase and NSC has the
worst linear phase, even worse than the normal real
Daubechies wavelet. The ALPSC is the best choice
if both symmetry and approximately linear phase
properties are desired for compactly supported
orthogonal wavelets.

In a recent paper [8], Lina used another method to
obtain SDW (Symmetric Daubechies Wavelets) J
which give the same results as our ALPSC results
using Daubechies wavelets. However, our ALPSC
wavelets is more general; can be any type of
compactly supported orthogonal wavelets including
the Daubechies class.

4. Conclusion

In this paper, first the symmetry and linear phase
property of compactly supported complex
orthogonal wavelet bases and their associated
complex orthogonal FIR CQF FB were investigated.
Although, both symmetry and linear phase are
important and useful properties in practice, it is
impossible to construct linear phase compactly
supported complex orthogonal wavelet bases as
indicated in Theorem 2.  We proposed a scheme to
construct the symmetric compactly supported
complex orthogonal wavelet base with
approximately linear phase. The phase response of
different types of Daubechies scaling functions were
analyzed numerically. It is shown that the phases of
normal symmetric complex Daubechies scaling
functions, which are often treated as linear phase [3]
are the most nonlinear.
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Table I. The first column is the normal coefficients of complex symmetric (NSC) Daubechies CQF scaling filter and the
second column is the coefficients of complex approximately linear phase symmetric (ALPSC) Daubechies CQF scaling
filter, where h[n] = h[N - 1 - n].
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Fig. 1. The phase-frequency response of Daubechies scaling function for N=10. The solid line shows the phase response
of ALPSC; the dashed line shows NSC; the dotted line shows ALPR, and the dashdotted line shows NR.

Table II. The linear correlation coefficients of the phase responses of different Daubechies scaling functions.

 N ALPSC NSC NR ALPR
10 0.99579 0.98041 0.98726 0.99972
14 0.99772 0.97459 0.98377 0.99981
18 0.99863 0.97082 0.98258 0.99982
22 0.99902 0.96777 0.98148 0.99994
26 0.99931 0.96591 0.98119 0.99988
30 0.99945 0.96378 0.97759 0.99998
34 0.99956 0.96222 0.97995 0.99995
38 0.99963 0.96339 0.98001 0.99974


