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Abstract—This paper proposes a novel kernel-based mixture
of experts model for linear regression. The method is novel in that
it formulates the mixture of experts model for linear regression
so that kernel functions can be used. This allows the method
to work directly in terms of kernels and avoids the explicit
introduction of the feature vector, allowing one to use feature
spaces of high, even infinite dimensionality. Other advantages of
the model include the ability to take advantage of all the work
related to kernels, a closed-form solution for maximization, as well
as maintaining all the advantages of a linear expert. In this paper
the supervised version is formulated. The model is verified and
tested with simulated data. It was also found that the model had
overall better performance than standard mixture of experts for
regression on the well-known Boston Housing data set. Kernels
used included polynomial, radial basis function and the ANOVA
kernel.

Keywords—linear regression,mixture of experts, kernels, neural
network

I. INTRODUCTION

This paper presents a novel kernel-based mixture of experts
(ME) model for linear regression. The model formulates the
ME model for linear regression method so that kernels can be
used to avoid the explicit introduction of the feature vector,
allowing one to use feature spaces of high, even infinite,
dimensionality.

ME and kernel methods where introduced in the early 90s
and since then have been active research areas. Despite this,
to our knowledge there has been no research in formulating
a Kernel Representation of Mixture of experts for linear
regression.

ME was first proposed by [1] and ME has been used for
linear regression, classification and gaussian process prediction
[2]; ME use a combination of simpler learners to improve
predictions. Since then there has been a wide variety of
research in many areas including but not limited to data fusion,
health care, image processing, finance, surveillance, monocu-
lar human motion capture and recognition; some references
include [2], [3], [4], [5], [6]. The main problem with ME
for linear regression is that it is constrained to a limited
feature representation; a kernel representation would improve
the method by giving it all the advantages associated with
kernels.

Kernel methods became popular with the inception of
support vector machines [7]. Since then kernels have been
introduced in many methods. Kernel functions represent dot
products in a feature space, which allows the algorithms to
be used in a feature space without having to carry out com-
putations within that space. This can avoid dealing with large

numbers of parameters, reduce the amount of computations in
a high-dimensional space and allow the use of infinite dimen-
sionality feature spaces. There are many other advantages of
kernels; for more information on kernel techniques see [8], [9].
The work is based on [10], but to simplify the mathematics
we closely follow the work of [11].

ME methods that used kernels in the expert include support
vector machines for classification [12], [13] and gaussian
processs for stochastic modeling [14], [15], but neither have
focused on linear regression models [2].

In this work we verify our model using simulated data, then
compare the model to the classical ME for linear regression.
It was found that the novel method had increased numerical
stability than the classic method for polynomial data as the
amount of data decreased relative to the order of the poly-
nomial. The method was also tested on the Boston Housing
data set [10], which is widely available. The results show that
the novel method performed better than the classical ME for
linear regression. Kernels tested included linear, polynomial
and radial basis kernels (RBK) [16] and the ANOVA kernel
[10].

The main contribution of this work is formulating the
ME for regression interims of kernels, which has several
advantages. Perhaps the most obvious is the ability to take
advantage of all the research related to kernels [8], [10] and a
new framework for applying kernels. There are several advan-
tages particular to mixture of experts. The first is that kernels
provide a way to combat the curse of dimensionality[10],
this problem is exacerbated with mixture of experts because
the problem is multiplied by the number of experts. Another
advantage is computational savings; like the aforementioned
problem any computational cost is multiplied by the number of
experts. Finally, there is a closed form solution for a maximum,
which is extremely important in the unsupervised case [2],
[4] because optimization methods are much more complex for
unlabeled data. Although the method derived here is for the
supervised case one can easily extend to the unsupervised case,
using the expected maximization algorithm [17] for mixture of
experts [2].

II. PROBLEM FORMULATION

Let yk(x) be the output of the k − th expert, given some
input x ∈ �L. In order to make a single prediction, the output
of the ME architecture is given by:

y(x) =

K∑
k=1

p(z = k|x,vk)yk(x). (1)
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Where z is a variable indicating the expert used, p(z =
k|x,vk) is the gating probability density function. This pro-
vides an indication of the likelihood of expert yk(x) contribut-
ing to the output. The gaining function segments the input
space accordingly and has the parameters vk. In the classical
ME for regression, the function yk(x) is in the form:

yk(x) = wT
k φ(x). (2)

Where φ(x) ∈ �N is sometimes referred to as the basis
function. The vector wk ∈ �N are the set of parameters.
The function yk(x) is explicitly a function of x; the variable
wk is simply a parameter. A kernel is defined as κ(z,x) =
φ(z)Tφ(x) and must satisfy Mercer’s theorem [8]. In this
paper we will show that 2 can be expressed as a kernel
function, symbolically:

yk(x) = k(x)T (ΛkK+ λkIM )−1ΛkΓ. (3)

Where the vector Γ = [Γ1, .,ΓM ] is the set of targets, K ∈
�MxM the Gram matrix with elements (K)i,j = κ(xi,xj)
and k(x) is a vector with elements (k(x))j = κ(x,xj). The
matrix IM is a MxM regularization matrix and we define λk

as the regularization term for the k − th expert. Finally we
define the indicator matrix Λk for the k − th expert as:

Λk ≡
{

I(zm = k) i = j

0 i �= j

The indicator function I[zm �= k] = 0 unless zm = k in that
case I[zm = k] = 1. For this paper the gating function will
be the Softmax Function [1]:

P (z = k|x′,vk) =
exp(vT

k x
′)

K∑
k′=1

exp(vT
k′x′)

. (4)

Where x′ indicates the inclusion of a term for the bias,
symbolically x′ = [1||x]T .

III. ESTIMATION

A. Cost Function
Let Γ be the target function modeled by a deterministic

function yk(x). Using maximum likelihood estimation (MLE)
we can estimate the parameters. Taking the negative logarithm
of the MLE one can obtain the following cost function:

l(W,V) =
K∑

k=1

−ln(
M∏

m=1

P (Γm, zm|φ(·),xm,wk,vk)
I(zm=k)).

(5)
Where W = [w1, ..,wK ] are the parameters for the experts
and V = [v1, ..,vK ] represent the parameters of the gating
function. Decomposing equation 5 and rewriting the product
in terms of summation one can obtain:

l(W,V) =

(K,M)∑
(k,m)

−I(zm = k)ln

(
P (Γm|zm,φ(xm),wk)

P (zm|xm,vk)

)
.

(6)
The denominator depends on the gating function and can be
optimized separately [2] due to linearity after the log operation.
Using the standard normal assumption and only considering

terms that depended on wk, the first term in equation 6 can
be written as:

l(W) =

K∑
k=1

M∑
m=1

I(zm = k)(
(Γm −wT

k φ(xm))2

2σ2
k

+λk
Ck

2
wT

k wk).

(7)
With quadratic regularization term wT

k wk added for numer-
ical stability and as an artifice to introduce the kernel. The
regularization constant λk is usually determined empirically,
therefore to simplify the expression in its final form we define
Ck as:

Ck =
1

M∑
m=1

I(zm = k)σ2
k

(8)

Converting the expression in 7 to matrix form one can obtain:

l(W) =
K∑

k=1

(Γ− Φwk)
T Λk

2σ2
k

(Γ− Φwk) +
λk

2σ2
k

wT
k wk. (9)

Where ΦT = [φ(x1),φ(x2), ...,φ(xM−1),φ(xM )].

B. Classical Solution
Before presenting the novel algorithm the original formu-

lation or the parametric solution is stated here for clarity. By
taking the gradient of equation 9 with respect to wk then
setting the equations equal to zero and solving for wk, the
following expression can be obtained:

ŵk = (ΦTΛkΦ+ λkIN )−1ΦΛkΓ. (10)

This is analogous to the primal solution in [10]. The matrix
(ΦTΛkΦ + λkIN ) is sometimes referred to as the design
matrix.

C. Novel Solution
In this section, we formulate the novel solution so that

kernels can be used, analogous to the dual solution in [10]. In
the same manner as above, we can solve for wk,

wk =
−1

λk
ΦTΛk(Γ− Φwk) = ΦTak. (11)

Substituting equation 11 back into equation 9 gives equa-
tion 12: Where A = [a1, ..,aK ]. In the same manner as above
it can be shown that the value of ak that minimizes 12 is given
by:

ak = (ΛkK+ λkIM )−1ΛkΓ, (13)

which is achieved by using the fact that K = ΦΦT . We
can now express yk(x) in terms of kernels, first by inserting
equation 11 into equation 2:

yk(x) = wT
k φ(x) = (ΦTak)

Tφ(x) = aTkΦφ(x) = aTk k(x) (14)

Now inserting equation 13 into equation 14 and using the fact
that yk(x)

T = yk(x) the final form can be achieved:

yk(x) = k(x)Tak = k(x)T (ΛkK+ λkIM )−1ΛkΓ (15)

D. Error
In order to investigate the properties of the algorithm, the

residual squared error (RSE) will be used:

RSE =
M∑

m=1

(Γm − y(xm))2/

T∑
m=1

Γ2
m. (16)

1527



l(A) =
K∑

k=1

1

2σ2
k

(Γ− ΦΦTak)
TΛk(Γ− ΦΦTak) + Ck

λk

2

M∑
m=1

I(zn = k)aTkΦΦ
Tak. (12)

IV. DATA SETS

A. Simulated Data: Polynomial Kernels
In order to validate the model and test robustness to

numerical stability, we generate data in the feature space. We
use the standard method of generating random toy data for
regression given in algorithm 1.

Algorithm 1 Algorithm 1 Generate Toy Data

Input:
{w1, ..,wK},{σ2

1 , .., σ
2
K}

Z: array of labels for data X
X:{x1, ..,xM}
while m ≤ M do

m = m+ 1
k = 1
while k ≤ K do

k = k + 1
if Z[m] = k then

ξm ∼ N (0, σ2
k)

Γm = wT
k φ(xm) + ξm

end if
end while

end while

Where xm is uniformly distributed and linearly separable
with a corresponding expert label Z[m]. We will evaluate the
toy data for polynomial basis functions using algorithm one.
Polynomial basis functions grow exponentially, yet the kernel
for a polynomial basis function of order d is given by:

κ(x, z) = φ(x)Tφ(z) = (xT z+ c)d (17)

The feature vector for d = 2 is given in equation 18, which is
extremely large. It is not difficult to verify that working with
the kernel involves O(L) computation, but to calculate φ(x)
explicitly rewires O(Ld).

B. Real Data: Boston Housing Data
In this paper we compare the novel method to ME lin-

ear regression. Experiments were conducted on the Boston
Housing data set. The data set consists of 506 cases in which
there are 11 continuous variables, 1 discrete variable and 1
binary variable. The objective is to determine the median house
price in a certain area of Boston in thousands of dollars.
The continuous variables represent various values pertaining
to different locations, economic and structural features of the
house. The prices lie between 5000 and 50, 000 in units of
1000. The index of accessibility to radial highways was used
for the variable z; the data was merged from nine values into
three to allow the Softmax function to converge.

V. EXPERIMENTS RESULTS

A. Simulated Data
The method was tested for orders up to d = 3 and L = 3

using the parametric method and the novel method; two experts
were used. Cross validation was used, using half the generated

data for training and half for testing. The procedure was
performed a total of 100 times and the average was taken.
Table I shows the error of the toy data, where MER represents
the classic ME for regression. Each row of the table represents
the order of the polynomial function used and each column
represents the amount of data used in training. The first entry
in the table shows the average error using the kernel method,
while the second entry shows the error using the standard ME
model. It is evident when there are 50 samples of data the two
models are equivalent with a maximum difference of error of
0.02%. As less data is used to train, both models degrade in
performance, but this degradation is much smaller in the novel
method. This degradation is more pronounced as d becomes
larger, until eventually a singular matrix (SM) occurs in the
design matrix in equation 10.

This does not occur in the novel method. The reduced
rate of error in the novel method is because the gram matrix
dimensions decreases with the reduction in data. This makes
the Gram matrix less susceptible to numerical instability. In
addition the Gram matrix size is constant with respect to
the order of the polynomial; the dimensions of the design
matrix increase exponentially with the order of the polynomial.
These observations are surprising because the toy data was
generated using the basis function. The different RSE for the
order two polynomials is shown in Fig. 1. The error seems
to dramatically increase as the number of data points used in
training decrease to 25, but this increase is much smaller with
the kernel method.

TABLE I. AVERAGE RSE FOR TWO METHODS WHERE (NOVEL

METHOD, MER) ROW REPRESENTS ORDER OF THE POLYNOMIAL AND

COLUMN REPRESENTS THE AMOUNT OF DATA

Samples 50 25 12 7
d=3 (0.25%,0.26%) (0.29%,0.56%) (25%,30%) (20%,SM)
d=2 (0.90,0.88%) (0.60%,0.53%) (8%,13%) (20%,SM)
d=1 (0.18%,0.17%) (0.19%,0.211%) (2.7%,3.9%) (20%,SM)

10 15 20 25 30 35 40 45 50

2

4

6

8

10

12

14

16

18

20

Number of Data Points Used In Training 

%
 M

ea
n 

E
rr

or

% Error 2nd Order  Polynomial vs Size of Data Set

Kernel
Basis Function

Fig. 1. y-axis represents the average RSE for a 2nd order polynomial and
the corresponding basis function using simulated data, x-axis represents the
number of samples used in training
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φ(x) = [x2
L, .., x

2
1,
√
2xLxL−1, ..,

√
2xLx1,

√
2xL−1xL−2, ..,

√
2xL−1x1, ..,

√
2x2x1,

√
2cxL, ..,

√
2cx1, c]

T (18)

To better visualise the process a one-dimensional case was
generated for d = 2 shown in Fig 2. The red line on the top
of the figure represents the total output and the green and blue
represent the output of the two experts. The bottom of the
figure shows the output of the softmax functions. It is evident
as the softmax functions decays so does the contribution to the
output of that expert.
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Fig. 2. Top: total output and output of each expert, Bottom: value of softmax
functions

B. Results for Boston Housing Data
The results for the Boston Housing data set are shown

in table II. The same cross validation as above was used.
As above the two methods are equivalent when using linear
functions, with the novel method having an error of 0.0205%
and the MER having an error of 0.0194%. These results
change as we move to order two polynomial, where the novel
method has almost ten times better performance with an error
of 0.0146% compared to the MER, which had an error of
0.1054% and had the best performance overall. The term × is
to indicate no basis function exists for that kernel.

TABLE II. AVERAGE RSE FOR BOSTON HOUSING DATA, × INDICATES

NO BASIS FUNCTION EXISTS

Kernel Liner Polynomial RBK ANOVA
Novel Method 0.0205% 0.0146% 0.4592% 0.04544%

MER 0.0194% 0.1054% × ×

VI. CONCLUSION

This paper proposes a novel kernel-based mixture of ex-
perts model for linear regression. The method is novel in that
it formulates the mixture of experts model for linear regression
so that kernel functions can be used. This avoids the problem
encountered when dealing with a large feature space that can
lead to serious computational difficulties. Other advantages of
the model include the ability to take advantage of all the work
related to kernels, a closed-form solution for maximization,
as well as maintaining all the advantages of a linear expert.
The model is verified and tested with simulated data and it
was also found that the model had overall better performance
than ME on simulated data as well as the Well-known Boston

Housing data set. Kernels used included polynomial, radial
basis function and the ANOVA kernel.
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