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Abstract—Traditional economic models have rigid-form transi-
tion functions when modeling time-varying volatility of financial
time series data and cannot capture other time-varying dynam-
ics in the financial market. In this paper, combining the Gaussian
process state-space model framework and the stochastic volatil-
ity (SV) model, we introduce a new Gaussian process regression
stochastic volatility (GPRSV) model building procedures for finan-
cial time series data analysis and time-varying volatility modeling.
The GPRSV extends the SV model. The flexible stochastic nature
of the Gaussian process state description allows the model to cap-
ture more time-varying dynamics of the financial market. We also
present the model estimation methods for the GPRSV model. We
demonstrate the superior volatility prediction performance of our
model with both simulated and empirical financial data.

Index Terms—Financial time series, Gaussian process, Gaussian
process regression stochastic volatility model (GPRSV), Gaussian
process state-space models, Monte Carlo method, particle filtering,
volatility modeling.

I. INTRODUCTION

THE problem of analyzing financial time series data is an
important task for both financial research and investment.

In the past decades, many researchers take the modeling ap-
proach to describe financial data. Modeling provides us a way
of discovering knowledge from data and making predictions [1].
From this point, modeling financial time series data is very simi-
lar to modeling signals in engineering applications. For example,
in the presence of noise, filtering methods such as Kalman filters
and particle filters can be applied to financial data [2], [3]. With
the recent development of Bayesian nonparametric modeling in
signal processing community, we can model financial data with
more flexible tools and modeling methods, such as Gaussian
process (GP) [4] and copula process [5], etc.

Volatility modeling has been one of the most active fi-
nancial time series research areas in the past decade [6]. It
is of great importance for both finance market practitioners
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and academic researchers. Volatility can be expressed as the
standard deviation of an asset return and it is widely used
to describe the variability of financial time series data [7].
There are two main classes of time changing variance mod-
els: the generalized autoregressive conditional heteroscedastic-
ity (GARCH) model and the stochastic volatility (SV) model.
Autoregressive conditional heteroscedasticity (ARCH) model
was first introduced by Nobel laureate Engle [8]. Bollerslev
extended the model to GARCH [9]. Parameters of GARCH
class models can be learned/estimated using maximum likeli-
hood methods. Although ARCH and GARCH are good to rep-
resent some properties of financial asset return series, such as
volatility clusters, they are not good to capture some other prop-
erties, such as the asymmetric effect. Extensions of GARCH
model such as GJR-GARCH [10] are proposed to fix this
problem.

SV models are powerful alternatives of widely used GARCH
family [10]–[17]. They differ from GARCH models on the pro-
cess of how the conditional volatility evolves over time. For SV
models, the volatility equation is expressed as a stochastic pro-
cess, which means the value of volatility at time t is latent and
unobservable. The first discrete time-varying SV model was in-
troduced by Taylor [11]. Unlike GARCH models, which model
the conditional expectation of the volatility, SV models model
the volatility process itself separately. The SV model offers more
flexibilities than GARCH models. However, the inference of SV
model parameters is not as straightforward as the correspond-
ing simple GARCH typed model. In [17], Shephard reviews SV
models and inference methods like methods of moments (MM)
and quasi-maximum likelihood (QML).

Both GARCH and SV models can be viewed as instances of
state-space models (SSMs), which are widely used models for
effective modeling of time series data and dynamical systems
[1]. The essential idea is that for an observed time series yt there
is an underlying process xt which itself is evolving through
time in a way that reflects the structure of the system. The
model consists of two parts: a hidden state xt and an observation
variable yt . For volatility modeling, the observation variable is
return of asset time series, and the volatility can be modeled as
the hidden system state.

For above traditional econometric volatility models, model
prediction performance is limited by the rigid linear state tran-
sition function form because in the financial market, the pa-
rameters of a function themselves may change over time. One
possible solution to solve this problem is to take a dynamic
stochastic function form for the state transition, which can be
achieved by using Bayesian nonparametric tools. Nonparamet-
ric models are more natural to describe financial time series
dynamic behaviors.
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GPs can be used to extend SSMs to Gaussian process state-
space models (GP-SSMs), which are Bayesian nonparametric
models. The GP-SSM is proved to be a powerful tool to de-
scribe the nonlinear dynamic systems in many areas [18], [19].
GPs are widely used as dimensionality reduction technique in
the machine learning community. In [20], Lawrence introduces
the Gaussian process latent variable model (GPLVM) for the
principal component analysis. In Lawrence’s model, GP prior is
used to map from a latent space to the observed data-space that
is high dimensional. In [21], Ko and Fox propose a GP based
Bayesian Filter, a nonparametric way to recursively estimate the
state of a dynamical system. Wang et al. propose the Gaussian
process dynamical model (GPDM) in [22]. The GPDM enriches
the GPLVM to capture temporal structure by incorporating a GP
prior over the dynamics in the latent space. Frigola et al. point
out that GP can represent functions of arbitrary complexity and
provide a straightforward way to specify assumptions about the
unknown function in [18].

For the GP-SSM inference, both the hidden states and the GP
dynamics are unknown. Direct estimation of hyper-parameters,
hidden states and GP function values is a challenging task.

Monte Carlo methods become more and more popular for
model estimation and identification because of their accuracy
and flexibility of handling complicated models. Two main meth-
ods are sequential Monte Carlo (SMC) and particle Markov
chain Monte Carlo (particle MCMC) methods. The SMC
method is also called particle filter in some applications [23],
[24]. Ever since its introduction, the SMC method has been
widely used in many areas to solve the problem of inference
complex nonlinear models. In economics study, economists in-
troduced many dynamic stochastic general equilibrium (DSGE)
models to real-world time series, which often exhibit strong non-
Gaussian and time-varying behaviors. In this scenario, SMC
methods are used to estimate nonlinear, non-Gaussian SSMs.

The particle MCMC method was first introduced in [25]. The
idea of particle MCMC is to use of a certain SMC sampler to
construct a Markov kernel leaving the joint smoothing distribu-
tion invariant. In [26], Lindsten et al. propose the PGAS algo-
rithm. Frigola et al. apply the PGAS algorithm to the problem
of GP-SSMs inference [19]. Their results show that the PGAS
algorithm is suitable to estimate a non-Markovian SSM. In [26],
a novel particle particle MCMC algorithm, particle Gibbs with
ancestor sampling (PGAS) was proposed. In [19], Frigola et al.
apply the algorithm to learn hidden states of a GP-SSM and GP
dynamics jointly.

For volatility modeling research, Kim et al. first estimate a SV
model using particle filter in [27]. Recently, in [28], Wu et al.
propose a GP based GARCH model and a regularized auxiliary
particle chain filter (RAPCF) algorithm to estimate the model.

In this paper, with the GP-SSM framework combined with
the SV modeling concept, we present a novel nonparamet-
ric model—Gaussian process regression stochastic volatility
(GPRSV) model to solve the problem of modeling and predict-
ing time-varying variance of financial time series data. GPRSV
models usually are more difficult to estimate than parametric
volatility models. We apply the recent development of Bayesian
nonparametric methods to improve the prediction performance

of volatility models. We estimate the hidden states or system
variable distribution by taking a full Bayesian nonparametric ap-
proach. We can use two estimation methods for the new model.
The first one is the RAPCF algorithm [28] based on a SMC
inference algorithm for computational efficiency and the sec-
ond one is PGAS algorithm [19] based on a MCMC method
for more accuracy. We demonstrate the superior volatility pre-
diction performance of the new GPRSV model and inference
methods with both simulated and empirical financial data.

Our main contribution is to introduce a novel nonparametric
model—GPRSV model to solve the problem of modeling and
predicting time-varying variance of financial time series data.
The new GPRSV model uses a GP-SSM framework combined
with the SV modeling concept, different from the GPVM by Wu
et al. [28]. Furthermore, our GPRSV model incorporates the
asymmetric stochastic volatility (ASV) and therefore is more
flexible and generic in that it can now handle the well-known
volatility effect—leverage effect.

The second contribution of work is that we provided a solu-
tion to learn the proposed model. We demonstrate that both SMC
algorithms such as RAPCF [28] and MCMC algorithms such
as PGAS [19] can be adjusted to estimate the GPRSV mod-
els. We also demonstrated through experiments that the new
GPRSV model performs better than corresponding GARCH
and SV models. In addition, our contribution also lies in the
evaluation of the performance of different methods on the pre-
diction of realized volatility. Previous work did not compare on
the prediction of realized volatility. These experimental results
are significant to help identify the strengths and weaknesses of
different methods.

The paper is organized as follows. Section II discusses the
volatility modeling. Section III introduces the new GPRSV
model. The learning algorithms of the GPRSV model are de-
scribed in Section IV. Section V presents extensive simulation
and experimental results for the real financial data. Finally, we
conclude the paper and discuss the various aspects of future
work in Section VI.

II. VOLATILITY MODELING

Time series data are collected through time. A time series is
a sequence of data points of measurement zt ∈ R index by time
t. Financial time series analysis is a highly empirical discipline.
People concern more with how asset valuation changes over
time. In financial time series research, we usually analyze assets
return instead of price [29]. The net return series is defined as

r̃t =
pt − pt−1

pt−1
(1)

where rt is the net return at time t, pt is the asset price at time
t. The logarithm of the total return is also often used due to
asymmetry of the net return. The log return series is defined as

rt = log(1 + r̃t) = log pt − log pt−1 . (2)

It is not hard to see that they are essentially the same when the
net return is small. The log return is more commonly used in
empirical research.
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The idea behind volatility modeling is to express the relation-
ship of the return and the volatility and how these two processes
evolve over time. Volatility is a forward-looking concept, we of-
ten model the financial time series return variance conditioned
on all the relevant information It−1 , defined as

σ2
t = var(rt |It−1) = E((rt − μt)2 |It−1) (3)

where μt is expected value of the asset return rt .
There are some characteristics commonly observed in as-

set return series, and all volatility models should capture these
characteristics [7], [30].

1) Heteroscedastic: The volatility of asset return is not con-
stant through time. It is also called heteroskedasticity. For
asset returns, the value of this conditional volatility is
time-varying.

2) Volatility Clustering: It is widely accepted that the volatil-
ities of asset returns tend to cluster. It also means there
are some periods that the market are with high volatilities
and some other periods with lower volatilities.

3) Asymmetric Effect: Based on rich empirical observations
of financial asset returns, volatilities tend to react differ-
ently on positive and negative returns.

4) Heavier Tails: Rich evidences show that financial asset
returns exhibit heavy tails and high-peakiness. Volatility
models should explain that the asset returns are not nor-
mally distributed.

III. GPRSV MODEL

We introduce a new GPRSV model to solve the problem of
financial time series volatility modeling and predicting. Similar
to GARCH models and basic SV models, we model the financial
asset return and volatility in state-space modeling framework.
The logarithm of variance is modeled as the unobserved latent
variable of the system in our model. We use GP to sample
unknown hidden states transition function. A GPRSV model can
be viewed as an instance of GP-SSM applying to SV models.

A. GARCH Models

Standard GARCH(1, 1) model assumes the asset return fol-
lows a Gaussian distribution. Assume the mean μ is zero and
the variance is time-varying:

rt ∼ N (0, σ2
t ) (4a)

σ2
t = α0 + α1r

2
t−1 + βσ2

t−1 , (4b)

where α and β are model parameters, α0 > 0, α1 ≥ 0, β ≥ 0,
and α1 + β ≤ 1. As can be seen, there is no noise term in
the above equations and that the volatility σ2

t depends on the
observed return rt−1 .

B. SV Models

The logarithm of variance is modeled by a latent AR(1) pro-
cess. Taylor’s stochastic model can be presented as

rt = μt + at = μt + σtεt (5a)

log(σ2
t ) = α0 + α1 log(σ2

t−1) + σnηt (5b)

where α1 is a parameter which controls the persistence of log-
arithm variance and the value of α1 is between (−1, 1). There are
two independent and identically distributed random variables εt

and ηt . The original SV model assumes these two noise parts to
be independent identically distributed (i.i.d.) standard normally
distributed.

The leverage effect is a well-known phenomenon in financial
time series data. ASV models are proposed to extend the original
SV model [31], [32]. In an ASV model, a negative correlation
between return of time t and volatility of time t + 1 is added.
An ASV model can be expressed as

rt = μt + at = μt + σtεt (6a)

log(σ2
t ) = α0 + α1 log(σ2

t−1) + τηt (6b)[
εt

ηt

]
∼ N (0,Σ), (6c)

Σ =
[

1 ρτ
ρτ τ 2

]
. (6d)

It can be seen that the SV model is an unconditional approach
in that the time-varying volatility process does not depend on
the observable return variables and can parsimoniously model
the volatility process itself [12].

The inference of SV model parameters is not as straightfor-
ward as the corresponding simple GARCH type model. Infer-
ence methods like MM and QML are commonly used [17].
Monte Carlo simulation-based methods to estimate SV models
become more and more popular because of their accuracy and
flexibility of handling complicated models.

C. GP-SSMs

1) SSM: The general form of standard SSM can be summa-
rized as

xt = f(xt−1) + ε, xt ∈ RM (7a)

yt = g(xt) + ν, yt ∈ RD , (7b)

where ε and ν are both i.i.d. noise with zero mean and unit vari-
ance. The unknown function f describes the system dynamics
and function g links the observation and the system hidden state.
Both functions f and g can be either linear or non-linear. The
hidden state xt follows a Markov chain process.

2) Gaussian Process: A GP can be viewed as an extension
of a multivariate Gaussian distribution to infinite dimensions
[4]. Any finite subset of samples from the process follows a
multivariate Gaussian distribution. Also, a GP can be considered
as a normal distribution over function, and it is determined by
the mean function m(x) and the covariance function k(x, x′):

f(x) = GP(m(x), k(x, x′)). (8)

All values of f(x) at any location x are jointly Gaussian
distributed.

3) GP-SSM: We can now combine the GP and the SSM
together. The way of combining the two is to use the SSM
structure and apply GP to describe the hidden state transition
function. The essence of the GP-SSM is to change the rigid
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form of states transition function of traditional SSMs with a
GP prior. Financial data exhibits many dynamics because the
market is changing all the time and a lot of small changes of
the involved factors can result in significant fluctuations. The
rigid form of the state transition function in traditional SSMs
cannot capture such time-varying dynamics of the model itself.
And as more and more data become available, stochastic GP-
SSMs become feasible to better represent such time-varying
dynamics of the financial market. We assume the hidden state
transition function f is sampled from a GP. The SSM is extended
to a GP-SSM. Compared with standard SSM, the GP-SSM is
a more flexible and powerful tool to model time series data.
We can take advantage of this tool to more accurately predict
time-varying volatilities.

D. GPRSV Models Framework

In the presented new GPRSV model, the conditional volatility
is modeled in a Bayesian nonparametric way. We assume that
the hidden system state process is governed by a stationary
stochastic process. The main difference between the GPRSV
model and traditional SV models is the driving force for the
stochastic process. In traditional SV models, the state transition
process is assumed to follow a rigid linear autoregressive form,
see (4) and (5). In GPRSV models, the state transition process is
not limited to a rigid form but a GP prior is placed over the state
transition function. The basic framework of a GPRSV model
can be represented by the following equations:

at = rt − μ = σtεt , (9a)

vt = log(σ2
t ) = f(vt−1) + τηt , (9b)

f ∼ GP(m(x), k(x, x′)), (9c)[
εt

ηt

]
∼ N (0,Σ), (9d)

Σ =
[

1 ρτ
ρτ τ 2

]
, (9e)

where rt is the asset return at time t and μ is the mean of rt ,
at is the innovation of the return series; vt is the logarithm
of variance at time t, εt and ηt are i.i.d. standard Gaussian
distributed noises∼ N (0, 1), respectively. Also, we consider the
well-known phenomenon called financial leverage of a negative
correlation between today’s return and tomorrow’s volatility
[31], [32], i.e., asymmetric effect. This leverage effect can be
captured by the correlation ρ between εt and ηt . Therefore, our
model is also an ASV model similar to [33], [34]. Note that τ
and ρ is unknown scaling parameters to be estimated. A special
case is ρ = 0, i.e., the correlation between εt and ηt is zero. Such
zero correlation GPRSV model can be used when there is no
leverage effect such as in exchange rates or when the leverage
effect is small since it has fewer parameters to estimate [35].

Note that (9b) represents the SV modeling concept as in
(5b) and is fundamentally different from the GARCH modeling
based GP process in [28].

The function f is the hidden state transition function. Here
we assume function f follows a GP, which is defined by the

Fig. 1. Graphical model representation of a Gaussian process regression
stochastic volatility (GPRSV) model, where at is the observation variable at
time t, and vt are the hidden variable (logarithm of volatility) at time t, ft is the
Gaussian process sampled function value at time t, and the thick horizontal line
represent fully connected nodes. Hyper-parameters of the Gaussian process are
omitted in the figure.

mean function m(x) and covariance function k(x, x′). The pa-
rameters with m(x) and k(x, x′) are called hyper-parameters.
We can put all hyper-parameters in a vector θ. For an example,
if the mean function is defined as m(x) = cx, then we have c as
hyper-parameter for mean function. If the exponential covari-
ance function is k(x, x′) = γ exp(−0.5|x − x′|2/l2), we have
γ, l as the covariance function hyper-parameters. In this case, we
have θ = (c, γ, l). We use logarithm of variance instead of stan-
dard deviation directly in our model. This is same as Taylor’s
SV model [11] and Nelson’s EGARCH model [36].

In the GP, the mean function m(x) can encode prior
knowledge of system dynamics. For example, we may en-
code the asymmetric effect in the mean function by adding
term of previous positive terms of at . The covariance func-
tion k(x, x′) is defined by covariance between function values
Cov(f(vt), f(vt ′)), so the covariance function is used to de-
scribe the correlation relationship of the time-varying volatility
values. Fig. 1 shows the graphical model representation of a
GPRSV model.

Financial time series data are changing all the time, and it
does not follow the same pattern to change. The rigid linear auto
regression function form is limited in the traditional SV models.
In the GPRSV model, we do not confine the function form to a
fixed form. With different mean and covariance function forms
and hyper-parameters, we can sample from a rich class of the
state transition functions defined by a stochastic GP.

E. Model Building Process

We can build a GPRSV model in a four step process similar
to Tsay’s procedures in [7] of building a traditional conditional
volatility model. We show the flowchart of this process in Fig. 2.

1) Specify Mean Equation: First we need to test the serial de-
pendence in the return series. If the series are linear dependent,
we should use an econometric model (e.g. an ARMA model)
to remove the linear dependence in the return series [7], [37].
Depending on the data we want to model, we can use different
methods to remove the linear dependence. After doing that, we
can specify the distribution the return variable. In (9a), we sim-
ply normalize the return series to remove the linear dependence
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Fig. 2. Flowchart of GPRSV model building process.

part. If the mean of the return series is not significantly differ-
ent from zero, we can use the return series directly. Otherwise
we model the innovation or residuals at , and we specify εt as
Gaussian distribution.

Note that in a GP-SSM framework, the hidden state tran-
sition function is unknown and it is sampled from a GP de-
fined the molder. The GP has its unknown hyper parameters
to be estimated. Together with unknown hidden states (volatil-
ities), parameters in mean and variance equations, there are
there parts to be learned. In practice, due to weak serial correla-
tions in asset return series data [7], we prefer to remove linear
dependence first to reduce the number of parameters to be es-
timated in the GRSV model. Note that such approach is also
used in [18] and [19].

2) Test ARCH Effect: The residuals of the asset return at ex-
pressed in (9a) are often used to test conditional heteroskedastic-
ity of the series data. This conditional heteroskedasticity is also
known as the ARCH effect [7]. There are two kinds of test for
ARCH effect, the first one is to apply the Ljung-Box statistics
Q(m) to a2

t [38], and the second test is the Lagrange multiplier

(LM) test [8]. The null hypothesis of Ljung-Box test is that the
first m lags of autocorrelation function (ACF) of the testing se-
ries are zero. For the Lagrange multiplier test, we assume in the
linear regression form:

a2
t = α0 + α1a

2
t−1 + · · · + αm a2

t−m + ct , (10)

where t = m + 1, . . . , T , ct is the noise term and T is the sample
size. We define

SSR0 =
T∑

t=m+1

(a2
t − ω̄)2 , (11a)

SSR1 =
T∑

t=m+1

ĉ2
t , (11b)

F =
(SSR0 − SSR1)/m

SSR1/(T−2m − 1)
, (11c)

where

ω̄ = (1/T )
T∑

t=1

a2
t (12)

is the sample mean of a2
t ; F is asymptotically distributed as

a chi-squared distribution χ2
m under null hypothesis and m is

the degree of freedom. The null hypothesis H0 is α1 = · · · =
αm = 0. The decision rule is to reject H0 if F > χ2

m (α)( here
χ2

m (α) is the upper 100(1 − α)th percentile of χ2
m ), or type-I

error: the p value of F is less than α (see [7] for details).
Also we can use sample autocorrelation function (ACF) and

sample partial autocorrelation function (PACF) to see the ARCH
effect of financial time series data. If both ACF and PACF are
not significant but the squared returns are significantly auto-
correlated, we can model the data using a conditional volatility
model. If we do not observe the autocorrelation of the squared
returns, there is no need to use a conditional volatility model,
i.e., all such time-varying conditional volatility models, includ-
ing ARCH and our model, are not applicable.

3) Specify Volatility Equation: The key of volatility model-
ing is to specify how the hidden volatility or logarithm of vari-
ance evolves over time. In GPRSV models, this part is modeled
using the flexible Bayesian nonparametric tool, GP regression.
For GARCH and SV models this part is modeled with a linear
regression approach. Once we estimate the model parameters,
those parametric models are determined. When the hidden vari-
able is modeled using GP regression, we need to specify both the
mean and covariance functions. Besides these functions forms,
the initial value of hyper-parameters (the parameters in mean
and covariance functions are called hyper-parameters) associ-
ated with them need to be specified as well. Note that with the
same hyper-parameters, the function form is not constant and
is a random function sampled from a GP determined by the
hyper-parameters.

4) Estimate Model Parameters and Check Model Fitness:
After specifying both the mean and volatility equations, and
associated hyper-parameters and in Steps 2 and 3, we can use
training data to estimate unknown parameters. Once we obtain
estimated parameters, we can use testing data to test the esti-
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mated model. And it is necessary to check the fitness of model
we obtained so far. We can examine the model fitness using the
diagnostics of the SV model described by Kim et al. in [27]. If
necessary we need to go back to Step 3 to modify the GP mean
and covariance function forms or hyper-parameters.

IV. INFERENCE FOR THE GPRSV MODEL

The linear SSMs with Gaussian noise can be inferred using
Kalman Filters [39], but linear Gaussian SSMs can only model
a limited set of phenomena. GP-SSMs provide us a flexible
framework for time series analysis, but this great descriptive
power comes with the expense of computational cost. However,
it is impossible to obtain analytic solution for our nonlinear GP-
SSMs using the Kalman filter algorithm. We need simulation-
based methods like SMC and MCMC methods to solve the
problem of inference our nonlinear GP-SSMs. Our solution to
this problem is applying the Monte Carlo method to simulate the
unknown densities. The core idea of Monte Carlo methods is to
draw a set of i.i.d. samples (particles) from a target distribution
density, and use the samples to approximate the target density
with the point-mass function [40]

pN (x) =
1
N

N∑
i=1

δx( i ) (x), (13)

where x(i) is the ith sample, N is the number of samples, and
δx( i ) (x) denotes the Delta-Dirac mass function value at x(i) .
Furthermore we can approximate integrals of f which is func-
tion of interest. I(f) can be achieved with tractable sums IN (f):

IN (f) =
1
N

N∑
i=1

f(x(i))
a.s.

−−−→
N →∞

I(f)

=
∫

f(x)p(x)dx. (14)

To estimate GPRSV models, we can use two Monte Carlo
simulated based algorithms: the PGAS [26] and RAPCF algo-
rithms [28]. When applying these two algorithms to GPRSV
model estimation problems, the GP regression function value
f is marginalized out. Then we can target jointly estimate the
hidden states and hyper-parameters. After marginalizing out f ,
the models become non-Markovian SSMs. Traditional filter and
smooth methods are not capable of identifying such models.
The Monte Carlo methods based algorithms we present here
provide us a powerful tool to solve this problem. Both of the
hidden states and parameters can be represented using particles
associated with normalized weights.

A. SMC Methods

The first method we can use to estimate a GPRSV model
is the RAPCF algorithm [28], which belongs to SMC method
[41]. Compared with the original learning approach in [28],
our learning algorithms learn both unknown hyper-parameters
in the GP and normal parameter using particles. In [28], the
hyper-parameters are all within the GP. In our model, besides

these hyper-parameters, we also need to learn extra unknown
parameters τ and ρ.

We put all unknown GP mean and covariance equation hyper-
parameters and τ and ρ in a vector θ and initialize θ with a
prior p(θ). Besides p(θ), other inputs include: return data r1:T ,
shrinkage parameter λ, and the number of particles N . We have
total N particles indexed by i. At the beginning we remove linear
dependence from the return series r1:T and obtain a1:T . For the
first iteration t = 0, we can sample N parameter particles from
prior p(θ). Also we set initial importance weights Wi

0 = 1/N .
From t = 1 to t = T , we do the following steps:

1) Remove linear dependence from r1:T , and obtain residuals
a1:T , which is the observation variable in the SSM point
of view.

2) The mean of N particles is calculated by

θ̄t−1 = ΣN
i=1W

i
t−1θ

i
t−1 , (15)

and then parameter particles are shrunk towards their em-
pirical means based on

θ̃
i

t = λθi
t−1 + (1 − λ)θ̄t−1 , (16)

where λ is the shrinkage parameter. Empirically we use
λ = 0.95 in the experiment. The empirical range is 0.9 to
0.98. As can be seen, λ is a parameter generating some
perturbations on top of the mean for a particle.

3) Given all the hidden states v1:t−1 until time t − 1 and

the calculated parameter θ̃
i

t , we have the state transition
function f sampled from a GP. With known hidden state
transition function f , we can compute the expected value
μi

t of vt in (9b) as

μi
t = E

(
vt |θ̃

i

t , v
i
1:t−1

)
. (17)

This is a one-step prediction for hidden state vt using GP
regression. This is different from the traditional parametric
models whose state transition function is rigid form.

4) The conditional probability p(at |μi
t , θ̃

i

t) is computed us-
ing (9a). Assuming εt ∼ N (0, 1), we have

at ∼ N (0, σ2
t ). (18)

As we defined vt = log(σ2
t ), we can compute p(at |μi

t , θ̄
i
t)

p
(
at |μi

t , θ̄
i
t

)
∼ N

(
0, eμi

t

)
. (19)

The importance weights gi
t are calculated as

gi
t ∝ Wi

t−1p(at |μi
t , θ̄

i
t). (20)

5) After obtaining the important weights, we resample N
new particles, and use j for indexing. The jth particle
is sampled according to importance weights given by
{gi

t , i = 1, . . . , N}.
6) The chain of vt is propagated forward {vj

1:t−1 , j =
1, . . . , N}. We add jitter by

θj
t−1 ∼ N (θj

t , (1 − λ2)Zt−1), (21)
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where Zt−1 is empirical covariance matrix of θt−1 . Zt−1
is computed using

Zt−1 = E
[
(θt−1 − θ̃t−1)(θt−1 − θ̃t−1)T

]
. (22)

7) New states vj
t are generated according to

vj
t ∼ p

(
vt |θj

t , v
j
1:t−1 , a1:t−1

)
. (23)

8) Adjust weights Wj
t according to

Wj
t ∝ p

(
at |vj

t ,θ
j
t

)
/p

(
at |μj

t , θ̃
j

t

)
. (24)

The algorithmic details of the RAPCF procedure can be found
in [28].

B. Particle MCMC methods

Besides SMC methods, we can estimate GPRSV models us-
ing MCMC methods as well. MCMC plays a significant role in
statistics, economics, computing science and physics over the
last three decades. In this section we focus on particle MCMC
methods to estimate GPRSV models.

We describe the process of estimating a GPRSV model using
PGAS algorithm as follows.

1) Remove to linear dependence from r1:T , and obtain resid-
uals a1:T which is the observation variable in SSM point
of view.

2) In the first iteration, we set θ[0] and v1:T [0] values ran-
domly. For the rest iterations, we sample particles of θ[l]
conditionally on v1:T [l − 1] and a1:T .

3) Given that the state trajectory v1:T [l − 1] is fixed, we have
a GP regression problem where v1:T [l − 1] is input, and
v1:T [l] is output. Then we can marginalize out the latent
dynamics, and sample the hyper-parameters with slice
sampling [42].

4) We run conditional particle filter with ancestor sampling
(CPF-AS) algorithm. We target at p(v1:T |θ[l], a1:T ), con-
ditionally on the previous iteration hidden state trajectory
v1:T [l − 1]. The output of CPF-AS is the new hidden state
trajectory v1:T [l] and updated weights wi

T .
5) Last, we sample k with p(k = i) = wi

T and set v1:T [l] =
vk

1:T . The output of PGAS is the hidden volatility v1:T and
the hyper-parameter θ.

The key steps in CPF-AS algorithms are:
1) Initialize N − 1 hidden state vi

1 from the prior ∼ pθ
1 (v1)

and leave the last one vN
1 = v′

1 . Also we initialize the
weight wi

1 = W θ
1 (vi

1) = 1/N .
2) Then from t = 2 until t = T , we do resampling and an-

cestor sampling: we sample N − 1 times with replace-
ment from vi

1:t−1 , following ei
t ∼ Discrete({wj

t−1}N
j=1),

for i = 1, 2, . . . , N − 1. Then the particle propagation

is conducted by resampling vi
t ∼ pθ

t (vt |vei
t

1:t−1), for i =
1, 2, . . . , N − 1. We set the last particle differently by
setting vN

t = v′
t .

3) Combine the two parts together with vi
1:t = {vei

t
1:t−1 , v

i
t}.

Finally the weights are updated by sampling eN
t with

wi
t−1fθ(v′

t |vi
t−1).

Fig. 3. Estimated hidden state densities of simulated data. There are 200
iteration steps for the simulated data, and we plot every 5 densities in this figure.
The densities are generated using particles and weights in RAPCF.

The algorithmic details of the PGAS and CPF-AS algorithms
can be found in [19] and [26].

The above two types of methods both can estimate the pre-
sented GPRSV models. The particle MCMC method, PGAS,
is an offline algorithm that is more accurate than the SMC
method, RAPCF, but PGAS is more computationally expen-
sive than RAPCF as shown in [28]. In our experiment, we find
that the SMC method, RAPCF, can provide us desired accuracy.

V. EXPERIMENTS

We apply both the simulated and empirical financial data
to demonstrate the new GPRSV model and related inference
methods. First, to show that the RAPCF algorithm can be used to
estimate GPRSV models, we generate ten sets of simulated data.
Then we continue to demonstrate the prediction performance of
GPRSV models with real financial data.

A. Simulated Data

We generate ten synthetic data sets of length T = 200 ac-
cording to (9). We sample the hidden state transition function f
from a GP prior. The mean function m(xt) and the covariance
function k(x, x′) are specified as follows:

m(xt) = cxt−1 (25a)

k(x, x′) = γ exp(−0.5|x − x′|2/l2), (25b)

where c is the mean equation hyper-parameter, and γ, l are the
covariance hyper-parameters. The mean function reflect the pat-
tern how the hidden volatility vt change with the previous times
vt−1 , in this case, (25a) representing an auto-regressive fashion
as in the traditional SV model. And the covariance function
reflects the scale of stochastic deviation of the state transition
function from the mean state transition function.

In Fig. 3, we plot the hidden state variable density at every
5 iteration steps to illustrate the convergence of the algorithm.
Fig. 4 plots the expected value and 90% posterior intervals
for all the hyper-parameters estimated from particles. As can
be seen, the hyper-parameters are estimated reasonably well
using particles.
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Fig. 4. Results of the Gaussian process hyper-parameters. The hyper-
parameters are estimated from RAPCF algorithm using particles.

In Fig. 5, we show the results of predictive log-likelihood. At
each iteration step, we can calculate the log-likelihood with the
estimated hidden state value and the observation value. Com-
pared with the values obtained from the true hidden state and
observation, the particle filter based estimates are rather accu-
rate in terms of the log-likelihood. With more particles used, the
accuracy of results can improve. Based on our experiment, 800

Fig. 5. RAPCF algorithm estimated predictive Log-likelihood value are com-
pared with true value calculate from (9). We discard the first 50 burn in iterations.
The predictive log-likelihood results of the RAPCF estimated parameters show
that the algorithm can successfully estimate the hidden volatility.

to 1000 particles are enough to estimate these sets of GPRSV
models. With different GP function forms and numbers of hyper-
parameters, the more particles may be required.

B. Real Data

In this subsection, we apply the new GPRSV model to the real
financial data, and compare our model with a class of parametric
models and SV models. We use the realized volatility calculated
from intraday data as the proxy for the true daily volatility
value. The process of the comparing is as follows: first we use
in-sample data to train both the two typed models, and then
we estimate the volatility values for the out-of-sample period.
Finally we use the average loss function values criterion to rank
the models.

The evaluation of prediction performance of the model is the
key step in the empirical data experiment. In finance study, it
is rare to find a method that is consistently superior to predict
the price of financial assets. Empirical studies are often incon-
clusive. The problem of volatility predicting is that we cannot
observe the variance directly. The evaluation of volatility pre-
diction can be complicated. One of the most popular evaluation
approaches for prediction models is to employ a statistical loss
function [6]. We adopt a class of statistical loss functions instead
of a particular one. Here we denote the unbiased ex post proxy of
conditional variance as σ2

t+p and the p-step predicted value of the
model as σ̂2

t+p . We take the following loss functions [43], [44],

MAD : L(σ̂t+p , σt+p ) = n−1
n∑

t=1

|σ̂t+ p − σt+ p | (26)

MLAE : L(σ̂t+p , σt+p ) = n−1
n∑

t=1

log(|σ̂2
t+ p − σ2

t+ p |) (27)

QLIKE : L(σ̂2
t+p , σ2

t+p ) = n−1
n∑

t=1

(σ2
t+ p /σ̂2

t+ p + log σ̂2
t+ p ) (28)

HMSE : L(σ̂2
t+p , σ2

t+p ) = n−1
n∑

t=1

(σ2
t+ p /σ̂2

t+ p − 1)2 . (29)
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Fig. 6. Both IBM return (in percentage) and price data are plotted. The data
period is from January 1, 1988 to September 14, 2003. There are 1000 observa-
tions in total.

Another problem with volatility prediction evaluation is that
we do not have the true volatility value in the loss function.
We have to use some proxy to stand for the real value. Some
proxy like the square of return can be quite inaccurate. In our
experiment, we use the “realized volatility” calculate by high
frequency data [43], [45]. In our experiment, we want to model
daily return series volatility, so we can use the daily volatility
estimated by high-frequency intra-daily data. Compared with
the squared return, realized volatility is considered to be more
precise proxy for volatility prediction evaluation.

The data set we analyze is the IBM stock daily adjusted
closing price data.1 We use the daily adjusted closing price as
our input to compute the return. The realized volatility data are
from [43]. The data period is from January 1, 1988 to September
14, 2003. There are T = 1000 observations in total, the first 200
ones (from January 1, 1988 to September 27, 2001) are used as
in-sample part for training purposes and the rest observations
(from September 28, 2001 to September 14, 2003) are used as
out-of-sample for evaluating prediction performance.

We build the basic GPRSV model with the IBM return data.
The price and return data are shown in Fig. 6. The in-sample
data mean value is quite small and the standard deviation is
around one. The detailed statistics are presented in Table I.

To test the ARCH effect as explained in the model building
process section, we plot both ACF and PACF for the data in
Fig. 7. We can observe that both ACF and PACF are not signifi-
cant for the returns but the squared returns are significantly auto-
correlated. We also conducted the Ljung-Box Q-Test, a standard

1The data set can be obtained from YAHOO finance website at
http://finance.yahoo.com/. The closing stock price is adjusted for any distribu-
tions and corporate actions (such as stock splits, dividends, etc.) that occurred
in the stock history to accurately represent the firm’s equity value beyond the
simple unadjusted market price.

TABLE I
DESCRIPTIVE STATISTICS OF IBM DAILY RETURN DATA. WE ALSO INCLUDE IN

PARENTHESIS THE P-VALUES OF THE NULL HYPOTHESES THAT THE MEAN IS

ZERO, THE SKEWNESS IS ZERO AND THE KURTOSIS IS BELOW

THREE, RESPECTIVELY

Mean Standard Skewness Kurtosis Min Max
Deviation

0.111 (0.051) 1.798 0.853 (0.00) 9.235 (0.00) −9.650 12.047

TABLE II
ESTIMATED GPRSV MODEL HYPER-PARAMETERS RESULTS FOR

IBM DAILY RETURN DATA

c γ l

1.8777 3.3064 1.3044

procedure suggested in Tsay [7] and confirmed the observations.
In this case, we can model the data using a conditional volatility
model.

Follow the 4-step process discussed in Section III, first
we get the return data, and test the ARCH effect. The
GP dynamics (mean and covariance function) are specified
as in (25). The hyper-parameters include c, γ and l. Us-
ing the algorithms we discussed in Section IV, the hyper-
parameters and hidden states are estimated. The estimated
parameters are presented in Table II. We compare the new
GPRSV model with four traditional parametric volatility mod-
els: GARCH, GJR-GARCH, SV and ASV. For the GARCH
typed models, we use Kevin Sheppard’s Oxford MFE Toolbox
(http://www.kevinsheppard.com/MFE_Toolbox) to estimate pa-
rameters and make prediction. For GPVM and GPRSV models,
RAPCF algorithm burn-in period is 200. The number of samples
(or particles) is 200. We use shrinkage parameter λ = 0.96. For
GARCH typed models, we use 200 data points to train model
parameters.

In Fig. 8, we plot the estimated volatility values of GARCH,
GJR-GARCH, SV and GPRSV models along with the return
data to illustrate the time-varying volatility and the differences
among different models. Table III presents the results of loss
function values of all models with realized volatility as proxy.
As can be seen in the table, the GPRSV achieves the lowest
average loss function values for all functions. The prediction
performance the new GPRSV model is the best based on the
loss function values.

Besides stock data of IBM, we also apply the experiment to
three additional index data. The return and realized volatility
data are obtained from Oxford-Man Institute of Quantitative Fi-
nance Realized Library.2 The loss function values arepresented
in Tables V, VII and IX. The t-statistics from Diebold–Mariano–
West (DMW) tests [46] of equal predictive accuracy for GPRSV
model compared with other models are presented in Tables IV,
VI, VIII and X, respectively. A t-statistic absolute value greater

2The data set can be obtained from Oxford-Man Institute of Quantitative
Finance website at http://realized.oxford-man.ox.ac.uk/

http://finance.yahoo.com/
http://www.kevinsheppard.com/MFE_Toolbox
http://realized.oxford-man.ox.ac.uk/
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Fig. 7. Sample ACF and PACF functions for IBM daily returns. The first row: ACF and PACF of the returns; the second row: ACF and PACF of the squared
returns.

TABLE III
LOSS FUNCTION VALUES OF DIFFERENT MODELS FOR IBM VOLATILITY

PREDICTION (ONE-STEP PREDICTION)

Model M AD M LAE H M SE QLIK E

GARCH [9] 3.7867 0.7835 9.6472 2.1311
GJR-GARCH [10] 3.7920 0.7717 6.9648 2.0917
SV [11] 3.8000 0.7944 9.1739 2.1312
ASV [32] 3.7684 0.7619 7.1121 2.0835
GPVM [28] 3.5570 0.4122 3.3894 1.6916
GPRSV 3.1631 0.3636 1.8617 1.7976

Note: The lowest loss function values are marked using bold fonts. The volatility proxy is
the 65-minutes sampled realized volatility.

than 1.96 indicates a rejection of the null of equal predic-
tive accuracy at the 0.05 significance level. The GP regression
based nonparametric models—both GPVM and our GPRSV—
perform better than the parametric models. The experimental
results show that our GPRSV model has consistently superior
forecasting ability to the GPVM.

To better understand the flexible function form of the GP, we
show an example of the learned unknown function of SP 500

Fig. 8. We plot the return series and predicted −3σt and 3σt volatility curves
based on GARCH, GJR-GARCH, SV and GPRSV models.
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TABLE IV
IBM DATA THE T-STATISTICS FROM DIEBOLD-MARIANO-WEST TESTS OF

EQUAL PREDICTIVE ACCURACY FOR GPRSV COMPARED

WITH OTHER MODELS

Model M AD M LAE H M SE QLIK E

GARCH [9] −2.4025 −3.5714 −4.8753 −2.7842
GJR-GARCH [10] −2.3141 −3.4514 −3.2769 −2.8941
SV [11] −2.4573 −3.5215 −4.5843 −2.7638
ASV [32] −2.5675 −3.3476 −3.1721 −2.6545
GPVM [28] −2.0123 −1.9921 −2.8726 2.0354

Note: A t-statistic absolute value greater than 1.96 indicates a rejection of the null of equal
predictive accuracy at the 0.05 level. The sign of the t-statistics indicates which forecast
performed better for each loss function: a positive t-statistic indicates that the GPRSV
model forecast produced larger average loss than the other models, while a negative sign
indicates the opposite.

TABLE V
LOSS FUNCTION VALUES OF DIFFERENT MODELS FOR SP 500 INDEX

VOLATILITY PREDICTION (ONE-STEP PREDICTION)

Model M AD M LAE H M SE QLIK E

GARCH 8.89E-05 −9.6230 0.5522 −7.3718
GJR-GARCH 8.32E-05 −9.7468 0.5439 −7.3376
SV 7.68E-05 −9.4625 0.6667 −7.3715
ASV 7.71E-05 −9.8052 0.6745 −7.3485
GPVM 6.62E-05 −10.4918 0.3666 −8.5135
GPRSV 6.63E-05 −10.3787 0.3495 −8.4971

Note: The lowest loss function values are marked using bold fonts. The volatility proxy is
the 5-minutes sampled realized volatility.

TABLE VI
SP 500 DATA THE T-STATISTICS FROM DIEBOLD-MARIANO-WEST TESTS OF

EQUAL PREDICTIVE ACCURACY FOR GPRSV COMPARED

WITH OTHER MODELS

Model M AD M LAE H M SE QLIK E

GARCH −5.1423 −3.1438 −2.3852 −3.2731
GJR-GARCH −4.7879 −3.5493 −2.4583 −3.7885
SV −4.5412 −4.0127 −2.7782 −3.2899
ASV −4.6213 −3.6218 −2.8416 −3.7957
GPVM −1.895 −2.117 −2.0421 2.2023

Note: A t-statistic absolute value greater than 1.96 indicates a rejection of the null of equal
predictive accuracy at the 0.05 level. The sign of the t-statistics indicates which forecast
performed better for each loss function: a positive t-statistic indicates that the GPRSV
model forecast produced larger average loss than the other models, while a negative sign
indicates the opposite.

TABLE VII
LOSS FUNCTION VALUES OF DIFFERENT MODELS FOR STOXX 50 INDEX

VOLATILITY PREDICTION (ONE-STEP PREDICTION)

Model M AD M LAE H M SE QLIK E

GARCH 9.09E-05 −9.4411 0.5921 −7.1775
GJR-GARCH 8.49E-05 −9.5540 0.4935 −7.3485
SV 8.49E-05 −9.4625 0.4925 −7.3518
ASV 9.72E-05 −9.5357 0.4697 −7.3376
GPVM 4.03E-05 −10.1406 0.3266 −8.0479
GPRSV 2.88E-05 −10.2958 0.2563 −8.0383

Note: The lowest loss function values are marked using bold fonts. The volatility proxy is
the 5-minutes sampled realized volatility.

TABLE VIII
STOXX 50 DATA THE T-STATISTICS FROM DIEBOLD-MARIANO-WEST TESTS OF

EQUAL PREDICTIVE ACCURACY FOR GPRSV COMPARED

WITH OTHER MODELS

Model M AD M LAE H M SE QLIK E

GARCH −5.5514 −3.2574 −2.4752 −3.5674
GJR-GARCH −5.1782 −3.6727 −2.1835 −3.4834
SV −5.2013 −3.8423 −2.2314 −3.1127
ASV −5.8415 −4.0113 −2.1456 −3.0835
GPVM −3.1472 −2.2431 −1.9906 1.2916

Note: A t-statistic absolute value greater than 1.96 indicates a rejection of the null of equal
predictive accuracy at the 0.05 level. The sign of the t-statistics indicates which forecast
performed better for each loss function: a positive t-statistic indicates that the GPRSV
model forecast produced larger average loss than the other models, while a negative sign
indicates the opposite.

TABLE IX
LOSS FUNCTION VALUES OF DIFFERENT MODELS FOR N 2252 VOLATILITY

PREDICTION (ONE-STEP PREDICTION)

Model M AD M LAE H M SE QLIK E

GARCH 6.62E-05 −10.3923 0.6085 −7.7209
GJR-GARCH 6.54E-05 −10.4208 0.5962 −7.8094
SV 6.58E-05 −10.4254 0.6138 −7.7871
ASV 6.61E-05 −10.4191 0.6165 −7.6871
GPVM 5.49E-05 −10.2146 0.2056 −8.3709
GPRSV 5.47E-05 −10.2396 0.2015 −8.3633

Note: The lowest loss function values are marked using bold fonts. The volatility proxy is
the 5-minutes sampled realized volatility.

TABLE X
N 2252 DATA THE T-STATISTICS FROM DIEBOLD-MARIANO-WEST TESTS OF

EQUAL PREDICTIVE ACCURACY FOR GPRSV COMPARED

WITH OTHER MODELS

Model M AD M LAE H M SE QLIK E

GARCH −3.5146 −2.6574 −2.4752 −3.5674
GJR-GARCH −3.7824 −2.4727 −2.1835 −2.7834
SV −3.9134 −2.3423 −2.2314 −3.2175
ASV −3.9135 −2.1323 −2.1456 −2.9835
GPVM 2.1721 −1.9931 −1.9906 1.6916

Note: A t-statistic absolute value greater than 1.96 indicates a rejection of the null of equal
predictive accuracy at the 0.05 level. The sign of the t-statistics indicates which forecast
performed better for each loss function: a positive t-statistic indicates that the GPRSV
model forecast produced larger average loss than the other models, while a negative sign
indicates the opposite.

index data. The transition function of hidden variables (v or σ)
is assumed to follow a linear auto regression form in traditional
parametric models. We do not have such assumption in our
model, and the unknown function f is sampled from a GP. In
Fig. 9, we plot the transition function samples f used for the
learning of the GP. The Y axis in Fig. 9 represents the mean value
of the hidden variance computed from multiple particles. The
solid line segments show the transition function samples used
to learn hyper parameters of the GP in (9c). As can be seen, the
sample transition function fitting is unbiased as specified in (9b).
More specifically, Fig. 9 shows that the GP transition function
is flexible to better capture the time-varying function mapping
using the probability distribution of transition functions rather
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Fig. 9. The example transition function f sampled from a Gaussian process in
the GPRSV model for SP500 index data. Top: data point; Bottom: the transition
function samples using the mean values of the hidden variance computed from
multiple particles as in (9b) and (9c).

than a fixed deterministic function as in traditional GARCH or
SV models.

For simulation based algorithms computation cost, RAPCF
and PGAS computational cost comparison is discussed in [28].
The cost of applying PGAS is O(NMT 4), RAPCF is O(NT 3).
In our experiment, the RAPCF based algorithm is adopted. As
an example, the average running time for RAPCF is 5.3342
seconds for case of N = 200 particles on N2252 data set on a
windows PC with an Intel Core i7-4770 Processor. The average
running time for GARCH is 0.9521 seconds, and GJR-GARCH
is 0.9528 seconds. For SV model the average running time is
2.5226 seconds, and ASV model is 3.2125 seconds.

VI. CONCLUSION AND DISCUSSIONS

In this paper, we present a new Gaussian process regression
based volatility (GPRSV) model to predict the time-varying
volatility of financial time series data based on the combination
of the GP-SSM framework and the SV modeling. After we intro-
duce the GPRSV model, we employ a joint estimation algorithm
for the hidden volatility states and the Gaussian process dynam-
ics. The flexible stochastic nature of the Gaussian process state
description in the GPRSV allows the model to capture more
time-varying dynamics of the financial market while the rigid
form of traditional parametric modeling such as GARCH mod-
els cannot. Note that as more and more data become available,
stochastic models such as the GPRSV model and the related
MC methods become feasible to better represent time-varying
dynamics of the financial market. Our experiment results show
that we can successfully estimate the hidden states and hyper-
parameters of the GPRSV model, and that the GPRSV model
can achieve superior volatility prediction performance to tradi-
tional economic parametric models.

For future research, on the modeling aspect, we can add ex-
ogenous factors to improve the prediction performance. For
examples, when modeling one particular energy stock we can
use the return data of the energy index or crude oil price as
exogenous factors to the stock of interest. We can also apply
different covariance functions besides the most common used
squared exponential covariance function to adapt better for spe-
cific applications. On the application aspect, we can try to apply
this model to forecast tail risk measurements, such as the VaR
and expected shortfall [47].

Further, we note that realized volatility calculated using intra-
day data has recently attracted more attention [48]–[50]. Though
it is a different problem to use high-frequency (intraday) data
to estimated low-frequency (daily) volatility. It is an interest-
ing future work to incorporate the GRPSV model with realized
volatility following the realized SV model proposed by Taka-
hashi et al. [51].

Besides normal distribution, εt can follow heavy-tail and
skewed distribution as well (see Nakajima and Omori [52]).
For heavy tail residuals, we can assume follows a heavy tail
or skewed distribution as well. Our model is not limited to
Gaussian residuals. With different distribution assumptions,
more unknown parameters need to be estimated. Our model
may be extended to handle this problem by replacing the
Gaussian assumption in (9d) with another heavy tail distri-
bution. The corresponding estimation algorithm can then be
modified accordingly.
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