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Abstract—Compressed sensing utilizes the sparsity of Magnetic
resonance (MR) images to obtain accurate reconstructions from
undersampled k-space data. In this paper, a novel nonlocal dy-
namic MRI reconstruction method with low-rank regularization
is developed to exploit the spatiotemporal structural sparsity
of a MRI sequence. The nonlocal prior and low rank prior
are combined organically by grouping similar patches in both
spatial and temporal domain. The low-rank regularization can
be approximated by nuclear norm minimization solved by a
singular value thresholding (SVT) method with adaptive thresh-
olds estimation. The objective function is divided into several
sub-problems that are easier to solve by alternative direction
multiplier method (ADMM). Extensive experiments show that
the new method outperforms commonly used classical dynamic
MRI reconstruction algorithms.

I. INTRODUCTION

Magnetic resonance imaging (MRI) is one of the most
popular medical imaging scheme currently for both clinical
diagnoses and scientific research. The dynamic MRI is a
technique acquiring a series of MR images along the temporal
dimension. It contains both spatial and temporal information.
More information means more sampling time. In dynamic
MRI, the data acquisition speed is limited by physical and
physiological constraints. For example, it is difficult to ac-
quire the whole cardiac volume within a single breath-hold
with traditional strategies. To address this problem, various
reconstruction methods based on parallel coils were proposed,
such as SMASH [1], PILS [2] and SENSE [3]. Although time
consumption can be significantly reduced, these approaches
have limitations such as low peak-signal-noise-ratio (PSNR)
and aliasing artifacts at low undersampled rate. Besides, the
parallel MRI techniques also suffer from the high cost due to
expensive hardwares.

Another branch of development in the dynamic MRI is
the usage of the compressed sensing theory [4]. Compressed
sensing theory has shown that it is possible to reconstruct
images accurately from much fewer measurements if these
images are sparse in some domain [5]. It breaks the limitation
brought by the traditional Nyquist Sampling Theorem and
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thus reducing the period of data acquisition. MRI satisfies
three key requirements for exploiting the CS theory: 1) The
desired MR image should be sparse in a known domain; 2)
Undersampling artifacts exhibit the incoherence property in
the sparse domain; 3) The desired image can be reconstructed
nonlinearly via enforcing sparsity. A number of CS methods
have been proposed to deal with the single frame MRI [6] [7]
[8]. These methods study the sparisity in different transform
domains. Compared with the single frame MRI, the dynamic
MRI sequences exhibit the higher degree of sparsity due to the
temporal redundancy. The k-t FOCUSS extends the FOCUSS
technique with prediction and residual encoding, exploiting the
sparsity of MRI sequences [9]. The kt SPARSE enforces the
sparsity of the MRI sequences in wavelet and finite difference
transform domain [10]. The k-t SLR exploits the low rank
prior and global sparsity in Karhunen Louve transform (KLT)
domain for MRI reconstruction [11]. These algorithms above
failed to take the structural sparsity of the medical images
into consideration, and this limitation set back the further
improvement.

Motivated by the idea of the nonlocal prior and the low-rank
regularization, Trzasko and Manduca developed patch-based
dynamic MRI reconstruction exploiting local and low rank
structure [12] [13]. Motivated by the non-local means, Ye et al.
proposed a nonlocal model for motion estimated/compensated
compressed sensing dynamic MR imaging using patch-based
low-rank regularization [14]. Otazo et al. applied the low-
rank plus sparse matrix decomposition model for the dynamic
MR image reconstruction [15]. Gou proposed a low-rank
decomposition combined with dictionary learning method for
Lung dynamic MRI deblurring [16]. These methods did the
work on the structural sparisity and the improved performance
indicated that the combination of nonlocal and low-rank prior
deserves further study.

This paper proposes a novel nonlocal algorithm for dy-
namic MRI reconstruction based on low rank regularization.
The redundancy in spatiotemporal domain can be exploited
sufficiently by grouping similar patches of consecutive 3
frames together. Low-rank approximation can be addressed by
nuclear norm minimization which is solved by a singular value
thresholding (SVT) algorithm [17] with adaptive thresholding



estimation. The objective function is divided into several sub-
problems that are easier to solve by alternative direction
multiplier method (ADMM) [18]. Extensive experiments are
presented to show that the new method outperforms commonly
used traditional dynamic MRI reconstruction algorithms.

II. PROBLEM FORMULATION

Let {xt}Kt=1 be a MRI sequence to be reconstructed with
K frames, where xt ∈ CN is the vectorized form of a

√
N ×√

N MR image in tth frame of the sequence. Define F tu ∈
Cu×N , u < N to be the tth frame undersampling Fourier
encoding matrix. The undersampled set of the tth frame k-
space measurements is denoted as yt = F tux

t ∈ Cu. The
goal is to estimate {xt}Kt=1 from the small fraction of k-space
measurements {yt}Kt=1 in all the K frames. The matrix Ri ∈
RP×N denotes the patch extraction operator with all zeros
except for a one in each row extracting the ith patch from each
frame. Rixt ∈ CP the vectorized patch centered at ith pixel
in the tth frame. The overlapping image patches are extracted
with a shift of one pixel. Assume that the images wraps around
at the boundaries for mathematical convenience.

As it is shown in Fig.1, self-similarity can be exploited
via a patch grouping strategy [19]. In the new algorithm, we
set Rixt as the reference patch in the ith frame and search

for the most similar M − 1 patches
{

(Rix
t)j

}M−1
j=1

of Rixt

in the (t− 1)th , tth and (t+ 1)th frame. The Euclidean
distance is used as the metric for similarity. We group the
vectorized similar patches and the reference patch to a matrix
(Ati)x = {Rixt, (Rixt)1, · · · , (Rixt)M−1} ∈ CP×M . The
matrix (Ati)x should be low-rank due to the high degree of
similarity among its columns. For simplicity, (Ati)x is rewritten
as Ati = {ai,t1 , . . . , a

i,t
M},and ai,tj is the jth column in Ati. Un-

der the grouping strategy, the proposed model takes advantages
of nonlocal prior and low-rank regularization simultaneously
to reconstruct the MR sequence. Low-rank minimization is an
NP hard problem, thus nuclear norm is used for approximating
the rank of the matrix [20]. The proposed objective function
is

arg min
xt

∑
t

∑
i

∥∥Ati∥∥
∗

(1)

s.t.
∥∥Futxt − yt∥∥22 6 ε,

where the nuclear norm of Ati is defined as ‖Ati‖∗ =∑
j (σj(A

t
i)) , σj denotes the jth singular value, ε is the error

related to the noise.
Reformulating the above constrained problem into the La-

grangian form, we get

arg min
xt

∑
t

∥∥Futxt − yt∥∥22 + λ
∑

t

∑
i

∥∥Ati∥∥
∗
, (2)

where
∑
t

∥∥Futxt − yt∥∥22 is the data fidelity term, the term
of nuclear norm is the priori term, λ > 0 is the regularization
parameter balancing the importance of the prior term and the
data fidelity term.

III. OPTIMIZATION ALGORITHM

It is not straightforward to extend the current nuclear
norm minimization schemes to solve (2). By introducing the

Fig. 1. Self-similarity in the medical image

auxiliary variable Bti , we decouple Fu and Ati. (2) can be
reformulated as

arg min
xt

∑
t

∥∥Futxt − yt∥∥22 + λ
∑

t

∑
i

∥∥Bti∥∥
∗

(3)

s.t.Ati = Bti .

Relaxing the equality constraint with the augmented La-
grangian method, we get

arg min
xt

∑
t

∥∥Futxt − yt∥∥22 + λ
∑

t

∑
i
[ω
∥∥Ati −Bti∥∥2F +

∥∥Bti∥∥
∗
]

+ ηT
∑

t

∑
i
(Ãti − B̃ti ). (4)

The solution of the above scheme tends to that of (3) when
the scalar regularization parameter ω → ∞. η is another
regularization parameter in the column vector form. Ãti and
B̃ti are obtained by turning Ati and Bti into the corresponding
column vector forms.

Applying the alternating direction multiplier method (AD-
MM) technique, the objective function above can be spiltted
into two subproblems to be cycled through

(P1)
(
Bti
)′

= arg min
Bt

i

∑
t

∑
i

[
ω
∥∥Ati −Bti + Eti

∥∥2
F

+
∥∥Bti∥∥∗]

(P2) (xt)′ = arg min
xt

∥∥F tuxt − yt∥∥22
+ ω1

∑
t

∑
i

∥∥∥(Ati)′ − (Bti)′ + Eti

∥∥∥2
F
,

where (Bti ) = fi(x
t), fi denotes the function grouping similar

patches of the (t− 1)
th, tth and (t+ 1)

th frame into a matrix.
Eti is the Lagrangian multiplier, and (Eti )

′ = (Ati)
′ − (Bti )

′ +
Eti . ω1 is equal to the product of λ and ω. In one step of the



algorithm, xt is fixed and Ati is updated. In the other step, xt

is updated with fixed Ati. The algorithm are as follows.

A. Algorithm for P1
For fixed xt, the minimization problem can be written as

arg min
Bt

i

∑
t

∑
i

[
ω
∥∥Ati −Bti + Eti

∥∥2
F

+
∥∥Bti∥∥∗]. (5)

Here a modified singular value thresholding algorithm is used
to solve (6). First the following singular value decomposition
(SVD) is applied{

(U ti ,Σ
t
i, V

t
i ) = SV D(Ati + Eti )

Σ̂ti = Sτ (Σti),
(6)

where Sτ denotes the soft thresholding operator with thresh-
old {τj}min(n,p)j=1 , n and p is the number of rows and columns
of Ati + Eti , respectively. In our algorithm, τ can be estimated
adaptively. According to [21], the singular values in the SVD
decomposition of the image have a close relationship with
the noise variance of the image, so the thresholds τj can be
estimated adaptively via a regularized PCA method σ̂2 =

∑min(n−1,p)
s=S+1

λs
2

np−p−nS−pS+S+S2

τj = npσ̂2

min(n−1,p)λj
,

(7)

where S denotes the rank of the matrix Ati +Eti , λj denotes
the jth value of diagonal matrix Σi, j = 1, .., S. Finally, the
updated low-rank matrix can be denoted as Bti = UiΣ̂iVi

T .
After the low-rank matrix is yielded, we take average of

all the columns in the matirx Bti to obtain the ith vectorized
estimated patch bti ∈ CP in the tth frame

b
t
i =

1

M

M∑
j=1

bi,tj , (8)

where bi,tj is the jth column of Bti .
The vectorized estimated image x̂t can be obtained by

superposing these vectorized estimated patches on their corre-
sponding locations

x̂t =
1

P

∑
i
RTi b

t

i. (9)

B. Algorithm for P2
With the fixed Bti , the problem is written as

arg min
xt

∑
t

∥∥Futxt − yt∥∥22 + ω1

∑
t

∑
i

∥∥Ati −Bti + Eti
∥∥2
F
. (10)

The solution of (11) can not be solved by the least squares
method directly. Therefore, it is necessary to make some
approximation of (11) to simplify the problem. Note that
Frobenius norm can be transformed into the form of L2 norm∑

t

∑
i

∥∥Ati −Bti + Eti
∥∥2
F

=
∑

t

∑
i

∑
j

∥∥∥aj,ti − bj,ti + ej,ti

∥∥∥2
2
, (11)

where ej,ti is the jth column of Eti .
After expanding the above equation and integrating the same

terms, the equation above can be reformulated as∑
t

∑
i
‖Ai −Bi + Ei‖

=
∑

t

∑
i
Oti

∥∥∥Rixt −Rix̂t +RiÊ
t
∥∥∥, (12)

where Êt can be derived in the same way as x̂t, and we have

eti =
1

M

M∑
j=1

ei,tj , Ê
t =

1

P

∑
i
RTi e

t
i. (13)

For a certain value r ∈ {1, . . . , N}, the parameter Otr
represents the times that the extracted patch Rtrx−Rtrx̂+RtrÊ
appears in the expanded form of

∑
t

∑
i ‖Ati − Bti + Eti‖2F ,

including the appearance in
∑
t ‖Atr − Btr + Etr‖2F and the

appearance as grouped similar patch in other terms among∑
t

∑
i ‖Ati−Bti +Eti‖2F except

∑
t ‖Atr−Btr+Etr‖2F . Then,∑

t

∑
i ‖Ati −Bti + Eti‖

2
F must obey:∑

t
Otmin

∑
i

∥∥∥Rixt −Rix̂t +RiÊ
t
∥∥∥2
2

≤
∑

t

∑
i

∥∥Ati −Bti + Eti
∥∥2
F

≤
∑

t
Otmax

∑
i

∥∥∥Rixt −Rix̂t +RiÊ
t
∥∥∥2
2
, (14)

where Otmin is the minimum among {Oti}Ni=1, and Otmax
is the opposite. Note that the term

∑
t

∑
i ‖Ati −Bti + Eti‖

2
F

tends to zero gradually according to the ADMM theory,
inequality above will converge to zero as the iteration goes
to infinity, we obtain

arg min
xt

∑
t

∥∥Futxt − yt∥∥22 +
∑

t
β
∑

i

∥∥∥Rixt −Rix̂t +RiÊ
t
∥∥∥2
2
, (15)

where β = ω1 × ρ, ρ is a certain positive parameter. The
above problem can be reformulated as

arg min
xt

∑
t
[
∥∥Futxt − yt∥∥22 + β

∑
i

∥∥∥Rixt −Ri(x̂t − Êt)∥∥∥2
2
]. (16)

Since (16) is a least squares problem, it can be solved if the
total K inner objective functions is minimized for each frame
t. We pick the tth frame for explanation. Take the deraivative
with xt of the both sides, we get

(F tu
H
F tu + β

∑
i
RTi Ri)x

t = F tu
H
yt + β

∑
i
RTi Ri(x̂

t − Êt). (17)

The superscript H denotes the Hermitian transpose, and T
is the transpose. Further simplification is required because
the direct computation of the equation above is infeasible.
Note the assumption that the image wraps around at the
boundaries, so the

∑
iRi

tRi = PIN where IN is a identity
matrix of the size N × N . The term

∑
iRi

tRix̂
t represents

the superposition of the estimated patches onto their original
positions. So,

∑
iRi

tRix̂
t = Px̂t and

∑
iRi

tRiÊ
t = PÊt.

We transform the problem from image space into Fourier
space. Let F ∈ CN×N denote the full Fourier encoding matrix
normalized so that FHF = IN . Fxt represents the full k-
space data. From the simplification above, we yield

(FF tu
H
F tuF

H + βPIN )Fxt = FF tu
H
yt + βPF (x̂t − Êt). (18)

The matrix FF tu
H
F tuF

H is a diagonal matrix consisting of
ones and zeros. Divide both sides of (18) by βP and define
1/βP . The term FF tu

H
yt represents the zero-filled Fourier

measurements. According to the Eq.(18), we have

Fxt =
F
(
x̂t − Êt

)
+ νFF tu

H
yt

IN + νFF tu
HF tuFH

. (19)



Fig. 2. 25% 1D under-sampling mask

The single frame xth is updated by taking inverse Fourier
transformation of the both sides of (19). Ati can be updated by
grouping similar patches and Eti is updated with updated Ati
and Bti . In practice, we update the frames in the MRI sequence
one by one with each frame corresponds to the inner optimized
objective function.

The outline of the new algorithm is given in Algorithm.1.

Algorithm 1 Outline of algorithm for a single frame
Input: yt - Under-sampled k-space data
Output: xt - Reconstructed single MR frame
Initialization: xt0 = F tu

H
yt

Iteration:.
a) Solve (P1) to update Ati
b) Solve (P2) to update xt

c) Group similar patches to update Bti
d) Update Ei with updated Ati and Bti

IV. EXPERIMENTAL RESULTS

The new algorithm is tested on a set of cardiac cine with 25
frames with full k-space data. The simulation parameters have
been set as following: the size of each frame

√
N ×

√
N =

256 × 256, the block size
√
P ×

√
P = 7 × 7, the number

of similar patches in the consecutive 3 frames M = 60 , and
the regularization parameter ν = 100 . In this paper, we adopt
the cartesian sampling mask at the undersampling rate %25
showed in Fig.2. It varies in each frame randomly.

The new method is compared with some existing approach-
es. We take k-t FOCUSS [9] and k-t SLR [11] for comparison
in that they are representatives of classical algorithms. We
use the codes available from the authors’ homepage with the
default parameters. The PSNR is used as the metric for the
algorithm performance.

In Fig.3, we show the 9th frame reconstructed results
compared with other algorithms. Note that the new method
achieves the minimum residual error among the compared
algorithms. Besides, the new method achieves the highest
PSNR as shown in Fig.4. Both the subjective and objective

Fig. 4. The frame-by-frame peak-signal-to-noise ratio (PSNR)

experimental results prove the superior performance of the new
algorithm.

V. CONCLUSION

This paper presents a new patch-based algorithm by taking
advantages of nonlocal prior and low-rank prior simultaneous-
ly to reconstruct the MR sequence with highly undersampled
k-space data. Similar patches are grouping in both spatial
and temporal domain to exploit the sparsity of the dynamix
MRI sequence sufficiently. ADMM technique is applied to
divided the objective function into several sub-problems easier
to solve. The experimental results show that the proposed al-
gorithm outperforms the state-of-the-art dynamic MRI recon-
struction algorithms according to both subjective and objective
evaluations.
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(a) original image (b) zero-filled image (c) k-t FOCUSS with MEMC

(d) k-t SLR (e) proposed

(f) residual error of K-t FOCUSS (g) residual error of k-t SLR (h) residual error of proposed

Fig. 3. The construction results of the cardiac cine image
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