
1

Water-filling Exact Solutions for Load Balancing of Smart Power Grid Systems

Peter He, Mushu Li, Lian Zhao, Bala Venkatesh and Hongwei Li

Abstract—For the demand side management (DSM), the elastic
power loads can be scheduled to achieve load balancing and
to minimize the fluctuation of the overall load. In a process
of power supply, the inelastic power loads can be regarded
as a group of parameters. Then the demand response (DR)
can be utilized to realize the optimal allocation of the elastic
power loads. Importantly, the power load balancing can reduce
the cost from power generations since no cost is spent on the
requirement of frequency control. This paper focuses on the
optimal allocation of the elastic load for load balancing. A
load balancing problem, with the node and the group power
upper bound constraints, is investigated in this paper. Water-
filling algorithm is proposed for exactly and efficiently computing
the optimal solutions to the power load balancing optimization
problem with lower degree polynomial computational complexity.
The proposed algorithm can be applied to solve the target
optimization problems with large-scale due to utilization of non-
derivative water-filling method. To the best of the authors’
knowledge, there is no existing algorithm reported in the open
literature that can compute the exact solution to the target
problem.
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I. INTRODUCTION

Electricity has been playing a critical important role in
our daily life. Current electricity grid was designed over
half century ago with rather simple one-way electricity flow
requirement at that time. This grid system has been showing
some deficiencies nowadays. With the advances of information
technology and more complicated electricity demand, the
concept of “Smart Grid” has been evolved as an enhancement
of the conventional power grid [1]. The smart grid is capable
of managing the electricity system more efficiently with the
application of advanced information technologies.

Unlike other commodities, electricity cannot be stored by
most users when it is generated before the mass commercial-
ization of electrical storage devices. Electricity demand/load
can vary significantly over time, as reported, for example,
in [1], [2]. This results in electricity generation to vary
significantly if no strategy is taken. In a traditional grid,
the electricity generation tries to match the peak demand,
or the average demand with extra standby generators. Both
approaches have been shown to be not only expensive but
also impractical [1]. The wide spread distribution of the total
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demand requires the electricity suppliers to invest more capital
for installing and running those standby generators which are
utilized to reduce failure rate; and as a result, the consumers’
bills reflected on the expensive cost to run those extra standby
generators. Therefore, smoothing or flatting power generation,
to reduce the dependency on those standby generators, is one
of the most important objectives for smart grid. In addition, it
is seen that to have the generators’ stable and smooth working
condition is important, under the load constraints for nodes,
groups, epochs, and load supply capability as well [1].

Demand side management (DSM) or energy demand man-
agement [3], aims to match electricity supplies with demand.
Strategies for load balancing to flatten the overall demand/load
have attracted significant research interests in the context of
smart grid, for example, load balancing by regulating PHEV
(Plug-in Hybrid Electric Vehicles, a typical kind of load with
large amount of electricity requirement) charging [4]-[6]; load
balancing by adjusting time-depend on electricity pricing or
applying game approach [4]- [14]. Generally, the electric load
is categorized as an elastic load and an inelastic load. Elastic
loads, such as home appliances like washers and dryers, can be
scheduled to switch on at appropriate time to achieve overall
load balancing. Inelastic loads, such as lighting requirements,
cannot be scheduled, and are considered to be a group of
parameters of the system. The general concept is to shift
elastic loads from high-demand peak times to low-demand off-
peak times. To schedule the elastic load, the prediction of the
inelastic loads has been developed in [15] and [16].

In this paper, we focus on using a well-known optimization
tool: water-filling algorithm to achieve load balancing. Water-
filling has been widely used for power allocation in commu-
nication systems to maximize system throughput or sum date
rate, for example [17], [18] and the references cited in. In
recent years, water-filling has also been applied in a smart
grid system to solve load balancing problems [2], [19], [20],
[21], [22].

In the early work [2], the water-filling concept was applied
to schedule the general elastic loads from an analogue ap-
proach. The defined problem and solution from this approach
was investigated without a solid mathematical model of the
load balancing problem. In [19], load management problem
was modelled as a typically simplest form of the water-filling
problem, i.e., the load to be nonnegative and subject to sum
load restriction. It is important to note that although these
early investigations were preliminary, they paved the ways for
later research works. For more later works, in [20], on top
of the typical load balancing water-filling problem, delay cost
was added as another consideration factor; in [21], the work
was focused on reducing the fluctuation of the power load
by controlling all the “soft” or elastic loads drawn by HVAC
(Heating, Ventilating, and Air Conditioning) systems with
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comfortability considerations; in [22], the authors formulated
an overall load fluctuation minimization problem and applied
water-filling principle to solve the target problem.

In these previous works, the problem was solved by the
conventional Lagrangian approach to obtain the solution.
Generally speaking, there is no closed form solution to a
general water-filling problem by this approach; and normally
the procedure results in an approximate solution by numerical
methods. In contrast to the previous works, we modelled the
problem in a more general form and exploited our proposed
GWF (geometric water-filling) [18] approach to provide a
closed-form, exact valued and strictly proven optimal solu-
tion, and a finite amount of computation with a low degree
polynomial computational complexity.

In this paper, we consider the case that the users (or
nodes) are grouped into different groups. Each user has
an individual peak power constraint and each group has a
group peak power constraint due to different restrictions of
the power loads used by the users and the groups. Adding
these restrictions or bounds has its practical significance. It
enables transmission lines and transformers not to exceed
the corresponding delivery capacity. Some or all of the peak
load constraints can be relaxed by assigning values large
enough to the corresponding load upper bounds. Thus, our
presented problem and proposed algorithm are more general
than previous models. While adding this set of constraints
significantly escalate the complexity level to solve the opti-
mization problem. Due to introduction of these constraints, the
“water level” is no longer a unique level. The conventional
water level searching approach shows its limits in solving
this generalized problem. Furthermore, the proposed algorithm
uses non-derivative methods, so that the implementation of
the proposed algorithm invokes neither the derivative nor the
gradient operations. This has avoided computing the inverse of
Hessian matrices via existing numerical optimization methods.
This feature is especially suitable for solving large-scale load
balancing problems.

II. PROBLEM STATEMENT

For convenience and without loss of generality, the process
is assumed to be a discrete time process. Table I is a list
of the variables and abbreviations used in our analysis, with
appropriate SI units (International System of Units) defined
where needed.

It has been assumed that the power loads for users are
divided into two categories: elastic and inelastic power loads.
As mentioned above, for DSM, it means the modification
of user demand for energy through various methods [7] to
encourage users to use less energy during peak hours, or to
move the time of energy use to off-peak times such as night
time and weekends [3]. As an assumption in this paper, the
inelastic loads can be predicted as parameters, like [2], [21],
and [22].

Let K be the projected time window length with the time
unit of epoch. Assume that there are J users, each of which
utilizes the elastic load and inelastic load with the index j.
According to the priority and the structure of power systems

J Users

K Epochs

Loads

Group 1

S1

B1

1st

j-th
Group i

Reference 
Level L

Fig. 1. System Model: 3-dimensional power allocation problem

to distribute the power loads, we can categorize the users into
I groups. For example, the power supply and its infrastructure
of a residential community can be a different group of users
from an industrial center. Let {χi}Ii=1 be a partition of the set
of {j}Jj=1, where χi is the set of indexes of all the members
or users for group i for 1 ≤ i ≤ I . Cardinality of the set, χi,
is denoted by |χi|. Thus, we may list all the members of χi
by {i1, · · · , i|χi|} to emphasize the index of the ith group.

The inelastic loads are denoted by a matrix A, where the
(k, j)th element, denoted by Ak,j , represents the observed or
predicted inelastic load of the jth user at the beginning time
of the kth epoch, as illustrated in the K-J plane in Fig. 1.
Similarly, the elastic loads are denoted by another matrix R.
The elements of the matrices, Ak,j and Rk,j , represent the
power consumption of inelastic and elastic loads of the jth
user in the kth time slot respectively. Ak,j can be predicted
from power utility, which is shown as the wide-dashed lines
in Fig. 1. The shadow areas, Bk, in Fig. 1 are the projection
of the inelastic load for all the users at the kth time slot. L
is an optimization variable as reference level of overall power
consumption, where water-filling concept is applied.

If user j does not utilize the inelastic load at epoch k, Ak,j
can take the value of zero. Rk,j = 0 is similarly understood.
In this paper, J can be selected large enough, J � 0. This
assumption accounts for the proposed algorithm being capable
of balancing the load in large-scale systems, especially for
metropolises. We can form the following optimization problem
for minimizing power load fluctuation,

min{R,L}
∑K
k=1

[∑I
i=1

∑
j∈χi

(Ak,j +Rk,j)− L
]2

subject to: 0 ≤ Rk,j ≤ Pk,j , j = 1, . . . , J,∀k;∑
j∈χi

Rk,j ≤ PGk,i, ∀i, k;∑J
j=1Rk,j ≤ PUk,∀k;∑K
k=1

∑J
j=1Rk,j = PT ;

L ≥ 0,
(1)

where Pk,j is non-negative and it stands for the jth user elastic
load upper bound at the kth epoch; PGk,i is non-negative and
it stands for the load upper bound for group i at epoch k; PUk
is non-negative and it stands for the elastic load upper bound
at epoch k; and PT , which is the sum of all the loads, is non-
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TABLE I
LIST OF VARIABLES AND ABBREVIATIONS

Group Variable Meaning
Index group k index of epoch, or index of the time slot, for k = 1, . . . ,K

i index of group, for i = 1, . . . , I
j index of user (or node), for j = 1, . . . , J
χi the ith group

Load group A inelastic load matrix. The (k, j)th element, Ak,j , denotes inelastic load of user j at epoch k
B inelastic load vector, obtained by sums of A over rows. The ith element, Bk , denotes the total inelastic load

at epoch k, 1 ≤ k ≤ K
R elastic load matrix. The (k, j)th element, Rk,j , denotes the allocated elastic load of user j at epoch k,

1 ≤ k ≤ K, 1 ≤ j ≤ J
S elastic load vector. The kth element, Sk , denotes the allocated total elastic load at epoch k, 1 ≤ k ≤ K

Constraint group P individual load upper bound (or peak) matrix. The (k, j)th element, Pk,j , denotes the load upper bound
for the jth user in the kth epoch

PG group load upper bound) matrix. The (k, i)th element, PGk,i, denotes the group load upper bound for the ith group
in the kth epoch (1 ≤ i ≤ I)

PU load upper bound vector for epochs. The kth element, PUk , denotes the load upper bound at the kth epoch
PT total load budget or supply capability for entire elastic power loads over all the epochs, i.e., a sum of loads
P2(n) middle variable, total elastic load allocated above step n in water tank illustration
L reference horizon, reference level
L Lagrange function

Abbreviations DSM Demand side management
PBLA1 Preparation for Basic load allocation 1 (BLA1)
BLA1 Basic load allocation 1, to be generalized into BLA2
BLA2 generalized Basic load allocation for ELPA
ELPA Elastic load power allocation for target problem (1)
WF water-filling, often means conventional water-filling
GWF Geometric water-filling, an exact and efficient algorithm [18]
the k∗ search a method to search the step of water level in water-filling
KKT conditions a group of optimality conditions, named after W. Karush, H. Kuhn and A. Tucker

negative and it stands for the total elastic load budget for all the
epochs and all the J nodes. Under the given inelastic loads, we
can obtain the total load budget from PT . Plainly, (1) has the
node and the group power upper bound constraints, expressed
in the first line and the second line of the constraint part.
The optimization variable L is a reference level. Since this L
does not depend on k, it just reflects a “flatten” requirement.
Problem in (1) can be regarded as minimizing the sum of
squared errors over all the epochs. The error is the difference
between the total loads at an epoch and the reference level L.
Obviously, load balancing can be achieved by minimizing this
objective function. It is seen that suitable physical units may
be chosen for all the quantities in Problem (1).

III. WATER-FILLING: BASIC LOAD ALLOCATION
ALGORITHMS

In this section, we introduce two Basic Load Allocation
algorithms (BLA1 and BLA2) using the water-filling prin-
ciple. These two algorithms provide mappings and serve as
functional blocks for solving the target problem.

A. Basic Load Allocation Water-filling Problem 1: BLA1

1) Preparation of BLA1: Assume there are K epochs. The
inelastic load sequence is represented by the monotonically
increasing sequence {Bk, 1 ≤ k ≤ K} (the indexes can be
arbitrarily renumbered to satisfy this condition) which can
be illustrated by the stairs inside a water tank in Fig. 2.
The total available elastic load is PT . Find the elastic load

allocation {Sk} to balance the overall loads, through solving
the following optimization problem:

min{{Sk},L}
∑K
k=1(Sk +Bk − L)2

subject to: 0 ≤ Sk, ∀k;∑K
k=1 Sk = PT ;

0 ≤ L.

(2)

Load

(a)

B1

1 2 3 K

epoch

Load

(b)

1 2 3 K

epoch

S1

Fig. 2. Preparation of Basic Load Water-filling Problem 1: PBLA1

This is a load allocation problem with the sum load con-
straint. Similar problems that maximize the sum rate, have
been extensively discussed in [18]. Looking for the optimal
solution, water-filling, as an approach, can be imagined into
pouring PT units of water into the tank. We may use a similar
approach to the geometric water-filling in [18], to solve (2).

We introduce four variables for solving (2). The first vari-
able, P2(k), is illustrated by the water volume (load) above
the kth step, as shown in the shadowed area in Fig. 2(a) when
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k = 3, where the surface denotes the water-level, and can
formally be defined as

P2(k) =

{
PT −

[
K−1∑

l=1

(Bk −Bl)

]}+

, k = 1, 2, . . . ,K.

(3)
Note that a reminder of the definition of a special case for
the summation is:

∑n
i=m gi = 0, as m > n, where {gi} is a

general sequence of numbers. Then the maximum index k∗ of
keeping P2(k) positive is given by

k∗ = max
{
k
∣∣∣P2(k) > 0, 1 ≤ k ≤ K

}
, (4)

where k∗ can be understood as the highest step under water.
The allocated load for this index is

Sk∗ =
1

k∗
P2(k∗). (5)

Sk∗ is illustrated by the shadowed area in Fig. 2(b) when
k∗ = 3. Then the loads of all the epochs are

Sk =

{
Sk∗ + (Bk∗ −Bk), 1 ≤ k ≤ k∗
0, k∗ < k ≤ K. (6)

Solution (6) is obtained by observing Fig. 2(b). When the step
is below the water level (1 ≤ k ≤ k∗), the allocated soft load
is the sum of both the shadow box (Sk∗ ) and the difference,
between the step height and the k∗th step. When the step
is above the water level, simply there is no soft load being
allocated.

Therefore, for the given (B, PT ), the allocation of the soft
load, {Sk}, can be obtained from (6). This relationship can
formally be written as a mapping or algorithm:

(S, L) = PBLA1(B, PT ) (7)

where boldface S and B are the corresponding elastic
load allocation vector and inelastic load vector. Also, L =
1
K (
∑K
k=1Bk +PT ). S can be regarded as the first part of the

output of PBLA1, denoted as S = PBLA1(B, PT )|I . Note
that without confusion, the problem and this mapping take
the same name for convenience. This mapping can provide an
optimal solution to the problem (2).

The algorithm: PBLA1 is formally stated as below.

Algorithm 1 Preparation for the Basic Load Allocation Algo-
rithm 1 (PBLA1)
Input: B, PT
Output: S, L

1: Solve the problem (3) - (6) to obtain {Sk}Kk=1 and L via
{Bk}Kk=1 and PT .

The guaranteed optimality of PBLA1 is stated by the
following proposition.

Proposition 3.1: Output of the mapping PBLA1 is an
optimal solution to (2).

Proof. Since (2) has a non-empty bounded sub-level set, the
set of optimal solutions is non-empty. For any optimal solution
to (2), this optimal solution and its optimal dual variables
satisfy the Karush-Kuhn-Tucker (KKT) conditions (refer to

[23]) of (2). For the optimization variable L and the constraint
of L ≥ 0 in (2), the related KKT conditions, stemming from
the Lagrange function of (2), are:

{
2
∑K
k=1(Bk + Sk)− 2KL+ ψ = 0;

L ≥ 0;ψ ≥ 0;ψ · L = 0,
(8)

where the Lagrange function of (2) is

L({Sk}, L; {µk}, ψ, λ) =
∑K
k=1(Bk + Sk − L)2−∑K

k=1 µkSk − λ(PT −
∑K
k=1 Sk)− ψ · L,

(9)

where the dual variables {µk}, ψ and λ mentioned above
correspond to the constraints of {Sk ≥ 0}, L ≥ 0 and∑K
k=1 Sk = PT respectively.
It is seen that ψ = 0. This point can be proven by an

indirect approach. Let us assume to the contrary that ψ > 0.
Then the last equality ψ ·L = 0 in the KKT conditions implies
L = 0. Thus, the first equality in the KKT conditions above
is simplified by 2

∑
k=1(Bk + Sk) + ψ = 0. Due to non-

negativeness of Bk + Sk and ψ > 0, the contradiction of
2
∑
k=1(Bk + Sk) + ψ = 0 and 2

∑
k=1(Bk + Sk) + ψ > 0

holding at the same time, is obtained. Therefore, ψ = 0. As
a result, from the first equality in the KKT conditions, it can
equivalently be transformed into the

L = 1
K

∑K
k=1(Bk + Sk) = 1

K (
∑K
k=1Bk + PT ). (10)

To find other optimal dual variables, first, construct λ =
2[L − (Sk∗ + Bk∗)]. It has been obtained that ψ = 0, i.e.,
ψ is equal to zero. Then, let the dual variable µk = 0 for
1 ≤ k ≤ k∗; while µk = 2[(Sk +Bk)− (Sk∗ +Bk∗)] ≥ 0 for
k∗ < k ≤ K.

The constructed dual variables, and the solution by PBLA1,
including (6), are observed. Indeed, they are the optimal dual
variables and the optimal solution to problem (2), since they
satisfy the KKT conditions of the convex optimization problem
(2). Note that the constraint qualification of problem (2) holds.

Therefore, Proposition 3.1 is proved.

The water level of (2) is Sk∗ +Bk∗ due to Sk∗ +Bk∗ = Si+
Bi, for 1 ≤ i ≤ k∗. Note that, although the problem in [18]
and (2) have some similarities, there is an important difference
between them. The water level, a key concept, in [18] is the
reciprocal of the optimal dual variable λ that corresponds
to the total sum power constraints; while the water level for
(2) is an affine function in the optimal dual variable λ. This
difference will be further explained in Numerical Examples
section.

2) Statement and Optimality of BLA1: The Basic Load
Allocation water-filling Problem 1 (BLA1) can be expressed
as:

min{{Sk},L}
∑
k∈{1,...,K}(Sk +Bk − L)2

subject to: 0 ≤ Sk ≤ PUk, ∀k ∈ {1, . . . ,K};∑
k∈{1,...,K} Sk = PT ;

0 ≤ L.

(11)

Compared to PBLA1, individual upper power constraints,
PUk, are added in the first constraint line in (11). This
difference is illustrated in Fig. 3. In Fig. 3(a), it is assumed
that PUk is infinity and the load vector B is sorted as a
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monotonically increasing sequence, in the same way as Fig.
2. Fig. 3(b) indicates the system with load upper bound
constrained by PUk , as shown in the height of the shadow
areas. Sk can not be greater than the corresponding PUk.

Load (a)

B1

1 2 3 K

epoch

Load (b)

epoch

L

S1
S1 PU2

1 2 3 K

Fig. 3. Illustration of Basic Load Allocation (BLA)

To solve problem (11), Basic Load Allocation 1 (BLA1)
is stated as follows, which is also called Algorithm 2. Four
concepts are generalized to solve problem BLA1, and they are
stated as follows under the given E:

P2(k) =



PT −



|E|−1∑

l=1

(Btk −Btl)







+

, k = 1, . . . , |E|;

(12)
the maximum index k∗ of keeping P2(k) positive is given by

k∗ = max
{
k
∣∣∣P2(k) > 0, 1 ≤ k ≤ |E|

}
; (13)

the (power) load level for this index is

Sik∗ =
1

k∗
P2(k∗); (14)

and then the generalized (power) load levels of all the epochs
are given by

Stk =

{
Stk∗ + (Btk∗ −Btk), 1 ≤ k ≤ k∗
0, k∗ < k ≤ |E|. (15)

Note that k∗ in (13) can use the k∗ discussed above. For the
given E and its restriction on B and PT , the {Sk}k∈E in (15)
can be obtained. The restriction is still labelled as B, without
loss of generality. Thus, this relationship can also formally be
written as a mapping:

(S, L) = BLA1(B,PU, PT ). (16)

The algorithm description of BLA1 is stated below.
For Algorithm BLA1, we have:
Proposition 3.2: Output of Algorithm BLA1 is an optimal

solution to (11).
The proof of Proposition 3.2 is similar to that of Proposition

3.1.

B. Basic Load Allocation Water-filling Problem 2: BLA2

The second basic problem is described below:

min{{Sk},L}
∑
k∈E(Sk +Bk − L)2

subject to: 0 ≤ Sk ≤ PUk, ∀k ∈ E;∑
k∈E Sk = PT ;

0 ≤ L.

(17)

Algorithm 2 Basic Load Allocation Algorithm 1 (BLA1)
Input: B, PU, PT , E ={1, . . . ,K}
Output: S, L

1: while E 6= ∅ do
2: Compute (12)-(15) to obtain {Sk}k∈E and L via
{Bk}k∈E and PT .

3: Λ ← {k | Sk > PUk, k ∈ E}.
4: if Λ 6= ∅ then
5: if k ∈ Λ then
6: Sk = PUk.
7: end if
8: E ← E \ Λ, PT = PT -

∑
k∈Λ PUk .

9: else
10: Output {Sk} as k ∈ E.
11: end if
12: end while

Compared with BLA1, BLA2 only generalizes the initial
index set of E from {1, . . . ,K} of BLA1 to the more general
increasing sequence which is taken from the set of natural
numbers. BLA2 does not have an essential change over BLA1.
The motivation to introduce BLA2 is to make the statement
of the following proposed algorithm to be more concise.

Thus, the second mapping, from (B,PU, PT ) to (S, L), is
obtained. It can be read as:

(S, L) = BLA2(B,PU, PT ) (18)

where the boldface S,B, and PU are the allocated elastic load
vector, the inelastic power vector, and the group load peak or
upper bound vector, respectively, with L = 1

K (
∑K
k=1Bk +

PT ).
We have the following proposition for the mapping or

algorithm of BLA2.
Proposition 3.3: Output of Algorithm BLA2 is an optimal

solution to (17).
Similarly to proving optimality of the output for PBLA1, we

can also prove that the output of BLA2 is an optimal solution
to (17). Hence, its proof is omitted for brevity.

IV. PROPOSED ELPA TO SOLVE THE TARGET PROBLEM

A. Statement of Algorithm: ELPA

In this section, we discuss the proposed Elastic Power
Allocation algorithm (ELPA), to solve the target problem (1).

In order to have a feasible solution to
problem (1), assume

∑K
k=1

∑J
j=1 Pk,j ≥ PT ,∑I

k=1 PUk ≥ PT and
∑K
k=1

∑I
i=1 PGk,i ≥ PT . If

this assumption does not hold, we can assign PT =
min{

∑K
k=1

∑J
j=1 Pk,j ,

∑K
k=1

∑I
i=1 PGk,i,

∑K
k=1 PUk}, to

make the feasible set non-empty. In addition, it is seen that we
may assume that

∑
j∈χi

Pk,j ≥ PGk,i,∀k, i, or else PGk,i
is assigned by

∑
j∈χi

Pk,j . Similarly,
∑I
i=1 PGk,i ≥ PUk

can be assumed without loss of generality. Then, it is seen
that the solution to problem (1) exists, although the feasible
set is unbounded. The reason is stated as follows: since the
zero vector is a feasible point, the feasible set of (1) is not
empty. Further, it is also seen that there exists a non-empty
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bounded sub-level set, which includes the zero vector. Since
the intersection of the feasible set and the sub-level set is
a compact set, and the object function of problem (1) is
continuous, then an optimal solution to problem (1) exists. If
PT = 0, the unique optimal solution is the zero vector; Else,
PT > 0 implies that problem (1) has an optimal solution.

The proposed ELPA is a synthesis of previous BLA1 and
BLA2, to directly compute the optimal solutions to the target
problem. Using BLA1 and BLA2, ELPA can be described as
below.

Algorithm ELPA:

Input: the inelastic loads A, the individual load upper
bounds P, the group load upper bounds PG, the epoch load
upper bounds PU, the index set E = {1, 2, . . . ,K}, the group
partition {χ}Ii=1, and the sum load constraint which is equal
to PT .

1) Form vector B by computing the sum of matrix A over
its rows. Then call PBLA1 to solve load allocation vector
S, by

(S, L) = PBLA1(B, PT )

where L = (
∑
k,j Ak,j + PT )/K.

2) The set Λ is defined by the set {k|Sk > PUk, 1 ≤ k ≤
K}. If Λ is the empty set, solve the elastic load matrix,
R, by calling the mapping BLA2 twice. For any k ∈ E,
the first time calling BLA2 completes the allocation for
the total elastic loads for the groups,

{Rk,i}Ii=1 = BLA2({
∑

j∈χi

Ak,j}Ii=1, {PGk,i}
I
i=1 , Sk)|I ,

where Rk,i denotes the total elastic loads for the ith group
at the kth epoch. The second time calling BLA2 allocates
the elastic load for the specific users within each group,

{Rk,j}j∈χi = BLA2
(
{Ak,j}j∈χi

, {Pk,j}j∈χi , Rk,i

)
|I ,

where Rk,j is the allocated elastic load for the jth user
at the kth epoch. Step 2) solves the following problem:





∑N
n=1Rk,n = Sk,∀k;∑
j∈χi

Rk,j ≤ PGk,i,∀k, i;
0 ≤ Rk,n ≤ Pk,n,

(19)

and then output the solution R; else go to 3).
3) For any k ∈ Λ, the total group elastic load is allocated

with its corresponding upper bound. The first calling of
BLA2 completes elastic load for the ith group at the kth
epoch as

{Rk,i}Ii=1 = BLA2({
∑

j∈χi

Ak,j}Ii=1, {PGk,i}Ii=1, PUk)|I ;

and then for any i,

{Rk,j}j∈χi
= BLA2

(
{Ak,j}j∈χi

, {Pk,j}j∈χi
, Rk,i

)
|I ,

to solve the following problem:




∑J
j=1Rk,j = PUk;∑
j∈χi

Rk,j ≤ PGk,i,∀i;
0 ≤ Rk,j ≤ Pk,j .

(20)

4) E ← E \ Λ, PT ← [PT −
∑
k∈Λ PUk]. Then return to

1) of ELPA.
As a note, in 4) of Algorithm ELPA, procedures are carried

out, to shrink the index set of {1, 2, . . . ,K}. In particular,
given E, through the first statement of 2) of Algorithm
ELPA, the set of Λ is obtained. If Λ is empty, then output
{Rk,j}, which were just obtained through solving (19) in 2)
of Algorithm ELPA. Else, for any k ∈ Λ, compute the solution
to (20). Following, the index set E is replaced with E \ Λ in
4) of Algorithm ELPA. Through these procedures, the index
set has been shrunk.

Remark 4.1. Algorithm ELPA is a dynamic load distribu-
tion process. The state of this process is the difference between
the epoch load upper bound sum sequence, {PUk}k∈E , and
current group sum load distribution sequence, {Sk}k∈E , ob-
tained by PBLA1. The control of this process is to use PBLA1
based on the state mentioned above. A new state for next time
stage forms and an optimal dynamic load distribution process,
ELPA, with the state feedback is formed. Since the finite set E
is getting smaller and smaller until the set Λ is empty, ELPA
iterates out at most K loops to compute the optimal solution.

Remark 4.2. For solving (19) and (20), besides the pro-
posed method, there are many other methods from the linear
optimization theory to solve them. For example, we may
compute a set of basic feasible solutions, i.e., vertices of the
feasible region that is a convex polyhedron. Other solutions
can be obtained by a convex combination. Similarly, we may
deal with the case of.

Even with the existence of multiple optimal solutions, an
optimization problem is said to be solvable iff one optimal
solution can be computed [23, p. 128]. In Numerical Examples
section, we will discuss the existence of multiple optimal
solutions through examples, and illustrate graphically how to
obtain a completed optimal solution set.

Remark 4.3. Given a set of parameters, it is possible
that some of the soft load cannot be accommodated. If a
household’s soft demand cannot be fully satisfied, this signals
user side to increase its corresponding load bound. For exam-
ple, with newly added EV charging function in this specific
household, this household might need to update its electricity
service size from 100 Amps to 200 Amps to accommodate
this increased load demand. From Utility company point of
view, load increasing for this specific household flags that the
total soft load (PT ) needs to be increased correspondingly.
This procedure reflects a kind of mechanism to balance the
electricity demand and supply.

B. Illustration of ELPA

Fig. 4 is used to illustrate the steps of the proposed ELPA
algorithm. As shown in Fig. 4 (a), the shadowed area is the
elastic power budget PT , where

∑K
k=1 Sk = PT . The surface

denotes the reference level. Stairs represent the inelastic load
at corresponding time slots. The elastic load vector S and the
reference level L can be determined by calling PBLA1 in Step
1) of ELPA.

Fig. 4 (b) illustrates the allocation of the total elastic load
S1 at the first epoch among the groups. In the first statement
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of Step 2) or Step 3) in ELPA, Sk, obtained from Step 1) in
ELPA, is treated as the new elastic power budget for all the
groups at the kth epoch. Therefore, we call BLA2 algorithm,
which distributes elastic load power Sk to the groups 1 to
I . PG, the group elastic power upper bound vector, will
determine the elastic load group constraints in this step.

Fig. 4 (c) illustrates the allocation of the elastic load among
all the users in any specify group using the total group load
obtained from Fig. 4 (b), through the second time calling of
BLA2 in Step 2) or Step 3) in ELPA. Through these steps, all
the users’ elastic loads Rk,j ,∀j ∈ χi can be solved optimally.

By this strategy, the elastic power is optimally distributed
from the first time slot to the Kth slot; and the peak power
constraints from the users, the groups, and any time slot for
elastic loads are satisfied. Since PBLA1 and BLA2 are based
on water-filling, this allocation process is fast.

Load

Time
Slots

S1

1 2 3 K

(a)

PT

Load

Group

S1

1 2 3 I

(b)

∑

j∈x1

R1,j

Load

User

1 2 3 J

(c)

∑

j∈x1

R1,j
R1,1

Fig. 4. (a) Elastic load allocation among epochs or the time slots. (b) Elastic
load allocation among groups. (c) Elastic load allocation among users in a
group.

C. Optimality of ELPA

The optimality of the proposed ELPA is discussed below.
Proposition 4.1: Output of Algorithm ELPA is an optimal

solution to problem (1) by finite amounts of computation.

Proof. From the definition of Algorithm ELPA, at most K
loops are needed to empty the final set Λ. It implies that
solutions to (19) and those to (20) form the solution to problem
(1). The reason is as follows.

Let {Rk,j} be the solution to (20) and (19) (corresponding
to the regular order of procedure in the algorithm) upto the
final loop. It is seen that the final set Λ must be empty due to
the assumptions of the upper bounds for the loads or the sums
of the loads. Thus, for convenience, the set of {1, 2, . . . ,K}\E
is denoted by Ec, where the set E is the one obtained by the
final loop in Algorithm ELPA.

Following the existence of the optimal solution, there ex-
ists an optimal solution to the optimization problem (1) for

minimizing the overall load fluctuation. That is to say, the
set of optimal solutions to (1) is not empty. Thus, we may
take any optimal solution, denoted by {Rk,j}, to (1). This
optimal solution and its optimal dual variables satisfy the
KKT conditions to (1). For the optimization variable L and
the constraint of L ≥ 0 for (1), the related KKT conditions,
stemming from the Lagrange function of (1), are:
{

2
∑K
k=1

∑J
j=1(Ak,j +Rk,j)− 2KL+ ψ = 0;

L ≥ 0;ψ ≥ 0;ψ · L = 0,
(21)

where the Lagrange function of (1) is

L({Rk,j}, L; {µ
k,n
, µk,j}, {λk,i}, {φk}, ψ, λ)

=
∑K
k=1

[∑J
j=1(ak,j +Rk,j)− L

]2

−
∑K
k=1

∑J
j=1 µk,jRk,j

−
∑K
k=1

∑J
j=1 µk,j(Pk,j −Rk,j)

−
∑K
k=1

∑I
i=1 λk,i[PGk,i −

∑
j∈χi

Rk,j ]

−
∑K
k=1 φk[PUk −

∑J
j=1Rk,j ]

− λ(PT −
∑K
k=1

∑J
j=1Rk,j)− ψ · L.

(22)

It is seen that ψ = 0. This point can be acquired by the
following reason. Let us assume to the contrary that ψ >
0. Then the last equality ψ · L = 0 in the KKT conditions
mentioned above implies L = 0. Thus, the first equality in the
KKT conditions is simplified by 2

∑
k=1

∑J
j=1(Ak,j+Rk,j)+

ψ = 0. Due to non-negativeness of Ak,j , Rk,j and ψ > 0, the
contradiction of 2

∑
k=1

∑J
j=1(Ak,j + Rk,j) + ψ = 0 and

2
∑
k=1

∑J
j=1(Ak,j + Rk,j) + ψ > 0 holding at the same

time, is obtained. Therefore, ψ = 0. As a result, from the
first equality in the KKT conditions, it can equivalently be
transformed into the

L = 1
K

∑K
k=1

∑J
j=1(Ak,j +Rk,j)

= 1
K (
∑K
k=1

∑J
j=1Ak,j + PT ).

(23)

That is to say, the optimal variable L can be determined just
by the parameters of problem (1).

To find other optimal dual variables, first, construct λ =
2[L − (Stk∗ +

∑J
j=1Atk∗ ,j)]. As a reminder, it has been

obtained that ψ = 0, i.e., ψ is equal to zero. Then, for
k ∈ E and 1 ≤ k ≤ tk∗ , let the corresponding remaining dual
variables, with the epoch subscript k, be zeros. For k ∈ E and
tk∗ < k, let µ

k,j
= {λ+2[

∑K
l=1

∑J
j=1(Al,j +Rl,j)−L]},∀j,

and the corresponding other remaining dual variables, with the
subscript of the epoch: k, be zeros. It is seen that µ

k,j
≥ 0,∀j.

While k /∈ E, let φk = −{λ + 2[
∑J
j=1(Al,j + Rl,j) − L]},

and it is seen that this φk is non-negative, and the other
corresponding remaining dual variables, with the subscript of
the epoch: k, are assigned into zeros.

The constructed dual variables, and the solution by ELPA,
including (19) and (20), are observed. Indeed, they are the
optimal dual variables and the optimal solution to problem (1),
respectively, since they satisfy the KKT conditions of problem
(1).

Since problem (1) is a differentiable convex optimization
problem with linear constraints, not only are the KKT condi-
tions mentioned above sufficient, but they are also necessary
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for optimality. Note that the constraint qualification of problem
(1) holds. Proposition 4.1 is hence proved, concisely and
strictly.

Remark 4.4. The proposed algorithm has great robustness
feature. Two reasons can account for this point. First, the
proposed algorithm ELPA doesn’t need any initial point. With
many existing algorithms, different initial points would have
different effects, even with all the parameters or their changes
being kept the same. Second, (21) leads to L > 0, due
to PT > 0 and 1

K

∑K
k=1

∑J
j=1Ak,j being non-negative,

whether or not Ak,j is assumed to be the two cases: a precise
realization, or a prediction with the prediction error. Then
ψ = 0 in (21). Therefore, the difference between the two
cases of equation (21) leads to

∑
k,j [δ(Ak,j) + δ(Rk,j)] = 0.

It implies the error sum of the solution approaching to zero,
as the estimation or prediction errors for non-elastic loads
approach to zero. That is to say, the optimal objective function
is also continuous in the parameters. At the same time, the
solution is continuous in the parameters of inelastic loads.
This point results from the set of expressions in the statement
of PBLA1. According to the continuity of a function by the
(ε, δ) approach (refer to [23, A.3.2]), for permissiveness ε
of the optimal value or the solution varying, there exists the
domain of the prediction errors with the radius δ, such that
only when the vector consisting of the KJ errors falls into this
domain then permissiveness ε of the solution or the optimal
value varying is met. Thus, from the continuity, a relationship
between the ε and the δ exists.

V. NUMERICAL EXAMPLES AND COMPUTATIONAL
COMPLEXITY

In this section, numerical examples and computational com-
plexity analysis are presented to illustrate the steps of the
proposed algorithm and the efficiency of the algorithm.

A. Numerical Example

Example 1. We consider load balancing for 4 users in 2
epochs (J = 4,K = 2). Assume that the inelastic load matrix
is given as:

A =

(
1 2 3 4
2 3 4 5

)
,

as shown in Fig. 5(a). Each of the elastic load upper bounds is:
for any user at any epoch it is 3; users 1 and 2 form a group,
users 3 and 4 form another group, with the group upper bounds
to be 5 for both epochs; the upper bound for each epoch is 8;
and the total allocation load is 16. Then the problem can be
formulated as

min{R2×4,L}
∑2
k=1[

∑4
j=1(Ak,j +Rk,j)− L]2

subject to: 0 ≤ Rk,j ≤ 3, ∀k, j;
Rk,1 +Rk,2 ≤ 5, ∀k;
Rk,3 +Rk,4 ≤ 5, ∀k;∑4
j=1Rk,j ≤ 8, ∀k;∑2
k=1

∑4
j=1Rk,j = 16, ∀k;

L ≥ 0.

(24)

The above target problem can be solved by using Algorithm
ELPA as illustrated in Fig. 5. In Step 1) of the first loop, we
can obtain the elastic load matrix and the reference level L as

R(1) =

(
4 3 2 1
3 2 1 0

)
and L =

1

2
(24 + 16) = 20,

as shown in Fig. 5(b), where the superscript specifies the
number of computation loops. After the operation of Step 2)
and Step 3), the result is updated as

R(1) =

(
3 2 2 1
3 2 1 0

)
,

as shown in Fig. 5(c).
At the end of the first loop, the set ∆ is not empty, the

second loop is conducted and the result is given as

R(2) =

(
3 2 2 1
3 2 2 1

)
,

as shown in Fig. 5(d), which is our final output solution.

Fig. 5. Node load distribution of ELPA for Example 1

The target problem focuses on the load balancing across the
epochs. Fig. 6 depicts the sum load vs. epochs, where the solid
horizontal line denotes the reference level L = 20. The total
load vector is S + B = [18, 22]T , where [·]T denotes matrix
transpose. The objective function value (sum squared error) is
8. Here we can see the difference of the reference level L and
water level. Here the reference level L is a constant level no
matter how many water levels there might be.

Next we discuss the existence of multiple optimal solutions
for Example 1 through Fig. 7. The constraints in (24), with
(19) and (20), determine the line segment between point X =
(3, 5) and point Y = (5, 3) in the (U, V ) plane as shown
in Fig. 7(a), where the first coordinate U stands for the first
group two node sum elastic load; while the second one for
the second group sum load. Arbitrarily choosing an operation
point Z = (3.5, 4.5) on the line XY , the point Z determines
two straight lines of R11 + R12 = 3.5 (lower straight line);
and R13 +R14 = 4.5 (higher straight line) in the (X,Y ) plane
in Fig. 7(b). This denotes that in the first epoch, sum elastic
load for group 1 is allocated with 3.5, and second group is
allocated with 4.5.
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Further consider the first constraint in (24), i.e., the bound
of the elastic load for any user at any epoch is 3, we plot one
vertical dashed line and one horizontal dashed line in Fig. 7(b)
to meet this constraint. The lower-left region determined by
this pair of dashed lines is referred as “feasible region”. Then
any pair of the allocation for R11 and R12 can be selected on
the lower solid line, and R13 and R14 by the upper solid line
within the “feasible region” or it swaps. The shadowed strip
illustrates the region of the straight line path when the point Z
shifts between X and Y . Similarly, we can also obtain those
at epoch 2.

Fig. 8 illustrates the specified optimal solution presented in
Figs. 5 and 6. In Fig. 8(a), the operation point Z falls down
at the end of the line XY . Correspondingly, the two lines in
Fig. 8(b) determining the group sum load are located at the end
positions of the shadowed strip. The solution, as a point, Z is
on the top line, and specified as G1 = (3, 2) for R11 = 3 and
R12 = 2 for the first group. Similarly, the solution G2 = (2, 1)
specifies R13 = 2 and R14 = 1 for the second group.

Therefore, the proposed algorithm not only rapidly com-
putes an optimal solution, but also offers an alternative path
to obtain all the optimal solutions to the target Problem in (1).
Even though from optimization theory, an optimization prob-
lem is solvable iff one optimal solution can be computed [23,
p. 128], the proposed solution by (19) and (20) is providing a
path for computing all the optimal solutions beyond providing
one optimal solution.

L = 20

allocated elastic 
load at epoch 1

allocated elastic 
load at epoch 2

sum of non-elastic 
load at epoch 1

sum of non-elastic 
load at epoch 2

Index of epochs
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o
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Fig. 6. Epoch load distribution of ELPA for Example 1

In the following of this subsection, we simulate a multiple
user multiple group system. The simulation model for a house
is based on the parameters listed in Tables 1 and 2 of Section
VII in [2]. We consider a part of power system with I =
4 groups or communities, and each group has 100 users.
We divide the scheduling interval as 30-minutes. Once an
elastic load is scheduled, it will continue operation until the
load finishes its work. In other words, all loads are used
continuously without disruption. We predict one day power
demand and all the demand of the inelastic loads is satisfied
in a day.

Fig. 9(a) shows the elastic load of the four groups in the first
five hours in a day with no group upper bound restriction. The

X = (3, 5)

Y = (5, 3)

Z = (3.5, 4.5)

Group 1 sum load

G
ro

u
p

 2
 s

u
m

 lo
ad

R11, R13

R12, R14

feasible 
region

R13 +R14 = 4.5

R11 +R12 = 3.5

Fig. 7. Illustration of the existence of the multiple optimal solutions of ELPA
for Example 1

X = (3, 5)

Y = Z = (5, 3)

Group 1 sum load

G
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 2
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R11, R13

R12, R14

feasible 
region

G1=(3,2)

G2=(2,1)

R11 +R12 = 5

R13 +R14 = 3

Fig. 8. Illustration of the optimal solutions in Figs. 5 and 6 for Example 1

allocation of the four groups is identically distributed. Fig.9(b)
plots the total inelastic (dotted curve) and elastic (dash curve)
loads, and the total loads (solid curve). The overall load is
flattened through scheduling the elastic load to fill the valleys
of the inelastic load.

Figs. 9(c) and (d) show the power allocation when the group
elastic loads demand constraints are limited. The elastic power
constraints PG in group 1 to 4 are set probabilistically among
time slots by normal distribution in this simulation, with mean
of {900kWh, 800kWh, 700kWh, 600kWh} respectively. We
see the elastic load in each group and time slot is bounded by
corresponding power constraint. The elastic power is adjusted
simultaneously among groups to reach the overall reference
level value in group domain.

It is ensured that our approach provides a stable and exact
solution for the elastic power allocation problem.

B. Complexity Analysis

For the proposed target problem (1), PBLA1 has been
developed into BLA1, then BLA2, and finally into ELPA to
compute an optimal solution. Since ELPA uses PBLA1 once
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Fig. 9. (a) Elastic load power consumption in group view, where PG is
infinity in five hours, 30 minutes in a time slot; (b) Power consumption of
inelastic, elastic and total loads, where PG is infinity in a day; (c) Elastic
load power consumption in group view, where PG is bounded by randomized
matrix in the system, 30 minutes in a time slot; (d) Power consumption of
inelastic, elastic and total loads, where PG is bounded by randomized matrix
in the system.

and BLA2 K×I times in one loop, further considering that the
algorithms BLA1-2 are similar, and both are based on PBLA1,
we first focus on the discussion of the complexity of PBLA1,
then that of BLA1-2, and finally that of ELPA.

The proposed PBLA1 algorithm occupies less computa-
tional resource. It is seen that PBLA1 needs at most K loops
to search k∗ through the k∗ search method. Thus it needs
4 arithmetic operations and 2 logical operations to complete
each loop. The worst-case computational complexity of the
proposed solution is 6K + 2 fundamental arithmetical and
logical operations under the K + 2 memory units to store
{Bi},Ws, and PM . It is written into O(K).

For the BLA1, it needs at most K loops to compute the
optimal solution. The required number of operations is, at
worst,

∑K
i=1(6i + 2) = 3K2 + 5K fundamental arithmetical

and logical operations. The worst case complexity of BLA1
is O(K2). Similarly, that of BLA2 is also O(K2), under the
E being a subsequence of {1, . . . ,K}.

For the ELPA, it needs at most K loops to compute the
optimal solution. Further, each loop of ELPA uses PBLA1
once, and BLA2 K × I times. Considering that the numbers
of the groups and the users, respectively, with I ≤ J , compu-
tational complexity of the corresponding PBLA1 and BLA2,
and sorting all the entries of A needing O(KJ) log (KJ),
therefore, the required number of operations, at worst, is
O(K)+O(KI2)+O(KIJ2)+O(KJ) log (KJ) fundamental
arithmetical and logical operations.

Therefore, Algorithm ELPA uses its computational com-
plexity is not beyond O((KJ)3). This point plays a key role
in the proposed algorithm being able to compute the exact
solution to the proposed problem, especially suitable for the
proposed problems which are large-scale.

VI. CONCLUSION

In this paper, we proposed a load balancing problem and
its optimal solutions through the allocation of the elastic load.
The target problem is subject to the peak and group load
upper bound constraints. The proposed algorithm decomposes
the three-dimensional allocation problem into two-dimensional
problems. We proved that the load balancing problem aiming
to minimize the load fluctuation has the optimal solution in
the form of water-filling.

The proposed target problem is a quadratic optimization
problem with constraints. To the best of the authors’ knowl-
edge, no algorithms have been reported in the open literature
to exactly compute the optimal solution to this class of the
problems. The proposed algorithm computes the target prob-
lem with low computational complexity. Numerical examples
are provided to illustrate the steps that can obtain the optimal
solutions by the proposed algorithm. We also analyzed the
path to determine the family of all the optimal solutions.
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