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Abstract—This paper proposes new potential functions for
Conditional Random Fields (CRF) in image labeling framework
based on generalized Gaussian mixture Modeling (GGMM) of the
potential functions. Laplacian mixture potential functions have
previously been applied to CRF. However, Laplacian potentials
fail to capture data characteristics where data fluctuations
happen very smoothly; so that they even give rise to induction
of atypical results due to erroneous modeling of data. Having an
additional shape manipulation parameter, generalized Gaussian
mixtures (GGM) can model data characteristics and fluctuations
precisely. In this paper, we propose to deploy GGM in the CRF
framework to formulate the potential functions. Expectation max-
imization (EM) technique is used to estimate GGM parameters.
Belief propagation and stochastic gradient descent algorithms
are utilized for CRF inference and training, respectively. We
show that proposed GGM feature functions effectively improve
labeling accuracy of nature images in comparison with Laplacian
mixtures. Qualitative labeling results show that the proposed
framework performs well particularly for labeling simple even
backgrounds where the Laplacian counterparts impose irregular
outcomes. That is, despite Laplacian mixtures, GGM-based
feature functions can correctly model smooth image color and
texture variations.

Index Terms—Image labeling, Conditional Random Fields,
Generalized Gaussian Mixtures

I. INTRODUCTION

The primary aim of image labeling is to assign a specific
semantic category, e.g. sky, vegetation, animal or water in a
nature image database, to each pixel in the image. Active
research in this field applies Conditional Random Fields
(CRF) [1] from the class of probabilistic graphical models to
approach the problem. CRF-based methods of image labeling
have proved to outperform ordinary classifiers such as Support
Vector Machines (SVM) due to their capability to take image
context into account [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11]. To apply contextual information, CRF models exploit
relationship between objects in a scene in terms of semantic
consistency, relative location and scale. For example, polar
bears and hippos may never be seen together in one scene or
it is common sense that we look for the sky in the upper part
of the image, for cars on the roads and for boats in water.

In a CRF formulation framework, unary potentials imply the
probability of an image patch (a pixel or superpixel) belonging
to a class given its local appearance features such as color and
texture. Pairwise potentials, on the other hand, imply the prob-
ability that two patches belong to same or different categories

given their similarity (dissimilarity) in terms of appearance and
their relative location or scale. Pairwise potentials are meant
to consider contextual information and interactions lied in the
data. Principally, CRF models bring the unary potentials on
individual patches and pairwise potentials on adjacent image
sites together in one formulation.

For accurate labeling and also reducing the complexity of
CRF training, designing the right CRF potentials are essen-
tial [3], [5], [7]. Conventional unary and pairwise potentials
are rudimentarily defined as summation of weighted feature
functions. However, potentials of this form usually need an
enormous number of features to render satisfactory results
which makes their training and inference to be an exhaustively
difficult task [7]. In addition, conventional potential functions
are very sensitive to parameter initialization and their training
might get stuck in local optima.

To address this problem, different studies have tried to
empower CRF potentials by high level prior modeling. They
use potential functions in the form of logistic [12], probit [24],
boosting [5], [25], Neural Networks [2] and SVM classifiers
[4]. Due to the variety of features applied in CRF labeling
framework and the distinctive characteristics of distribution
of these features, recent studies use a combination of these
potential functions [8], [9]. In a computationally less complex
approach, Gaussian mixture distribution is used to formulate
color feature functions [5] which could also combat within-
class variability of features (e.g. flowers come in different
colors). Authors in [7] and [23] extensively studied the em-
ployment of mixture distributions for both association and
interactive potentials in CRF framework. They show that
distributions of features in natural scene images are better
approximated by a Laplacian distribution than a Gaussian.
They show by experimentation that Laplacian feature functions
outperform both conventional feature functions and the Gaus-
sian counterparts. In fact, finite mixture models have long been
deployed to perform unsupervised image segmentation [13],
[14]. However, state of the art literature questions the ability
of firmly-shaped distributions such as Gaussian or Laplacian
densities to approximate the data precisely [15], [16].

In this paper, we show that despite their efficiency, rigidly-
shaped Laplacian potentials fail to capture data characteristics
where data fluctuations happen very smoothly such as in
plain even backgrounds of natural images; so that they even
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give rise to induction of atypical results due to erroneous
modeling of data. We explore a different feature function
model for accurate segmentation and labeling of nature images
by deploying generalized Gaussian mixture (GGM) modeling
of image features. Having an additional shape manipulation
parameter, GGMs can model data characteristics precisely.

We propose to bring the flexibility of GGM for data
modeling into the CRF framework to leverage the differen-
tiation power of the feature functions while maintaining low
complexity. In this letter, we investigate the effectiveness of
the proposed GGMM feature functions to improve the labeling
and segmentation accuracy in comparison with their Laplacian
counterparts. To develop the GGMM feature functions, we
will use expectation maximization (EM) technique [17], [18]
to estimate mixture component parameters. Belief propagation
and stochastic gradient descent algorithms will be utilized for
CRF inference and training, respectively. We demonstrate that
in comparison with Laplacian mixtures, the proposed GGM
feature functions provide more accurate labeling of nature
images by about 6% improvement particularly for labeling
plain even backgrounds where the Laplacian counterparts
impose irregular outcomes.

II. GENERALIZED GAUSSIAN MIXTURE CRF

A. Mixture CRF formulation

Image labeling is primarily performed by assigning each
pixel in the image to a specific semantic category from a
predefined set of object classes. To formulate the problem, X
represents the input image, S is the set of all image sites, either
pixels or superpixels; xi is a vector of observation features
obtained from a specific image site i and yi ∈ {1 : L} is
its corresponding label at site i. Total number of all possible
labels is represented by L. CRF equation for image labeling
models the conditional distribution over labels Y = {yi}i∈S
given the observations X = {xi}i∈S as [1]:

P (Y |X) = 1
Z(X) exp{

∑
i∈S ϕi(yi|x) +

∑
i∈S
∑
j∈Ni ψij(yi, yj |x)} (1)

where ϕi is the association potential between the observation
data xi and the label yi of site i. Pairwise potential ψij models
the interaction between current site i and its neighboring site
j given the observed features xi and xj . The set Ni ⊂ S
refers to all neighboring sites of site i. Normalizing factor
Z(X) ensures that

∑
P (yi|xi) = 1. Potential functions

ϕi and ψij are defined as summation of weighted feature
functions such that ϕi(yi|xi) =

∑
k∈Ku wukfik(yi|xi) and

ψij(yi, yj |xi, xj) =
∑
k∈Kp wpkfijk(yi, yj |xi, xj); where k

is feature index and wuk and wpk are weights for kth feature
of unary and pairwise feature functions and will be computed
during training phase. Moreover, fik indicates the kth appear-
ance feature at site i; and Ku and Kp are the total number of
unary and pairwise features extracted. The task of CRF image
labeling is to infer labels Y with the maximum likelihood
given data of an input image X and parameters of the CRF
model.

In the proposed GGM-based CRF labeling framework, the
unary and pairwise potentials are redefined as in (2) [7].

fik(yi|xi) =
∑
l∈L

δ(yi − l) log
∑
m∈M

πyimPi(xik|yi,m),

fijk(yi, yj |xi, xj) =
∑
l∈L

∑
l′∈L

δ(yi − l)δ(yj − l′)

· log
∑
m∈M

πyiyjmPij(xik, xjk|yi, yj ,m),

(2)

where m is the index of the mixture component, and M is
the number of mixture components. Here πyim and πyiyjm
are mixture coefficients. Note that

∑
m∈M πmyi = 1 and∑

m∈M πmyiyj = 1. The function

δ(y − l) =
{

1 if y = l,
0 otherwhere,

where l ∈ L is the index of image classes, and L is the set of
all classes. For the generalized Gaussian mixture Modeling,
the conditional probabilities Pi and Pij in (2) will be defined
as in (3) in section II-B. Since the GGM formulation for each
feature will be the same, we drop the image site index i and
feature index k for simplicity. However, it should be noted that
equation (3) has to be considered to represent the distribution
of each feature k in the data collection.

B. Generalized Gaussian density feature function

1) Formulation: We propose to apply mixture of general-
ized Gaussian distributions as CRF’s associative and interac-
tion feature functions. The new general Gaussian distribution
for a univariate random variable x is defined as follows [19]:

p(x|µ, σ, β) =
β

√
Γ ( 3

β )

Γ ( 1
β )

2σΓ ( 1β )
exp

(
−
(
Γ ( 3β )

Γ ( 1β )

) β
2
∣∣∣∣x− µσ

∣∣∣∣β
)

(3)

where Γ (.) denotes the gamma function, and µ and σ are mean
and standard deviation of the distribution. Shape parameter
β > 0 determines the peakness of the distribution. The smaller
the value of β, the more peaked the distribution is around its
mean and β grows larger, the pdf becomes flatter. The shape
parameter β makes the pdf flexible to fit the data properly
[16], [19], [20]. To compute the feature functions in (2), we
need to estimate parameters π, µ, σ and β for each component
of the mixture. The set of model parameters to be estimated
for each feature in each class are θ = {πm, µm, σm, βm,m =
1, ...,M}.

2) Parameter Estimation: Given a data sample x =
{x1, x2, ..., xn}, which in our case represents a specific fea-
ture, e.g. red color, from all avaiable samples of a particular
class, we intend to estimate the GGM pdf parameters so that
it fits the distribution of the feature in a class. Using the
Maximum-Likelihood (ML) method, the cost function is:

θ = argmax
θ
{p(x|θ)} (4)

Given a predefined number of mixture components, M , we use
EM algorithm [17], [18] to optimize (4). In the expectation
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step, we find the expected value of the complete-data log-
likelihood log(p(x, z)) with respect to the unobserved data z
given the observed data x as follows:

Q(θ, θt−1) = Ez[log(p(x, z|θ))|x, θt−1] =
n∑
i=1

M∑
j=1

Ez[zij |xi, θt−1]. log(πt−1j p(xi|j, θt−1))
(5)

where t denotes iteration number and

Ez[zij |xi, θt−1] =
πt−1j p(xi|j, θt−1)

M∑
k=1

πt−1k p(xi|k, θt−1)
(6)

p(xi|j, θt−1) is calculated from the generalized Gaussian
distribution formulation in (3). In the maximization step, by
deriving ∂Q(θ,θt−1)

∂πj
= 0, ∂Q(θ,θt−1)

∂µj
= 0 and ∂Q(θ,θt−1)

∂σj
= 0,

we obtain the following updating equations for πj , µj and σj
in each iteration t, respectively:

πtj =
1

n

n∑
i=1

Ez[zij |xi, θt−1] =
1

n

n∑
i=1

πt−1j p(xi|j, θt−1)
M∑
k=1

πt−1k p(xi|k, θt−1)

µtj =

n∑
i=1

xiEz[zij |xi, θt−1]
∣∣xi − µt−1j

∣∣β−2
n∑
i=1

Ez[zij |xi, θt−1]
∣∣xi − µt−1j

∣∣β−2
σtj =

(Γ ( 3
βt−1
j

)

Γ ( 1
βt−1
j

)

) β
t−1
j
2

n∑
i=1

Ez[zij |xi, θt−1]
∣∣xi − µt−1j

∣∣βt−1
j

1
βt−1
j

n∑
i=1

Ez[zij |xi, θt−1]

Finally, Newton-Raphson method is applied to estimate the
value for shape parameter β in each iteration as (7):

βtj = βt−1j −
∂Q(θ,θt−1)

∂βj

∂2Q(θ,θt−1)
∂β2
j

(7)

where formulation of numerator and denominator terms are
detailed in (8) at the top of next page.

Careful initialization of the parameters is very critical to the
success of the EM algorithm. In our experiments, we employed
the overall mean (µpop) and variance (σ2

pop) of population x to
initialize mean and variance parameters for each of the mixture
components. For example for M = 2, we set µ0

1 = µpop−σpop,
µ0
2 = µpop+σpop and σ2

1 = σ2
2 = σ2

pop. In case M = 3, then a
good initialization for parameter µ would be µ0

1 = µpop−σpop,
µ0
2 = µpop and µ0

3 = µpop + σpop. For parameter π, we set
π0
j = 1

M for all components. Regarding parameter β, wet set
the initial value as β0

j = m1√
m2

for all components; where m1 =

1
n

n∑
i=1

|xi| is the first statistical moment of the absolute values

and m2 is the second statistical moment. In our experiments,
we apply Maximum Message Length (MML) method [21],
[22] to set the number of mixture components. Based on our
experimentations, we obtained the best value to be M = 3.

Fig. 1. Examples of Laplacian mixture (left) and generalized Gaussian
mixture density modeling of several features associated with one class. X
axis represents feature values and Y axis represents probability values.

C. GGM-based CRF training and Inference

We follow [7] to train the CRF model and determine
the set of parameters wuk and wpk. We employ Gradient
Descent algorithm to maximize conditional log-likelihood of
CRF model over training data. Regarding N training images,

we compute ∂
∂wk

log
N∏
n=1

P (y(n)|x(n)), the partial derivative

of P (Y |X) with respect to weight parameters wuk and wpk.
Simplifying the derivative term as elaborated in [7], iterative
update equation for wk in each time step t is:

wt+1
k = wtk − ηfk(x(n), y(n))− 〈fk(x(n), y(n))〉

where η is the learning rate and 〈fk(x(n), y(n))〉 means aver-
age value of feature function regarding all possible labels y(n)

′
.

Belief propagation is used for inference over testing images.

III. PERFORMANCE ANALYSIS

We run the experiments on the frequently investigated Corel
dataset [2] which has 100 images of size 120 x 180 in 7
different classes. We split the database into two equal portions
for training and testing purposes. The training set is used to
estimate the GGM parameters as described in section II-B2
and also to train CRF parameters as mentioned in section II-C.
We perform image labeling in a superpixel level; therefore, we
apply Mean Shift slgorithm [26] to oversegment the images
so that each superpixel represents a node in the CRF graph.
We compare the proposed CRF model based on generalized
Gaussian mixture feature functions with the Laplacian mixture
CRF in [7]. For both models, we use the same set of low level
features including superpixel location, mean Lab color values
and features returned by LML filter bank of size 49x49x48
over the image [27]. That is, each superpixel is represented
by a 53 dimensional feature vector.

Comparative quantitative results of the experiments in terms
of recognition rates of the classes are presented in table I.
Recall or recognition rate of a class is defined as the number
of correct results divided by the total number of instances
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∂Q(θ,θt−1)
∂βj

=
N∑
i=1

Ez [zij |xi, θt−1]

(
Γ ( 3

βj
)

(
2βj+3ψ(0)( 1

βj
)−3ψ(0)( 3

βj
)

)
8σ2Γ ( 1

βj
)3

−

1
2βj

(
Γ ( 3

βj
)

Γ ( 1
βj

)

) βj
2
∣∣∣∣x−µσ ∣∣∣∣βj

(
2b log

(∣∣∣x−µσ ∣∣∣)+ ψ(0)( 1
βj

)− 3ψ(0)( 3
βj

) + b log
(Γ ( 3

βj
)

Γ ( 1
βj

)

)))
∂2Q(θ,θt−1)

∂β2
j

=
N∑
i=1

Ez [zij |xi,θt−1]Γ ( 3
βj

)

8β2
jσ

2Γ ( 1
βj

)3

(
2β2
j−6βjψ(0)( 3

βj
)+9ψ(0)( 1

βj
)2+9ψ(0)( 3

βj
)2+6ψ(0)( 1

βj
)

(
b−3ψ(0)( 3

βj
)

)
−3ψ(1)( 1

βj
)+9ψ(1)( 3

βj
)

)
−

(∣∣∣ x−µσ ∣∣∣b(Γ ( 3
βj

)

Γ ( 1
βj

)

) βj
2

4β2
j

)(
4β2
j log

2
(∣∣∣x−µσ ∣∣∣)+ 4β2

j log
(∣∣∣x−µσ ∣∣∣) log (Γ ( 3

βj
)

Γ ( 1
βj

)

)
+ 8β2

j log
(∣∣∣x−µσ ∣∣∣)+(

2βjψ
(0)( 1

βj
)− 6βjψ

(0)( 3
βj

)

)(
2
βj

+ 2 log
(∣∣∣x−µσ ∣∣∣)+ log

(Γ ( 3
βj

)

Γ ( 1
βj

)

))
+

β2
j log

2
(Γ ( 3

βj
)

Γ ( 1
βj

)

)
+ ψ(0)( 1

βj
)2 + 9ψ(0)( 3

βj
)2 − 6ψ(0)( 1

βj
)ψ(0)( 3

βj
)− 2

βj
ψ(1)( 1

βj
) + 18

βj
ψ(1)( 3

βj
)

)
(8)

of that class. Our GGM-based CRF method outperforms
Laplacian mixture CRF method in 6 out of the 7 categories.
Comparison of average recall of the two methods indicates
that generalized Gaussian mixture feature functions improved
recognition accuracy by about 6%.

Qualitative results of example test images is illustrated
in Fig. (2). As shown on 3rd column of Fig. (2) (from
left), rigidly-shaped Laplacian potentials cause occurrence of
irrelevant labels in plain even backgrounds of images where
features are homogenous. That is, Laplacian potentials fail
to capture data characteristics properly and they even impose
induction of atypical results. However, generalized Gaussian
mixtures capture feature characteristics very precisely and do
not inflict unexpected results as demonstrated in 4th column of
Fig. (1). Quality improvement by GGM feature functions is
particularly evident in images with plain even backgrounds
such as “water”, “snow”, “vegetation” and “sky”. Fig. (1)
explains this behavior. Erroneous modeling of data of a typical
class, as illustrated in the top left image of Fig. (1), may give
high probability to improbable feature points. In addition, it
might miss to account for highly probable typical features
of that class as illustrated in 2nd, 3rd and 4th images on
left column of Fig. (1). Column 3 of Fig. (2) demonstrates
examples of very similar adjacent background image patches
that actually belong to the same class but using Laplacian
mixtures to describe them, they have been wrongly labeled
differently. Using GGM potential function for the same set
of features resolved this problem as shown correspondingly
on 4th column. Therefore, Laplacian mixtures are prone to
inducing unexpected results due to shape rigidity whereas
their flexible counterparts, generalized Gaussian mixtures, can
precisely capture data fluctuations because of the extra shape
parameter they have.

IV. CONCLUSION

In this paper, we proposed a new set of feature functions
for CRF-based image labeling which can capture diverse
within-class feature characteristics precisely. We redefine con-
ventional CRF potential functions by employing generalized
Gaussian mixture modeling. generalized Gaussian density

TABLE I
COMPARISON OF RECOGNITION RATE (RECALL) OF 7 DIFFERENT CLASSES

IN COREL DATASET USING DIFFERENT MODELS.

Rhino Polar Bear Water Snow Vegetation Ground Sky Average

Laplacian CRF 81.79 38.14 69.44 75.34 63.65 76.11 60.00 66.35

GGM-based CRF (ours) 82.41 67.37 72.92 77.40 67.36 73.27 66.67 72.48

Fig. 2. Example labeling results on Corel images. From left to right the
columns illustrate original image, ground truth labeling, results by Laplacian
CRF method [7] and results by our GGM based approch.

function has an additional shape manipulation parameter so
that in scenarios where their Laplacian and Gaussian coun-
terparts might induce unexpected atypical results, generalized
Gaussian mixtures can precisely capture data characteristics.
We elaborate on parameter estimation of the proposed feature
functions and generalized Gaussian mixture-based CRF train-
ing and inference. Quantitative performance evaluation over 7-
class Corel natural image database demonstrates 6% enhanced
recognition rate of the proposed generalized Gaussian mixture
feature functions in comparison with their Laplacian coun-
terparts. Qualitative evaluation shows improved recognition
accuracy with plain even backgrounds of natural images; that
is classes such as vegetation, sky, water and snow.
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[8] Ph. Krähenbühl and V. Koltun, “Efficient Inference in Fully Connected
CRFs with Gaussian Edge Potentials”, in Proc. of Advances in Neural
Information Processing Systems (NIPS), pp. 109-117, 2012.

[9] Y. Zhang and T. Chen, “Efficient Inference for Fully-connected CRFs
with Stationarity”, in Proc. of IEEE Conference on Computer Vision and
Pattern Recognition (CVPR), pp. 582-589, 2012.

[10] L Yu, J Xie, and S Chen, “Conditional Random Fieldbased Image
Labelling Lombining Features of Pixels, Segments and Regions”, IET
computer vision, vol. 6, no. 5, pp. 459-467, 2012.

[11] Th. Mensink, J. Verbeek, and G. Csurka, “Tree-structured CRF Models
for Interactive Image Labeling”, IEEE Transactions on Pattern Analysis
and Machine Intelligence, vol. 35, no. 2, pp. 476-489, 2013.

[12] S.v Kumar and M. Hebert, “Discriminative Random Fields”, Interna-
tional Journal of Computer Vision, vol. 68, no. 2, pp. 179-201, 2006.

[13] Ch. Carson, M. Thomas, S. Belongie, J. M Hellerstein, and J. Malik,
Blobworld: A System for Region-based Image Indexing and Retrieval,
Visual Information and Information Systems, pp. 509517, Springer, 1999.

[14] J. Puzicha, Th. Hofmann, and J. M Buhmann, “Discrete Mixture Models
for Unsupervised Image Segmentation”, in Mustererkennung, pp. 135-
142, Springer, 1998.

[15] M. S. Allili, D. Ziou, N. Bouguila, and S. Boutemedjet, “Image and
Video Segmentation by Combining Unsupervised Generalized Gaussian
Mixture Modeling and Feature Selection”, IEEE Transactions on Circuits
and Systems for Video Technology, vol. 20, no. 10, pp. 1373-1377, 2010.

[16] M. S. Allili, “Wavelet Modeling Using Finite Mixtures of Generalized
Gaussian Distributions: Application to Texture Discrimination and Re-
trieval”, IEEE Transactions on Image Processing, vol. 21, no. 4, pp. 1452-
1464, 2012.

[17] J. A. Bilmes, “A Gentle Tutorial of the em Algorithm and its Application
to Parameter Estimation for Gaussian Mixture and Hidden Markov
Models”, International Computer Science Institute, vol. 4, no. 510, pp.
126, 1998.

[18] M. Blume, “Expectation Maximization: A Gentle Introduction”, 2002.
[19] G. Ep. Box and G. C. Tiao, “Bayesian Inference in Statistical Analysis”,

JohnWiley and Sons, vol. 40, 2011.
[20] M. K. Varanasi and B. Aazhang, “Parametric Generalized Gaussian

Density Estimation”, The Journal of the Acoustical Society of America,
vol. 86, pp. 1404, 1989.

[21] Ch. S. Wallace and D. L. Dowe, “Minimum message length and
kolmogorov complexity”, The Computer Journal, vol. 42, no. 4, pp. 270-
283, 1999.

[22] J. J. Oliver, R. A. Baxter, and Ch. SWallace, “Unsupervised Learning
Using MML”, in Proc. of International Conference on Machine Learning
(ICML), pp. 364-372, 1996.

[23] X. Wang, X. P. Zhang, I. Clarke, Y. and Yakubovich, “A New Gaussian
Mixture Conditional Random Field Model for Indoor Image Labeling”, in
Proc. of the 1st ACM International Workshop on Interactive Multimedia
for Consumer Electronics (IMCE), pp. 19-24, 2009, Beijing, China.

[24] Y. Qi, M. Szummer, and T. P. Minka, “Diagram Structure Recognition
by Bayesian Conditional Random Fields”, in Proc. of IEEE conference
on Computer Vision and Pattern Recognition, vol. 2, pp. 191-196, 2005.

[25] N. Torralba, K. P. Murphy, and W. T. Freeman, “Contextual Models for
Object Detection Using Boosted Random Fields”, in Proc. of Advances
in Neural Information Processing Systems (NIPS), vol. 1, p. 2, 2004.

[26] D. Comaniciu and P. Meer “Mean shift: A Robust Approach Toward
Feature Space Analysis”, IEEE Transactions on Pattern Analysis and
Machine Intelligence, vol. 24.5, pp. 603-619, 2002.

[27] J. M. Geusebroek, A. W. M. Smeulders and J. V. D. Weijer, “Fast
Anisotropic Gauss Filtering”, IEEE Transactions on Image Processing,
vol. 12(8), pp. 938-943, 2003.

GlobalSIP 2014: Perception Inspired Multimedia Signal Processing Techniques

1072


