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A Novel Subspace Approach for
Bearing-Only Target Localization

Ji-An Luo, Xue-Hui Shao, Dong-Liang Peng, and Xiao-Ping Zhang , Senior Member, IEEE

Abstract— A new subspace method is proposed to solve the
bearing-only target localization (BOTL) problem. Instead of
linearizing the nonlinear bearing equations to form least-squares
optimization, we construct a scalar product matrix by making full
use of all bearing and intersensor bearing geometric information.
After exploiting the dimension and eigenstructure of the scalar
product matrix, we devise a subspace algorithm for BOTL with
its weights computed from a prior location estimate. Simulation
results show that the proposed algorithm achieves a mean square
error performance close to the Cramér–Rao lower bound, even at
high noise levels. Field experiments demonstrate the superiority
of the proposed algorithm.

Index Terms— Target localization, bearing-only, subspace
method, least-squares.

I. INTRODUCTION

THE problem of bearing-only target localization (BOTL)
has been extensively investigated for several

decades [1], [2]. It has various applications including
ground, underwater or air vehicle localization [3]–[5], node
localization in wireless sensor networks [6]–[8], localization
and tracking of passive RFID tags [9], [10], to name but a
few. In the BOTL scenario, the unique location of an emitter
can be determined by finding the intersection of the bearing
lines emanating either from location dispersed sensors or
from a moving observer. However, the bearings available to
localization system are subject to measurement errors and
therefore the unique location of the target no longer exists
by simply using triangulation. Thus, statistical algorithms are
required to obtain an optimal or suboptimal estimate.

In particular, the noisy measurement equations in BOTL are
highly nonlinear with respect to the unknown target position
making BOTL a nontrivial task. One of the most commonly
used algorithms is pseudolinear (PL) estimation [1] which
lumps the nonlinearities into the noise term and therefore
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the estimated result can be obtained through least-squares
optimization. By explicitly calculating the PL equation error,
a weighted pseudolinear estimator (WPLE) [11], [12] can
be developed after considering the PL noise statistics. The
WPLE is also referred as Stansfield estimator [13]. However,
the weighting matrix in WPLE requires range information
which relates to the unknown target position and it needs
to be determined in advance by utilizing the result of PL
estimator (PLE). One disadvantage of PLE is the fact that the
noise-corrupted bearings appear in measurement matrix and
therefore it is correlated with the noise in the measurement
vector. This phenomenon is also referred as the so-called
errors-in-variables (EIV) problem in statistical literature [14],
which makes the PL estimate biased [15] and the bias does
not vanish as the number of measurements increases.

Various methods have been proposed to reduce the estima-
tion bias in BOTL. One of the most common approaches to
overcome the bias is maximum likelihood (ML) estimation [2].
Under the assumption of Gaussian measurement noise, the ML
cost function is equivalent to minimizing the total bearing
errors. However, the ML optimization problem for BOTL
is required to be solved iteratively due to its nonlinear and
nonconvex features, e.g., the steepest descent algorithm and
the Gauss-Newton algorithm etc. Usually, those numerical
iterations are not robust and easy to diverge especially under
conditions such as low signal noise ratio, small amount of
measurements or bad geometry. Bishop et al. [16] proposed
a geometry constrained least square (GCLS) algorithm by
minimizing the total bearing error under geometry constraints
which can help the GCLS algorithm converge to the optimal
solution. By using parameter transformation, Wang et al. [17]
presented a location-penalized maximum likelihood (LPML)
method for BOTL and illustrated that the bound of the LPML
estimator is lower than the traditional ML method.

In addition to the ML approach, instrumental variable (IV)
algorithm is also a method of reducing bias which relies on
finding an appropriate IV matrix. Nardone et al. [18] obtained
the optimal IV matrix by modifying the ML gradient equations
which was related to the unknown target parameters. Chan and
Rudnicki [19] calculated the IV matrix iteratively by using
predicted bearings based on past target parameter estimates.
Doğançay [20], [21] developed a non-iterative weighted instru-
mental variable (WIV) estimator and the IV matrices were
computed based either on the PL estimate or on the bias
compensated PL estimate. Later Zhang and Xu [22] provided
the asymptotical properties of the IV estimation for bearing-
only target tracking problem.
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Another way to reduce the bias of PL estimation is the total
least-squares (TLS) solution [23] that provides the consistent
estimate to the BOTL EIV model. The TLS method is equiva-
lent to the constrained least-squares (CLS) method [24]–[26].
It was shown in [23] that both TLS and CLS were basically
asymptotic ML estimates for the class of EIV models arising
from the target motion analysis problem.

This paper proposes a novel subspace algorithm to solve
the BOTL problem by utilizing bearing measurements and
inter sensor bearings. The proposed method starts from con-
structing a new scalar product matrix whose (m, n)-th entry is
cos(φm −φn), where φm is the m-th element of φ consisting of
bearings and inter sensor bearings. We then develop a subspace
algorithm for BOTL by forming a weight vector and a weight
matrix properly. However, these weights depend on unknown
distances between the target and each of the sensors and should
be calculated using prior estimates derived from PLE, WPLE
or WIV etc. Simulation and experiment results show that the
proposed algorithm exhibits superior localization performance
compared to existing BOTL methods.

Compared with other existing methods, our main contribu-
tions can be summarized as follows:

• We devise a new scalar product matrix by utilizing all
the nonlinear geometric equations of bearings and inter
sensor bearings. In this way, the geometric location infor-
mation among distinct sensors can be used to improve the
performance of localization algorithm.

• The subspace-based BOTL algorithm is then presented
after evaluating the weights using a prior target location
estimate. We show that the performance of the pro-
posed algorithm depends on the accuracy of the weights.
We confirm the superiority of the proposed algorithm in
simulations and field experiments.

The paper is organized as follows. Section II describes the
problem of BOTL and briefly provides a review of the per-
formance bound. The proposed subspace approach for BOTL
is presented in Section III. Numerical simulations and real-
world experiments are included in Section IV and conclusion
remarks are given in Section V.

II. PROBLEM FORMULATION

In this section, we first state the bearing measurement
model, and briefly describe the performance bound for BOTL.

A. Measurement Model

Consider the problem of localizing a stationary target using
measurements either from K spatially distributed bearing
sensors or from a single moving observer by taking K time
slots with known positions at sk = [xk, yk]T , k = 1, 2, . . . , K ,
and “T” denotes the transpose operator. The sensor location
matrix is S = [s1, s2, . . . , sK ]T . A typical target localization
geometry is depicted in Fig. 1 where p = [x, y]T is the
unknown position of the target and θk ∈ [0, 2π) represents
the true bearing measured at the kth sensor relative to a global
direction, i.e., North. The nonlinear relationship between the
bearing, sensor location and target position is given by

sin θk = x − xk

rk
, cos θk = y − yk

rk
(1)

Fig. 1. Sensors-target geometry in R
2.

where rk is the true range from the kth sensor to the target
and we have

rk = � p − sk� (2)

We assume that the bearing measurements are subject to
independent and identically distributed Gaussian noise and the
kth measurement is modeled as

θ̃k = θk + nk (3)

where θ̃k is the bearing measurement observed at the kth
sensor and nk is the additive Gaussian noise with zero mean
and variance σ 2

k . We assume the spatially separated sensors are
not collinear with a single target. As such, a unique location
estimation is guaranteed.

The measured bearings from all K observations are col-
lected into a single vector θ̃ = [θ̃1, θ̃2, . . . , θ̃K ]T and θ̃ is
given by

θ̃ = θ + n (4)

where θ = [θ1, θ2, . . . , θK ]T is the true bearing vector and
n = [n1, n2, . . . , nK ]T is the measurement noise vector.
Given the bearing measurement vector θ̃ , as well as the noise
probability density function, the aim of this paper is to estimate
x and y.

B. Review of Performance Bound

Perhaps the most common way to evaluate positioning accu-
racy is the comparison of the mean square error of the location
estimate to the Cramér-Rao lower bound (CRLB) which offers
a performance bound on variance attainable by an unbiased
estimator. If the additive noise nk is zero mean Gaussian with
variance σ 2

k , the Fisher information matrix (FIM) conforms
the following expression:

FIM =
�

∂θ( p)
∂x

∂θ( p)
∂y

�T
�−1

�
∂θ( p)

∂x
∂θ( p)

∂y

�
(5)

where � = diag(σ 2
1 , σ 2

2 , . . . , σ 2
K ). Note from (1), θ( p) can

written as

θ( p) = arctan
�xk

�yk
(6)

where �xk = x −xk and �yk = y − yk . The partial derivatives
∂θ( p)

∂x and ∂θ( p)
∂y are given by

∂θ( p)

∂x
=

�
�y1

r2
1

�y2

r2
2

· · · �yK

r2
K

�T
(7)
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B =

⎡
⎢⎢⎢⎢⎢⎣

AAT AAT
K AAT

K−1 · · · AAT
2

AK AT AK AT
K AK AT

K−1 · · · AK AT
2

AK−1 AT AK−1 AT
K AK−1 AT

K−1 · · · AK−1 AT
2

...
...

...
. . .

...

A2 AT A2 AT
K A2 AT

K−1 · · · A2 AT
2

⎤
⎥⎥⎥⎥⎥⎦

(15)

∂θ( p)

∂y
=

� −�x1
r2

1

−�x2
r2

2
· · · −�xK

r2
K

�T
(8)

Substituting (7) and (8) into (5) yields

FIM =
K


k=1

1

σ 2
k r4

k

�
(�yk)

2 −�xk�yk

−�xk�yk (�xk)
2

�
(9)

The CRLB can be computed from the inverse of FIM and
it holds the expression CRLB = FIM−1. Given a location
solution defined by p̂ = [x̂, ŷ]T , the root mean square
error (RMSE) can be computed as

RMSE =


E[(x − x̂)2 + (y − ŷ)2]
≥ �

CRLB(1, 1) + CRLB(2, 2) (10)

where E[·] denotes expectation, CRLB(l, l) (l = 1, 2) is the
l-th diagonal entry of CRLB.

III. THE PROPOSED APPROACH

We present an alternative solution in this section for
BOTL using a subspace based approach. This method has
been proposed for mobile localization with time-of-arrival
measurements [27] or time-difference-of-arrival measure-
ments [28]. However, these methods only consider the infor-
mation between target and sensor, rather than the information
among inter sensors. In this paper, we propose a new subspace
method for BOTL by utilizing both bearing and inter sensor
bearing information.

Besides bearings θk , we also have available the exact inter
sensor bearing θi, j ∈ [0, 2π), for j, k = 1, 2, . . . , K , j �= k.
Generally for any system of K sensors, we can determine
L = K (K−1)

2 angles which are related to their sensor locations
via

sin θ j,k = x j − xk

r j,k
, cos θ j,k = y j − yk

r j,k
(11)

where r j,k = �s j − sk� is the known distance between the
i th sensor and the j th sensor. By exploiting the geometrical
constraints of (1) and (11), we introduce a matrix A defined
by

A = �
AT AT

K AT
K−1 · · · AT

2

�T
(12)

where matrices A and Ai (i = 2, 3, . . . , K ) are denoted by

A =
�

sin θ1 sin θ2 · · · sin θK

cos θ1 cos θ2 · · · cos θK

�T

=
⎡
⎢⎣

x − x1

r1

x − x2

r2
· · · x − xK

rK
y − y1

r1

y − y2

r2
· · · y − yK

rK

⎤
⎥⎦

T

(13)

Ai =
�

sin θ1,i sin θ2,i · · · sin θi−1,i

cos θ1,i cos θ2,i · · · cos θi−1,i

�T

=
⎡
⎢⎣

x1 − xi

r1,i

x2 − xi

r2,i
· · · xi−1 − xi

ri−1,i
y1 − yi

r1,i

y2 − yi

r2,i
· · · yi−1 − yi

ri−1,i

⎤
⎥⎦

T

(14)

Similar with [29] and [27], we define a scalar product matrix

B = AAT

to obtain the relationship between the signal subspace of B and
matrix A. B is a rank-2 symmetric matrix and its expression
is given in (15), as shown at top of this page.

Substituting (13) and (14) into (15), we obtain

[B]m,n = cos(φm − φn) (16)

where φm is the m-th element of true bearing vector φ denoted
by

φ =
�
θT , θT

K , θT
K−1, . . . , θ

T
2

�T
(17)

where θ i (i = 2, 3, . . . , K ) is the inter-sensor bearing vector
defined as

θ i = �
θ1,i , . . . , θi−1,i

�T (18)

In order to perform target localization, we first need to com-
pute matrix B. However, the exact form of B is unavailable
since it depends on the true value of θk , k = 1, 2, . . . , K .
In particular, B can be approximated by its noisy version
at small noise levels, denoted by B̃, with the utilization of
bearing measurements θ̃1, θ̃2, . . . , θ̃K . As such, the (m, n)-th
entry of B̃ is

[ B̃]m,n = cos(φ̃m − φ̃n) (19)

where φ̃m is the mth element of noisy bearing vector φ̃

represented by

φ̃ =
�
θ̃

T
, θT

K , θT
K−1, . . . , θ

T
2

�T
(20)

By using eigenvalue factorization, B can be decomposed
as B = U�UT , where � = diag(λ1, λ2, . . . , λK ) is the
diagonal matrix of eigenvalues listed in descending order and
U = [u1, u2, . . . , uK ] is an orthonormal matrix whose
columns are the corresponding eigenvectors. Since the rank
of the ideal matrix B equals to 2, we have λ3 = 0,
λ4 = 0, · · · , λK = 0. As a result, B can be written as

B = U s�s UT
s = (U s�)�s(Us�)T (21)
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where Us = [u1, u2], �s = diag(λ1, λ2) and � is an arbitrary
rotation matrix. Note from (15) and (21) that the principle
axes solution can be represented as

Ar = U s�
1
2
s (22)

where �
1
2
s = diag(λ

1/2
1 , λ

1/2
2 ).

Considering the actual conditions of nonzero bearing errors,
the noisy version of B has full rank. Decomposing the noisy
matrix B̃ by eigenvalue factorization yields

B̃ = Ũ�̃Ũ
T

(23)

where Ũ = [ũ1, ũ2, . . . , ũK ] is the orthonormal matrix of
eigenvectors and �̃ = diag(λ̃1, λ̃2, . . . , λ̃K ) is the diagonal
matrix of eigenvalues. The values of λ̃1, λ̃2, . . . , λ̃K listed
in descending order and λ3 ≈ 0, λ4 ≈ 0, · · · , λK ≈ 0.
An optimal estimate of the principle axes solution in the
least-squares (LS) sense and the corresponding optimization
expression is given by [27], [29]

Âr = arg min
Ã

���B − ÃÃT
���

2 = Ũs�̃
1
2
s (24)

where Ã is the variable matrix for A, Ũs = [ũ1, ũ2] and

�̃
1
2
s = diag(λ̃

1
2
1 , λ̃

1
2
2 ). From(15), (21) and (24), the relationship

between Âr and A is

A ≈ Âr� (25)

Obviously, the LS estimate of � obtained from (25) is shown
to be

�̂ = (Âr T Âr )−1Âr T A = �̃
− 1

2
s Ũ

T
s A (26)

Substituting (26) into (25) and we get

ŨnŨ
T
n A ≈ 0 (27)

where Ũn = [ũ3, ũ4, . . . , ũK ] denotes the noise subspace of
B̃. Specifically denote

F = [FT , F̄
T ]T (28)

F = w pT (29)

F̄ = [FT
K , FT

K−1, . . . , FT
2 ]T (30)

Fi = W i ST
i , i = 2, 3, . . . , K (31)

w, W i and Si appeared in (29) and (31) are given by

w =
�

1
r1

1
r2

· · · 1
rK

�T
, (32)

W i = diag
�

1
r1,i

1
r2,i

· · · 1
ri−1,i

�
, (33)

Si = �
s1 s2 · · · si−1

�T (34)

respectively. We then denote sensor position matrix related to
the true bearings and inter sensor bearings as

S = �
ST sK 1T

K−1 sK−11T
K−2 · · · s21T

1

�T
(35)

Note from (12) that A can be written as

A = F − WS (36)

where W is denoted by

W = �
W T W T

K W T
K−1 · · · W T

2

�T
(37)

where W = diag(w) and the expression of W i is given
by (33).

Denote V = ŨnŨ
T
n . Let V 1 and V 2 be the first K

columns and the rest L columns of V and V = [V 1, V 2].
Rearranging (27) yields

V 1 F = VWS − V 2 F̄ = V 1w pT (38)

By applying optimal minimization in the LS sense on (38),
we obtain

p̂T = wT V T
1 (VWS − V 2 F̄)

wT V T
1 V 1w

(39)

The proposed solution depends on the weighting vector w

and the weighting matrix W given in (32) and (37) respec-
tively. However, the exact expressions of w and W are
unknown since they are particularly associated with true ranges
r1, r2, . . . , rK , and therefore (39) cannot be calculated directly.
Instead, we first get the initial estimation of the target position
using pseudolinear estimator (PLE), WPLE or WIV, denoted
by p̂0. We use p̂0 and sk to construct r̂k = � p̂0 − sk�. Thus,
ŵ, Ŵ , and Ŵ are computed as

ŵ =
�

1
r̂1

1
r̂2

· · · 1
r̂K

�T
, (40)

Ŵ = diag(ŵ), (41)

Ŵ =
�

Ŵ
T

W T
K W T

K−1 · · · W T
2

�T
(42)

Substituting (40) and (42) into (39) and (39) becomes

p̂T = ŵ
T V T

1 (VŴS − V 2 F̄)

ŵ
T V T

1 V 1ŵ
(43)

By estimating w and W , the RMSE of p̂ computed from (43)
is quite sensitive to the values of ŵ and Ŵ . We have illustrated
this phenomenon in Section IV. For example, compared with
the subspace algorithm initialized with the estimate of PLE in
the case of spatially distributed sensing, the proposed subspace
algorithm initialized with the result of WPLE has a better
performance.

To summarize, the proposed algorithm:
• computes an initial location estimate p̂0 using PLE,

WPLE or WIV;
• calculates the range estimate r̂k from the kth sensor to

the target;
• gets the weighting vector ŵ and matrix Ŵ by substituting

r̂k into (40) and (42);
• performs eigenvalue decomposition of B̃ to obtain Un

and then computes V 1, V 2 and V ;
• applies (43) to get the position estimate p̂.

The above calculation process can be represented by a
flowchart, please refer to Fig. 2.
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Fig. 2. The flowchart of the proposed algorithm.

IV. SIMULATION RESULTS

In this section, we present two numerical cases and one
field experiment to illustrate the performance of the proposed
method. The proposed algorithm is compared to the PLE,
WPLE [11], WIV [20] and ML. The proposed subspace
method, WPLE and WIV are required to be initialized by
computing the weighting vector or matrix (the IV matrix for
WIV) in advance. Note that the performance of WPLE and
WIV is not sensitive to the error in the weighting matrix
and a prior PL estimate is enough for initialization. Yet the
implementation of the subspace method depends more on the
accuracy of the weights appeared in (39). We will use the PLE,
WPLE and WIV to initialize the proposed method in various
examples for comparison purpose. The ML is computed using
Gaussian Newton iterations and the initial guess of the target
position is also set to be the result of PLE for the sake of
comparative fairness. For simplicity, the subspace algorithms
with ŵ and Ŵ calculated through the results of PLE, WPLE
and WIV will be represented as “subspace-PLE”, “subspace-
WPLE” and “subspace-WIV” respectively in the following.

To illustrate the possibility of various applications for the
proposed algorithm, we present two kinds of examples in the
following subsections. One refers to the case of multiple fixed
sensors, and the other refers to the case of a single moving
sensor. The bearing measurement errors are independent and
identically distributed zero mean Gaussian random variables.
The range of bearing noise standard deviation σk is from
0.5◦ to 12◦, corresponding to 0.0087 rad to 0.2094 rad. All
simulation results are averages of 10 000 independent runs.

A. Multiple Fixed Sensors

In this subsection, we study two typical examples when all
sensors are fixed at separated positions. In the first example,
the unknown target is placed at (250, 50) m. The simulation
starts with four sensors with coordinates (0, 0) m, (0, 100)
m, (100, 100) m and (100 0) m. The sensors with coordinates
(50, 0) m, (50 100) m, (25, 25) m, (25, 75) m, (75, 25) m and
(75, 75) m are then added successively.

Fig. 3 illustrates the RMSE results when K = 4 as the
bearing measurement noise increases. As expected, the per-
formance of WIV, ML, WPLE, subspace-PLE and subspace-
WPLE is better than that of the PLE method and reach
the CRLB accuracy for small measurement noise, e.g.,
σk ≤ 6π/180 rad. The ML method may diverge at high
noise level. The RMSE curves of WPLE, subspace-PLE and

Fig. 3. Average RMSE with various bearing standard deviation: four fixed
sensors.

Fig. 4. Average bias with various bearing standard deviation: four fixed
sensors.

Fig. 5. Average RMSE with various number of sensors: σk = 8π/180.

subspace-WPLE are close to each other, even over the large
error region. Fig. 4 shows the bias of various estimators. We
observe that the solution of subspace method relies heavily
on the accuracy of ŵ and Ŵ . The red line with “square”
is the bias value for the subspace-PLE method. When the
estimate of WPLE is used to initialize the proposed subspace
algorithm, we obtain the red line with “right triangle”. This
two curves are well separated at high noise level indicating
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Fig. 6. Average bias with various number of sensors: σk = 8π/180.

Fig. 7. Average RMSE with random distribution of target location: four fixed
sensors.

Fig. 8. Average bias with random distribution of target location: four fixed
sensors.

the performance improvement for BOTL. We notice that the
subspace method initialized by implementation of WPLE has
the minimum estimation bias, even when the high noise is
large.

We then plot the RMSEs versus the number of sensors
when the bearing standard deviation σk is kept at 8π/180 rad,
see Fig. 5. It is seen from Fig. 5 that the PLE, WIV and

Fig. 9. Sensors-target geometry in R
2.

Fig. 10. Average RMSE with various bearing standard deviation: a single
moving observer.

Fig. 11. Average bias with various bearing standard deviation: a single
moving observer.

ML methods all deviate from the CRLB. The performance
of subspace-PLE method is similar with that of WPLE. It is
surprising to see that the RMSE curve of subspace-WPLE
method is lower than CRLB, especially when the number
of sensors is between 5 to 9. Fig. 6 compares the bias of
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Fig. 12. Bearing measurements of five arrays. (a) Array 1 measurements. (b) Array 2 measurements. (c) Array 3 measurements. (d) Array 4 measurements.
(e) Array 5 measurements.

the PLE, WPLE, IV and ML together with the proposed
subspace method. The subspace-WPLE produces the smaller
bias than that of the PLE, WPLE and subspace-PLE over the
measurement noise examined. When the number of sensors is
less than five, the bias of subspace-WPLE is lower than that
of ML and IV. As the number of sensors increases, the bias of
subspace-WPLE does not decrease. On the contrary, it grows
linearly with the increase of the number of sensors. Above
phenomena mean that the subspace method initialized with
PLE or WPLE has bias and the bias does not vanish as
the number of sensor increases. The bias can be reduced by
utilizing subspace-WIV, which is validated in Subsection IV-B.

In the second scenario, we repeat the first test when the
position of the target is uniformly distributed within the square
bounded by (0, 0) m, (0, 100) m, (100, 0) m and (100, 100) m.
The number of sensors is 4 and their locations are set the same
as Fig. 3 and Fig. 4. The RMSE curves of various algorithms as
well as their theoretical bound are drawn in Fig. 7. The Gauss-
Newton ML does not converge for some randomly generated
geometries. The WPLE, subspace-PLE and subspace-WPLE
all perform well and reach the CRLB accuracy. WIV devi-
ates from the bound suddenly when the noise level exceeds
12π/180. The bias performance in Fig. 8 illustrates PLE,
WPLE, WIV, subspace-PLE and subspace-WPLE stay very
close except when the bearing standard deviation is greater
than 8π/180.

B. A Single Moving Observer

Another example is that a single moving observer is used
to localize a target. The observer follows two linear trajec-
tories: trajectory 1 from (0, 0) m to (0, 57.15) m, trajectory
2 from (1.27, 60.96) m to (58.42, 60.96) m, as illustrated
in Fig. 9. In each trajectory, the observer moves with a speed

of 5.715 m/s and collects 10 bearing measurements at equally
spaced points. The target is placed at (100,−50) m.

Fig. 10 compares the RMSEs of various solutions together
with the theoretical bound shown in dash line. As expected,
the RMSE lines for WIV, and PLE or WPLE are well
separated indicating the bias reduction for the case of moving
sensor. The subspace-PLE performs better than WPLE in this
example and shows the superiority of the proposed algorithm.
When ŵ and Ŵ are computed using the estimate of WIV,
the subspace-WIV has the best performance in this example.
Again, the fact that the RMSE curve of subspace-WIV is lower
than that of subspace-WPLE verifies the performance of the
proposed algorithm affected by the accuracy of the weights.
Fig. 11 shows the estimation bias behavior of subspace-WIV.
It follows closest to the bias of MLE and WIV compared
to PLE, WPLE and subspace-WPLE. When the measurement
noise is high, the bias of subspace-WIV is lower than that of
ML and WIV indicating the performance improvement of the
proposed algorithm.

C. Experiments for Vehicle Localization

A field experiment has been conducted to localize a moving
vehicle by employing an acoustic array network (AAN) [30].
The AAN consists of five arrays or nodes, with each array
having four microphones for sensing, a computer processor for
computation, a radio for data communication and a battery for
power supplying. During the experiment, a loud vehicle was
driven through the AAN along a straight line and its trajectory
is recorded by a Global Positioning System. The bearing mea-
surements measured at the microphone arrays are transmitted
to the fusion center at a time period of per second. These
bearing observations are depicted in Fig. 12. Comparing the
bearing measurements to the ground truth, the measurement
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Fig. 13. localization geometry and results.

Fig. 14. Estimation error comparison.

errors among the arrays are very close. Therefore, we set
the same variance for the bearing measurement noise in this
example.

The location of each array is recorded by a GPS. The
arrays are placed at s1 = [0, 0]T m, s2 = [6.9, 105.1]T

m, s3 = [98,−18.4]T m, s4 = [−115, 11.4]T m and
s5 = [−39.3,−107.5]T m. The localization geometry is
depicted in Fig. 13. The localization results of PLE (green
line with “◦”) and subspace-WPLE (red line with “	”) are
also included in Fig. 13. To illustrate the performance of the
proposed method and compare it with the PlE, WPLE and
ML algorithms, we draw the RMSE of these estimators at
each time slot, as shown in Fig. 14. We observe from Fig. 14
that the subspace-WPLE outperforms other methods. The total
RMSEs of PLE, ML, subspace-PLE, WPLE and subspace-
WPLE are 791.4849 m, 553.5108 m, 567.7609 m, 468.5209 m
and 438.2867 m.

V. CONCLUSION

In this paper, we have derived a novel subspace-based
approach for bearing-only target localization. Unlike the
subspace method with time-of-arrival measurements [27],
the new method incorporates the inter sensor bearings into
the scalar product matrix and therefore the geometric location
information among distinct sensors can be used to improve

positioning accuracy. The proposed method is robust to large
measurement noise due to the fact that the rank and eigen-
structure of the scalar product matrix are exploited. The
implementation of the proposed method requires the knowl-
edge of weights which can be computed using prior source
location estimates. The performance of the subspace estimator
is verified by computer simulations, and the results show
that the proposed method has superior performance to PLE,
WPLE, WIV and ML. It can achieve the CRLB for large
measurement noise. Experiment results show that the subspace
method outperforms the PLE, WPLE and numerical ML
algorithms. With similar problem formulations, we expect that
the subspace method can be generalized to three dimensional
BOTL problems.
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