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Fast Acceleration and Velocity Estimation for
Wideband Stretching LFM Radars Based

on Mutual Bias Correction
Yixiong Zhang , Xiufang Chen, Huawei Xu , Xiao-Ping Zhang , Senior Member, IEEE, and Feng Qi

Abstract—Linear frequency modulated (LFM) signal is
widely used in wideband radars, where stretch processing
is commonly adopted to reduce the processing bandwidth.
In this paper, we propose a fast acceleration and velocity
estimation method for wideband stretching LFM radars based
on mutual bias correction. In this method, cross-correlation
is carried out on adjacent stretched echoes to integrate
scattering energy. By deriving the relationship between the
two-dimensional (2D) spectrum of the cross-correlationresult
and the motion parameters, it is found that the frequency of
the 2D spectrum peak is determined by the acceleration and
the velocity. We first estimate a coarse acceleration using the
frequency of the 2D spectrum peak on the slow time, and then
construct a compensation function to estimate the coarse velocity. To obtain high precision estimation, we develop a
mutual bias correction (MBC) process to reduce the bias of the coarse estimates. Experimental results show that the
proposed method achieves much smaller root mean square error (RMSE) with comparable computational cost, compared
to existing state-of-the-art methods.

Index Terms— LFM, motion parameter estimation.

I. INTRODUCTION

THE wideband linear frequency modulation (LFM) signal
is widely used in modern radar systems [1]–[3]. Due to

the higher range resolution, the motions of the target often
cause range migration (RM) and Doppler frequency migration
(DFM) effects in the received signals, resulting in quality
decrease of inverse synthetic aperture radar (ISAR) imaging.
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To improve the performances of ISAR imaging, target tracking
and identification, high precision motion estimation is impor-
tant in wideband LFM radars [4]–[13]. In these wideband
LFM radar systems, stretch processing is commonly utilized
to reduce the sampling rate of analog-to-digital (ADC) and the
processing bandwidth.

In the literature, most of the traditional motion estimation
methods in ISAR imaging belong to the searching methods.
Among them, envelope correlation method and entropy mini-
mization method are most commonly used. One of the main
advantages of envelope correlation method is the small compu-
tational cost [14], [15]. By calculating the envelope correlation
coefficient of the one-dimensional (1D) range profiles of the
adjacent echoes and the moving distance between neighboring
pulse envelope, the velocity can be estimated. The entropy
of the image reflects the average amount of information of
the image. The simpler the image, the smaller the entropy.
In [16]–[20], focusing degree of range profile is measured
by the image entropy and the velocity can be estimated
by searching the target speed. However, both of these two
methods ignore the phase information. Therefore, they would
have low estimation precision under low signal-to-noise-ratio
(SNR) case.

Abatzoglou et al. use a maximum likelihood estimation
method to estimate target distance, velocity and acceler-
ation [19], and achieve the optimal theoretical precision.
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Multi-pulses measurement method based on general Radon
Fourier transform (GRFT) is proposed in [21]–[24] on the
basis of [19]. In GRFT method, multi-dimensional search is
used to search the motion parameters of the target. The veloc-
ity can be obtained from the maximum energy position which
is accumulated by GRFT. For this method, the Cramer-Rao
lower bound (CRLB) of velocity can be reached, but the multi-
dimensional search leads to huge computational complexity.

To reduce the computational complexity, a non-searching
estimation method based on adjacent cross-correlation func-
tion (ACCF) is proposed to estimate the motion parame-
ters of targets [25], [26]. Compared to the GRFT method,
the ACCF method can obtain similar estimation precision with
much lower computational cost. The ACCF method performs
cross-correlation on adjacent pulses which are obtained after
match filtering. In other words, it is suitable for uncom-
pressed received signal instead of stretched signal. Therefore,
the ACCF method cannot be directly applied to the stretching
system. To solve the fast motion estimation problem for wide-
band stretching systems, a fast non-searching motion parame-
ters estimation method based on cross-correlation of adjacent
echoes (CCAE) is proposed in [27]. The CCAE method can
be applied to both the uncompressed signal and the stretched
signal. However, the CCAE method obtains acceleration by
performing differential operation on the estimated velocities,
and the accuracy is relatively low.

In this paper, to estimate the acceleration and velocity of the
target for wideband stretching systems, a fast non-searching
estimation method based on mutual bias correction (MBC)
between acceleration and velocity is proposed. In the proposed
method, to integrate the energy from different scatterers of the
target, cross-correlation is applied to the adjacent pulse echoes.
After deriving the relationship between the 2D spectrum of
the cross-correlation results and the motion parameters, it is
investigated that the acceleration and the velocity are coupled
in the frequency of the 2D spectrum peak along the slow time.
To estimate the motion parameters, we firstly use the peak
frequency of the 2D spectrum to obtain a coarse acceleration.
Then a coarse velocity is estimated by compensating the
cross-correlation results with the coarse acceleration. Finally,
a mutual bias correction process between the acceleration
and the velocity is developed to obtain accurate estimation.
Compared to the ACCF method, the proposed MBC estimation
method can achieve better root mean square error (RMSE)
performances, with much lower computational cost.

Although the ACCF and CCAE methods also use cross-
correlation to estimate motion parameters, the proposed
MBC method is substantially different from them, which is
described in detail as follows. First, the cross-correlations
of the ACCF method and the proposed method are applied
to different signal types. In the ACCF method, matched
filtering is first applied to two adjacent uncompressed echoes
by the FFT operation, and then, a conjugate multiplication is
performed on the matched filtered results. Finally, to estimate
the motion parameters, the correlation result is converted to
the time domain by an IFFT operation. In the proposed MBC
method, the cross-correlation operation is directly carried out
on the uncompressed or stretched signals, and then 2D FFT

operation is performed on the correlation results. As a result,
the computational cost of MBC method is lower than ACCF
method. More importantly, the MBC method can be directly
incorporated into the stretching system.

When compared to the CCAE method [27], the proposed
MBC method in this paper is improved extensively. In [27],
the acceleration is obtained by applying differential operation
on the estimated frequency of the 1D FFT result. This is
an incoherent integration method, and it only uses three
pulse echoes. However, for the MBC method of this paper,
the acceleration is estimated after 2D FFT operation and
bias correction. It is a coherent integration method and can
use multiple pulse echoes to integrate energy. Therefore, the
estimation precision of MBC method is much higher than that
of CCAE method [27].

The rest of this paper is organized as follows. In Section II,
the model of the wideband stretched LFM signal is presented.
Section III introduces the proposed method in detail. In
Section IV, the performance of the proposed method is ana-
lyzed. Experiments are conducted and discussed in Section V.
Finally, we conclude this paper in Section VI.

II. SIGNAL MODEL

The proposed method can be applied to uncompressed
signal or stretched signal. In this paper, we mainly discuss
the stretched signal model. The transmitted wideband LFM
signal can be written as:

str (t) = rect (t/T ) exp
(

jπγ t2
)

exp ( j2π fct) , (1)

where T is the pulse width of the transmitted signal, fc is the

center frequency, t is the fast time and rect (u) =
{

1, |u| ≤ 1
2

0, |u| > 1
2

is the rectangle pulse function. γ = B
T denotes the chirp rate

of LFM signal, where B is the swept bandwidth of the LFM
signal.

The point-scattering model is used in this paper. The uncom-
pressed wideband echo signal can be written as:

s′
re(t, tm) =

P−1∑
p=0

A prect

[
t − τp (tm)

T

]

× exp
(

jπγ
(
t − τp (tm)

)2+ j2π fc
(
t − τp (tm)

))
+ ω0(t, tm)

= sre(t, tm) + ω0(t, tm), (2)

where sre(t, tm) is the signal part reflected from the target.
P denotes the number of scatterers, A p is the scattering
coefficient of the p-th scatterer and τp denotes the round trip
time delay from radar to the p-th scatterer. tm = mTr is the
slow time, where m is the pulse number, and Tr is the pulse
repetition interval (PRI). ω0(t, tm) is the white Gaussian noise
with mean zero and variance σ 2. Assuming the amplitudes of
all the scatterers are the same, i.e. A p = A, the SNR of the
uncompressed signal is A2/σ 2.

The local reference signal for stretch processing can be
written as:

slo(t) = rect
[
t/T̂

]
exp

(
− jπγ t2

)
exp (− j2π fct) , (3)
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Fig. 1. Stretch processing.

where T̂ is the length of the receiving window or the reference
signal, and it is usually larger than T to ensure that it can cover
the received signal. The difference value Tw = T̂ − T is the
length of range window.

Due to the large bandwidth, the analog-to-digital (ADC)
with very high sampling rate is needed to sample the uncom-
pressed wideband LFM signal, and the size of the sampled
data is very large. Therefore, stretch processing is commonly
adopted to reduce the processing bandwidth in wideband LFM
radars. The stretch processing is shown in Fig. 1. The left
part describes the time-frequency image of the local refer-
ence signal and the uncompressed echo signal. After stretch
processing, the wideband signal is converted to narrowband
signal, of which the range profiles are shown in the right part
of Fig. 1. It is easy to see that the spectral peaks in the range
domain correspond to locations of the scatterers.

The stretched signal can be obtained by multiplication:

s′
st (t, tm) = s′

re (t, tm) · slo (t)

=
P−1∑
p=0

A prect

[
t − τp (tm)

T

]
exp

(− j2πγ τp (tm) t
)

× exp
(− j2π fcτp (tm)

) × exp
(

jπγ τ 2
p (tm)

)
+ ω1(t, tm)

= sst (t, tm) + ω1(t, tm), (4)

where ω1(t, tm) = ω0(t, tm) · sre(t, tm) is the noise after
stretching and sst (t, tm) is the stretched target signal. As can
be seen from Fig. 1, the maximum bandwidth of the stretched
signal depends on the size of range window. And the size
of range window is generally much smaller than the size of
receiving window. Hence the bandwidth of the stretched echo
signal is much smaller than that of local reference signal. Thus,
low sampling rate can be applied to reduce the computational
cost after stretch processing.

The time delay of the target scatterer is defined as:

τp (tm) = 2rp (tm) /c = 2

c
(rp + v ptm + 1

2
apt2

m), (5)

where rp is the distance from the p-th scatterer to the center
of receiving window. v p and ap correspond to the velocity
and acceleration, respectively. Different scatterers of the target
can be considered to have the same velocity and acceleration,

i.e., v p = vq = v and ap = aq = a, where v and a denote
the velocity and acceleration of the target, respectively.

Given the parameters of radar signal ( fc, B , γ , Tr , T ),
the objective of the proposed method is to estimate the velocity
v and the acceleration a of the target for wideband stretching
LFM signal.

III. THE PROPOSED MBC ESTIMATION METHOD

In radar systems, within the interval of two transmitted
pulses, the motion parameter change of the target is generally
small. Therefore, the range profiles of adjacent echoes are
highly correlated. As we know, the stretch processing can
be used to estimate the time delay of the two input LFM
signals. Inspired by this, we carry out the stretching operation
(i.e., cross-correlation) to the adjacent echoes, and obtain the
distance difference of the target between adjacent pulses. Then
we perform 2D-FFT operation on the cross-correlation results
and derive the relationship between the 2D spectrum and the
motion parameters.

A. Cross-Correlation of Adjacent Echoes
In this subsection, we derive the relationship between

the frequency of the 2D spectrum peak and the motion
parameters after performing cross-correlation and 2D FFT
operation on the stretched pulse echoes. The cross-correlation
method comes from the idea of “stretch processing”, in which
the frequency of the stretched signal is determined by the
time delay difference between adjacent pulse echoes and
can be used to estimate the motion parameters. The cross-
correlation operation (i.e. conjugate multiplication) between
the stretched echo at tm+1 and the stretched echo at tm can be
represented as

sac (t, tm) = sst (t, tm) · s∗
st (t, tm+1)

= sse (t, tm) + scr (t, tm) + ω2(t, tm), (6)

where ∗ represents the conjugate operation, sse(t, tm) is the
autocorrelation term from the same scatterers, scr (t, tm) is
the cross-correlation term induced by different scatterers,
and ω2(t, tm) is the noise after cross-correlation. They are
represented as follows.

sse (t, tm) =
P−1∑
p=0

A2
prect

[
t − τp (tm)

T

]
rect

[
t − τp (tm+1)

T

]

× exp
(

j2πγ
(
τp (tm+1) − τp (tm)

)
t
)

× exp
(

j2π fc
(
τp (tm+1) − τp (tm)

))
× exp

(
jπγ

(
τ 2

p (tm) − τ 2
p (tm+1)

))
, (7)

scr (t, tm) =
P−1∑
q=0

P−1∑
p=0,p �=q

A p Aq rect

[
t − τq (tm)

T

]

× rect

[
t − τp (tm+1)

T

]
× exp

(
j2πγ

(
τp (tm+1) − τq (tm)

)
t
)

× exp
(

j2π fc
(
τp (tm+1) − τq (tm)

))
× exp

(
jπγ

(
τ 2

p (tm) − τ 2
q (tm+1)

))
. (8)
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ω2 (t, tm) = sst (t, tm) · ω∗
1 (t, tm+1)

+ s∗
st (t, tm+1) · ω1 (t, tm)

+ ω1 (t, tm) · ω∗
1 (t, tm+1) . (9)

There are two rectangular windows in (7) and (8) with
the same size. But their positions are inconsistent, due to the
different time delay. After multiplication, the non-overlapping
part of the two rectangular windows results in a loss of signal
energy. The time length of the non-overlapping part can be
expressed as

�tp,q = τp(tm+1) − τq(tm) = 2

c
((rp − rq ) + vTr )), (10)

where rp −rq denotes the distance between any two scatterers.
It is seen that �tp,q is determined by the target displacement
between two pulse echoes. Suppose the pulse duration is
T = 1ms, the pulse interval is Tr = 10ms, the length of
the target is 50m and the instantaneous velocity of the target
is 5000m/s. Then we can calculate that the maximum value of
�tp,q is 200

c . In this case, the ratio between the non-overlapping
part and the pulse duration length is 200

cT = 0.0667%. Thus,
the influence of this signal loss can be negligible.

After performing Fourier transformation on the cross-
correlation result along the fast time, we have

Sac ( f, tm) = Sse ( f, tm) + Scr ( f, tm) + W2( f, tm), (11)

where

Sse( f, tm) =
P−1∑
p=0

A2
psinc

[
T

(
f − γ

(
τp (tm+1) − τp (tm)

))]
× exp

(
j2π fc

(
τp (tm+1) − τp (tm)

))
× exp

(
jπγ

(
τ 2

p (tm) − τ 2
p (tm+1)

))

=
P−1∑
p=0

A2
psinc

[
T

(
f − E p

m
)]

× exp

(
j2π fc E p

m

γ

)

× exp
(

jπγ
(
τ 2

p (tm) − τ 2
p (tm+1)

))
, (12)

Scr ( f, tm) =
P−1∑
q=0

P−1∑
p=0,p �=q

A p Aq

× sinc

[
T

(
f − 2γ

(
rp − rq

)
c

− E p
m

)]

× exp
(

j2π fc
(
τp (tm+1) − τq (tm)

))
× exp

(
jπγ

(
τ 2

p (tm) − τ 2
q (tm+1)

))
, (13)

where

E p
m = 2γ

(
v pTr + 1

2 apT 2
r + apTr tm

)
c

. (14)

W2( f, tm) is the FFT result of ω2(t, tm). As shown in (12)
and (13), both Sse( f, tm) and Scr ( f, tm) compose of multiple
sinc functions. Different sinc functions have different peak
positions. It can be seen that the peak position of the sinc

function is f pq = 2γ (rp−rq)
c + E p

m . As the target is in the far

Fig. 2. The target scatterers distribute normally along the RLOS.

.

Fig. 3. The 1D spectrum of the cross-correlation result (SNR = −20dB).

field, different scatterers of the target can be considered to
have the same velocity and acceleration, i.e., v p = vq = v,
ap = aq = a, where v and a denote the velocity and
the acceleration of the target, respectively. When p = q ,
the result is the autocorrelation term, shown in (12). In this
case, the energy of different scatterers is focused on the same
spectrum peak. On the other hand, when p �= q , different
scatterers have different distance values, i.e., rp �= rq . The
energy disperses at different spectrum positions. As a result,
there are multiple sub-peaks and a main peak in Sac ( f, tm).
In general, the amplitude of the main peak is much bigger
than that of the sub-peaks. The influence of the cross-terms is
discussed as follows.

In the 1D spectrum of the cross-correlation result, the energy
of the cross-terms (13) will accumulate for the same value of
rp − rq . When the target scatterers distributes normally along
the radar line of sight (RLOS), the amplitude of the cross-term
with rp+1−rp or rp−rp+1 (p and p+1 are adjacent scatterers)
will be the highest. This case is illustrated in Fig. 2, where
the distance between two adjacent scatterers is δ. In this case,
the amplitude of the cross-term with

∣∣rp − rq
∣∣ = δ would be

the highest among the cross-terms. Suppose the echo strength
of all the scatterers are the same, i.e. A p = Aq = A. Then the
amplitude of the self-term is P A2. And the amplitude of the
highest cross-term is (P − 1) A2, which is smaller than the
amplitude of the self-term.

Following, we give an example to show the influence of
the cross terms. The radar parameters are set as: the carrier
frequency fc = 9GHz, the pulse interval Tr = 10ms, the
bandwidth B = 1GHz, the pulse duration T = 100μs, and
the chirp rate γ = B/T = 1013. The target parameters are
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as follows. The number of scatterers P = 4, the distance
between two adjacent scatterers δ = 0.6m, and the velocity
and acceleration are v = 100m/s and a = 10m/s2 respec-
tively. Fig. 3 shows the 1D spectrum of the cross-correlation
result, of which the SNR of the uncompressed echo signal is
−20dB. It can be seen that the amplitude of the highest cross
term is smaller than the self-term. For the ease of analysis,
the following derivation is mainly concentrated on Sse ( f, tm).

B. The 2D Spectrum of the Cross-Correlation Result
Using v p = v and ap = a, we re-write E p

m of (14) as,

E p
m = Em = 2γ

(
vTr + 1

2 aT 2
r + aTr tm

)
c

. (15)

Em reflects the time delay difference of the target between
pulse tm and tm+1.

By expanding (12), we have

Sse( f, tm) =
P−1∑
p=0

A2
psinc

[
T

(
f − E p

m
)]

× ex p
(

j2π
(

H0 + H1tm − H2t2
m − H3t3

m

))
,

(16)

H0 = fc

c

(
2vTr + aT 2

r

)
,

− 2γ

c2

(
2rpvTr+v2T 2

r +rpaT 2
r +vaT 3

r + 1

4
a2T 2

r

)
,

(17)

H1 = 2 fcaTr

c
+ 2γ

c2

(
2v2Tr +2rpaTr +3vaT 2

r +a2T 3
r

)
,

(18)

H2 = 2γ

c2

(
3vaTr + 3

2
a2T 2

r

)
, (19)

H3 = 2γ

c2 a2Tr . (20)

H0 is the constant phase term. H1, H2, and H3 denotes the
first, second, and third order terms of tm . The instantaneous
frequency of Sse( f, tm) on slow time can be represented as

ftm = H1 − 2H2tm − 3H3t2
m . (21)

Furthermore, H1 can be re-written as

H1 = H1_0 + H1_1 + H1_2 + H1_3 + H1_4. (22)

H1_0 = 2 fcaTr

c
, (23)

H1_1 = 4γ v2Tr

c2 , (24)

H1_2 = 4γ rpaTr

c2 , (25)

H1_3 = 6γ vaT 2
r

c2 , (26)

H1_4 = 2γ a2T 3
r

c2 . (27)

It is observed that H2tm = mT 2
r

(
H1_3 + H1_4

)
and H3t2

m =
m2 H1_4. Tr is the PRI. In general, Tr � 1 s, e.g. 10ms. m is
the pulse number, which is smaller than 10 in our method.

Therefore, H2tm � H1_3 + H1_4. Also, due to the item c2

in the denominator, H1_1, H1_2, H1_3 and H1_4 are generally
smaller than H1_0. And we only need to compare H1_2, H1_3
and H1_4 with H1_1.

In radar tracking system, the center of the receiving window
is normally close to the center of the target, and the scatterer of
the target is also close to the center of the receiving window,
i.e., rp is very small. Besides, the target velocity is usually
much larger than the target acceleration, and Tr � 1 s. Thus,
H1_1 is much larger than H1_2, H1_3 and H1_4. From the
above analysis, among the components of ftm , H2tm , H3t2

m ,
H1_2, H1_3 and H1_4 can be neglected, and the instantaneous
frequency can be approximated as

ftm ≈ H1_0 + H1_1 = 2 fcaTr

c
+ 4γ v2Tr

c2 . (28)

Then we have,

Sse ( f, tm) ≈ sinc [T ( f − Em)]

× exp

(
j2π

(
2 fc

c
a − 4γ

c2 v2
)

Tr tm

)

×
P−1∑
p=0

A2
p exp ( j2πφ) , (29)

φ = fc

c
(2vTr + aT 2

r )

− 2γ

c2

(
2rpvTr +v2T 2

r +rpaT 2
r +vaT 3

r + 1

4
a2T 4

r

)
,

(30)

where exp ( j2πφ) is the constant phase term. From (29), it can
be seen that the phase term is a linear function of tm . When
the change of position of the sinc function in Sse( f, tm) does
not exceed half of an frequency resolution, multiple cross-
correlation results can be used to integrate energy and improve
the estimation accuracy.

Suppose we use N pulse echoes, then there are N −1 cross-
correlation results, i.e., Em, Em+1, · · · , Em+N−2. Similar to
(14), the time delay difference between tm+N−2 and tm+N−1,
i.e., Em+N−2 can be written as,

Em+N−2 = γ
(
τp (tm+N−1) − τp (tm+N−2)

)
= 2γ

(
vTr + 1

2 a(2N − 3)T 2
r + aTr tm

)
c

. (31)

Investigating (15) and (31), their first and third items
are the same. The second item changes and may lead
to position change of the sinc function. If the position
change is smaller than half of a frequency resolution cell,
migration across cells will not take place. In other words,
the non-migration condition of acceleration estimation can be
represented as,

(Em+N−2 − Em) <
γ

2B
⇒ |a| <

c

4(N − 2)BT 2
r

. (32)

If B is 1 GHz, Tr is 10 ms and a is 80 m/s2 which is close
to the maximum acceleration of the rocket, then N should not
be more than 11.
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Fig. 4. The spectra of the cross-correlation results (9 pulses). (a) 2D spectrum for SNR = 2dB, v = 100m/s, a = 0m/s2. (b) 2D spectrum for
SNR = −10dB, v = 100m/s, a = 10m/s2. (c) The slice of (a) on slow time. (d) The slice of (b) on slow time.

Performing FFT on (29) along the slow time, we have,

Sse
(

f, ftm

) ≈ sinc [T ( f − Em)]

× sinc

[
2Tr

(
ftm − 2 fcTr

c
a + 4γ Tr

c2 v2
)]

×
P−1∑
p=0

A2
p exp ( j2πφ) . (33)

From (33) we can obtain the frequency of peak position on
the slow time.

f̂tm =
(

2 fc

c
a − 4γ

c2 v2
)

Tr . (34)

Eq. (34) represents the relationship between the spectrum
peak of the cross-correlation result with the motion parameters.
In (34), fc, γ , and Tr are known parameters, and f̂tm is the
estimated peak frequency. The velocity v and acceleration a
are coupled in the spectrum peak f̂tm . In the next subsections,
we will find a solution to estimate them from (34).

The 2D spectrum of the cross-correlation results is illus-
trated in Fig. 4. Nine pulses are used to integrate energy.
In order to demonstrate the influence of the cross-term and
noise on the sidelobes, two sets of parameters are used to
obtain the 2D spectra. In Fig. 4(a), the SNR of the uncom-
pressed echo signal is 2dB, and the velocity and acceleration
of the target are 100 m/s and 0 m/s2 respectively. In Fig. 4(b),
SNR is −10dB, and the velocity and acceleration of the target
are 100 m/s and 10 m/s2 respectively. From Fig. 4(a) and
Fig. 4(b), it is seen that the energy of different pulse echoes
is focused on the spectrum peak along the slow time.

It is noticed that there are two types of sidelobes in the 2D
spectrum. The sidelobes on the fast time are mainly caused
by the cross-terms of the correlation results and the window
function (such as the rectangle shape function we used), which
can be seen from Fig. 3. On the other hand, the sidelobes on
the slow time are caused by the window function (rectangle
shape function) and the second and higher order phase term
of tm in the self-term of the cross-correlation result ((16)).
However, the influence of the higher order phase term is
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tiny. In the self-term (16), when the acceleration of the target
is zero, the second and third order terms (H2 (19) and H3
(20)) with regard to tm also equal to zero. Fig. 4(c) and
Fig. 4(d) respectively shows the spectrum slice of slow time
extracted from Fig. 4(a) and Fig. 4(b). It is seen that when the
acceleration is zero, there are still sidelobes on the slow time.
Also, as the second and higher order term of tm have some
influence on the amplitudes of the sidelobes, the amplitudes of
the sidelobes with acceleration (Fig. 4(d)) are a bit higher than
that without acceleration (Fig. 4(c)). In addition, by comparing
Fig. 4(a) and Fig. 4(b), we can see that the amplitudes of the
sidelobes are similar for different SNRs (2dB and −10dB).
This demonstrates that the sidelobes are not caused by noise.
In a word, the sidelobes are caused by the window function,
the cross terms and the high order phase term of tm .

C. Coarse Estimation of Acceleration and Velocity
In (34), although the acceleration and the velocity are

coupled in the spectrum peak, the first term is much greater
than the second term. So f̂tm can be used to coarsely estimate
the acceleration, i.e., the coarse acceleration. That is

â = c f̂tm

2 fcTr
= a − 2γ

c fc
v2. (35)

There is an error term in the coarse acceleration. As shown
in (35), the coarse acceleration is affected by the veloc-
ity, and the bias of coarse acceleration can be defined as
�a = − 2γ

c fc
v2.

As shown in (29), if the acceleration of the target is known,
the 1D spectrum peak position of the cross-correlation result
is only determined by the velocity. Therefore, to eliminate the
aTr tm related terms in (29), we use the coarse acceleration to
construct a compensation function as follows.

scomp (t, tm) = exp

(
− j

4πγ

c
âTr tmt

)
×exp

(
− j

4π fc

c
âTr tm

)

= exp

(
− j

4πγ

c
aTr tmt + j

8πγ 2

c2 fc
v2Tr tmt

)

× exp

(
− j

4π fc

c
aTr tm + j

8πγ

c2 v2Tr tm

)
.

(36)

According to (29), the self-term of the cross-correlation
result is re-written as

sse(t, tm) ≈ exp

(
j4πγ t

c

(
vTr + 1

2
aT 2

r + aTr tm

))

× exp

(
j2π

(
2 fc

c
a − 4γ

c2 v2
)

Tr tm

)

×
P−1∑
p=0

A2
p exp ( j2πφ) . (37)

Multiplying scomp (t, tm) by sse (t, tm), we have,

sseco (t, tm) ≈ exp

(
j
4πγ

c

(
vTr + 1

2
aT 2

r + 2γ

c fc
v2Tr tm

)
t

)

×
P−1∑
p=0

A2
p exp ( j2πφ) . (38)

After converting the fast time domain into frequency
domain, we have,

Sseco ( f, tm)

≈ sinc

[
T

(
f − 2γ

c

(
vTr + 1

2
aT 2

r + 2γ

c fc
v2Tr tm

))]

×
P−1∑
p=0

A2
p exp ( j2πφ) . (39)

To accumulate signal energy, we can also use N pulse
echoes, and there will be N − 1 cross-correlation results in
the slow time domain for Sseco ( f, tm): tm = 0, tm+1 = Tr ,
. . ., tm+N−2 = (N − 2) Tr . Adding them together, then we
have,

Scomp
sum ( f, tm)

≈ sinc

[
T

(
f − 2γ

c

(
vTr

1

2
aT 2

r

))] P−1∑
p=0

A2
p

+ sinc

[
T

(
f − 2γ

c

(
vTr + 1

2
aT 2

r − �aT 2
r

))] P−1∑
p=0

A2
p

+ . . . + sinc

[
T

(
f − 2γ

c

(
vTr + 1

2
aT 2

r

− (N − 2) �aT 2
r

))] P−1∑
p=0

A2
p exp ( j2πφ). (40)

As mentioned above, if 2γ (N−2)�aT 2
r

c < γ
2B , that is,

2(N−2)γ
c fc

v2T 2
r < c

4B , migration across cells can be avoided.
Therefore, the maximum accumulated pulse number can be
obtained:

2 (N − 2) γ

c fc
v2T 2

r = c

4B
⇒ N = c2 fc

8γ Bv2T 2
r

+ 2. (41)

For example, the radar parameters are set as following:
B = 1 GHz, Tr = 10 ms, fc = 9 GHz, T = 100 μs and
v = 1000 m/s. Then, N ≈ 101. In general, the magnitude
order of c

4B is between 10−2 and 10−1. In common wideband
LFM radars, B/ fc ≈ 10−1 and cT > 104, so 2γ

c fc
< 10−5 � 1.

If PRI, the accumulated pulse numbers N and v satisfy certain
conditions, such as the magnitude order of both vTr and N
is 10, 2(N−2)γ

c fc
v2T 2

r < 10−2 < c
4B can be satisfied and

migration across cells will not occur between Sseco ( f, tm) and
Sseco ( f, tm+N−2).

There are two conditions for N . In (32), the constraint
on N is to ensure that there is no range migration between
the cross-correlation results before acceleration compensation.
And the condition of (41) is to ensure that there is no
range migration between the cross-correlation results after
acceleration compensation. As we know, the range migration
has been relieved by compensating the acceleration. Thus,
the constraint of (32) is stricter than that of (41). Therefore,
both of the two conditions for N should be satisfied, and the
final constraint for N is the condition (32).

As a comparison, the addition of the N − 1 cross-
correlation results without acceleration compensation is
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Fig. 5. The 1D spectrums of the addition of multiple cross-correlation
results (N = 9) before and after acceleration compensation.

written as,

Sori
sum ( f, tm) = Sse ( f, tm) + Sse ( f, tm+1)

+ · · · + Sse ( f, tm+N−2) . (42)

For single cross-correlation result, the spectrum after accel-
eration compensation is similar to that before acceleration
compensation (Fig. 3), because the coarse acceleration is used
to compensate the phase term of the cross-correlation result.
For the addition of multiple cross-correlation results (N = 9,
i.e., 8 cross-correlation results), the 1D spectra before and
after acceleration compensation are shown in Fig. 5. It can be
seen that the amplitude of the main peak after acceleration
compensation (see (40)) is much higher than that before
acceleration compensation (see (42)). This implies that the
energy can be well accumulated and the SNR can be improved
after acceleration compensation.

In (40), there are N−1 cross-correlation results Sseco( f, tm),
where tm = 0, Tr , 2Tr · · · (N−2)Tr . The peak frequency of the
first sinc function Sseco( f, tm = 0) is f̂tm = 2γ

c

(
vTr + 1

2 aT 2
r

)
.

The peak frequency of the last sinc function Sseco( f, tm =
(N − 2)Tr ) is f̂tm+N−2 = 2γ

c

(
vTr + 1

2 aT 2
r − (N − 2)�aT 2

r

)
.

Then, according to the symmetry property of sinc function,
the peak position of (40) appears at the center of the peak
positions of the N−1 sinc functions, i.e., the average of f̂tm and
f̂tm+N−2 .

f̂t = 1

2

(
f̂tm + f̂tm+N−2

)
= 2γ

c

(
vTr + 1

2
aT 2

r − (N − 2)

2
�aT 2

r

)

= 2γ

c

(
vTr + 1

2
aT 2

r + (N − 2) γ

c fc
v2T 2

r

)
. (43)

In (43), the third term is much smaller than the first term. In
addition, the estimated coarse acceleration in (35) can be used
to eliminate a. Thus we can estimate the coarse velocity as

v̂ = c f̂t

2γ Tr
− âTr

2
= v + (N − 1) γ Tr

c fc
v2. (44)

The bias of the coarse velocity can be written as
− N−1

2 Tr�a. If the magnitude order of vTr and N is 102 and
10, respectively, the velocity bias is less than one percent, that
is N−1

2 Tr · 2γ
c fc

v2 < 0.01v.

D. Correction of the Bias
As the correlation coefficient between the absolute values

of the acceleration bias and the velocity bias is positive,
the coarse velocity can be used to offset the bias of accel-
eration, and vice versa. Add 2γ

c fc
v̂2 to (35) and the estimate of

acceleration is corrected as:

âc = a − 2γ

c fc
v2 + 2γ

c fc
v̂2

= a + 2γ Tr

c fc
(− (N − 1) �a · v

+ �a2Tr (N − 1)2

4
). (45)

âc is the corrected acceleration after correction
and the bias of the corrected acceleration is �ac =
2γ Tr
c fc

(− (N − 1) �a · v + �a2Tr (N−1)2

4 ). In order to ensure
that |�ac| < |�a|, the magnitude order of vTr N should be
less than 105. In general, the magnitude order of N is less
than 102 and the magnitude order of vTr is less than 103.
Therefore, the above condition can be satisfied in normal
cases.

With the corrected acceleration, repeat the process from (36)
to (44), we can get:

v̂c = c f̂t

2γ Tr
− âcTr

2
= v − N − 1

2
�acTr . (46)

v̂c is the corrected velocity after correction. If the condi-
tion |�ac| < |�a| can be satisfied, then

∣∣− N−1
2 Tr�ac

∣∣ <∣∣− N−1
2 Tr�a

∣∣. It means that the bias of final velocity is also
decreased. After the correction process, the estimated precision
of acceleration and velocity are both improved. We name this
correction process as mutual bias correction (MBC), where
the biases of acceleration and velocity are corrected by each
other. It should be noticed that, repeating the process from
(45) to (46) for multiple times does not reduce the bias further.
On the contrary, the bias increase instead in next iteration in
our experiment. Because the bias form of âc is different from
that of â, it is meaningless to construct another item similar
to 2γ

c fc
v̂2

c . Therefore, it is difficult to construct a specific item
to decrease the bias of acceleration estimates in next iteration.

From the above analysis, it is seen that the improvement
for the acceleration bias after correction is |�ac − �a|, and
the improvement for the velocity bias after correction is
|�vc − �v| = ∣∣− N−1

2 Tr
∣∣ |�ac − �a|. Tr is the pulse rep-

etition interval, N is the number of accumulated pulses.
In general,

∣∣− N−1
2 Tr

∣∣ is less than 1. Thus, |�vc − �v | <
|�ac − �a|. This implies that the improvement for the veloc-
ity estimation is smaller than that for acceleration estimation.

Fig. 6 shows the steps of the proposed method in detail.
There are three parts in this flowchart. In the first part,
the cross-correlation operation and the 2D-FFT are carried
out on adjacent pulse echoes. In the second part, the coarse
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Fig. 6. The flowchart of the proposed method.

acceleration and velocity are estimated. The mutual bias
correction between the acceleration and velocity is performed
in the third part.

IV. PERFORMANCE ANALYSIS

In this section, we analyze the theoretical RMSE of the
coarse acceleration. Having in mind from (2) and (4), The
uncompressed and stretched echo signals are respectively
represented as:

s′
re (t, tm) = sre (t, tm) + ω0 (t, tm) , (47)

s′
st (t, tm) = sst (t, tm) + ω1 (t, tm) . (48)

where sre and sst denote the target signal part of the uncom-
pressed and stretched echo, respectively. The two noises are
both additive white Gaussian noise. Assume that the noise
variance in (47) is σ 2 and the noise bandwidth is equal to
the signal bandwidth B . Because the bandwidth of low pass
filter is generally equal to sampling frequency fs , the noise
bandwidth of the stretched echo signal is also equal to the
sampling frequency. The SNR of the uncompressed echo
signal is defined as SN Rre = A2/σ 2 [28], [29], where

TABLE I
RADAR PARAMETERS

A denotes the amplitude of the uncompressed signal. Then,
the SNR of the stretched echo signal can be written as:

SN Rst = A2

fs
B σ 2

= B

fs
SN Rre . (49)

Due to the decrease of noise bandwidth, the SNR of
stretched echo signal is B

fs
times higher than that of original

echo signal. The noise after cross-correlation is:

ω2 (t, tm) = sst (t, tm) · ω∗
1 (t, tm+1)

+ s∗
st (t, tm+1) · ω1 (t, tm)

+ ω1 (t, tm) · ω∗
1 (t, tm+1) . (50)

In (50), sst (t, tm) ω∗
1 (t, tm+1) and s∗

st (t, tm+1) ω1 (t, tm) are
subject to Gaussian distribution. ω1 (t, tm) ω∗

1 (t, tm+1) follows
double Gaussian distribution. It is difficult to analyze this
distribution exactly. But it can be approximated to be Gaussian
distribution [30]. As a result, the mean values of these three
noise items in (50) are all zero, and variance are A2σ 2 fs

B ,
A2σ 2 fs

B and σ 4 f 2
s

B2 , respectively. Thus, we can obtain the SNR
of sac (t, tm) ((6)):

SN Rac,t = A4

fs
B 2A2σ 2 + f 2

s
B2 σ 4

= SN Rst

2 + 1
S N Rst

. (51)

After applying FFT operation to sac (t, tm), the SNR of
sac ( f, tm) can be written as:

SN Rac, f = N f · SN Rac,t = N f · SN Rst

2 + 1
S N Rst

, (52)

where N f is the number of samples at fast time.
According to (35), the coarse acceleration is estimated by

using the frequency of the 2D spectrum along the slow time,

that is â = c f̂tm
2 fcTr

. Thus, the RMSE of the estimates of sinusoid
frequency can be used to evaluate the performance of coarse
acceleration [31]. The RMSE of the frequency estimation for
a complex sinusoid signal with unknown frequency, amplitude
and phase can be expressed as:

RM SE ftm =
√

6

4π2SN R∇2 M
(
M2 − 1

) , (53)

where ∇ is the sampling interval and M is the number of
sampling points.

Along the slow time, the sampling interval is the pulse
repetition interval, i.e.,∇ = Tr . The number of sampling
points equals to the number of cross-correlation results, that is
M = Ns . Based on the relationship between the acceleration
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Fig. 7. The performances of the proposed MBC method with different parameters. (a) The velocity RMSEs. (b) The acceleration RMSEs.

Fig. 8. The bias before and after correction. (a) The velocity bias. (b) The acceleration bias.

and the estimated frequency, the theoretical lower bound of
the RMSE of the coarse acceleration is represented as:

RM SEa = c

2 fcTr

√
6

4π2SN Rac, f T 2
r Ns

(
N2

s − 1
)

= c

2 fcT 2
r

√
6

4π2SN Rac,t N f Ns
(
N2

s − 1
) . (54)

where, Ns = N −1 because N pulses are used for acceleration
estimation.

In the proposed method, the velocity estimation is obtained
by averaging the frequencies of N − 1 items, i.e., sac (t, tm),
. . ., sac (t, tm+N−2). They are all double Gaussian func-
tions. After adding them together, the distribution function is
unknown. Therefore, it is intractable to derive the close-form
RMSEs for the coarse velocity, the corrected acceleration and
the corrected velocity. Numerical experiments are carried out
to verify the performances of these parameters.

V. SIMULATION

In this section, the parameters of the target are set as:
the distance r0 = 10000 m, the velocity v0 = 100 m/s and

Fig. 9. The theoretical bias with different accumulated pulse numbers.

the acceleration a0 = 10 m/s2. The radar parameters are
shown in TABLE I. We utilize the Newton iteration method to
estimate the peak spectrum position [32]. 1000 Monte Carlo
simulations are performed for each SNR case.
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Fig. 10. The RMSE performances of MBC method with different accumulated pulse numbers. (a) The RMSE of estimated velocity. (b) The RMSE
of estimated acceleration.

Fig. 11. The estimated mean values under different accumulated pulse numbers. (a) The velocity mean values. (b) The acceleration mean values.

A. The Performances of the Proposed Method With
Different Bandwidth and PRI

First, we evaluate the RMSE of the proposed MBC method
with different bandwidths and PRIs, under different SNR
conditions. Fig. 7(a) and Fig. 7(b) show the RMSE results
of velocity and acceleration respectively. It is observed that
the RMSE of velocity decreases when the bandwidth or the
PRI increases. The RMSE performance of the case with
B = 1 GHz and Tr = 10 ms has the best performance. While
for the RMSE of acceleration, the performance is independent
of the bandwidth, which is in accordance with (54). The
RMSE of acceleration decreases with the increase of PRI.

As we know, the number of FFT points along the slow
time is equal to the number of cross correlation results
(i.e., N − 1). The precision of frequency estimation depends
on the number of FFT points. To obtain high estimation pre-
cision, we use nine pulses to test the estimation performances
before and after correction. The comparisons of bias before
and after correction are shown in Fig. 8(a) and Fig. 8(b),

respectively. It can be seen that the biases of estimates are
well reduced after correction, especially for the acceleration
(shown in Fig. 8(b)).

B. The Performances of the Proposed Method With
Different Accumulated Pulse Numbers

The theoretical biases of acceleration and velocity
are �ac = 2γ Tr

c fc
(− (N − 1) �a · v + �a2Tr (N−1)2

4 ) and

�vc = − N−1
2 �acTr , respectively. With the pre-setting motion

parameters, the absolute values of theoretical bias of the cor-
rected velocity and acceleration are shown in Fig. 9. It can be
seen that the bias of acceleration is approximately linear with
the number of accumulated pulses. The orders of the velocity
and acceleration bias are 10−5. Therefore, the accumulated
pulse number has little effect on the biases.

The RMSE performances of the proposed MBC method
with different accumulated pulse numbers are evaluated.
The velocity and acceleration RMSE results are shown in
Fig. 10(a) and Fig. 10(b) respectively. With the increase of
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Fig. 12. The estimated RMSEs of MBC, ACCF and CCAE. (a) The velocity RMSEs. (b) The acceleration RMSEs.

TABLE II
TIME COSTS OF THE PROPOSED METHOD WITH

DIFFERENT PULSE NUMBER

pulse number, the RMSE performance of the proposed MBC
method becomes better. Fig. 11(a) and Fig. 11(b) show the
mean values of the estimated velocity and acceleration for
different accumulated pulse numbers. In general, the biases
will decrease with the increase of SNR, but the biases jitter
with SNR in Fig. 11(a) and Fig. 11(b). The reason is that
the number of the second FFT is equal to the number of
accumulated pulses. The more the number of accumulated
pulses is, the higher the accuracy of the frequency estimation
will be. Therefore, the more the accumulated pulse number is,
the less serious the jitter will be (e.g. the case of nine pulses
in Fig. 11). With the increase of pulse number, although the
theoretical bias will increase (as shown in Fig. 9), the actual
bias becomes smaller, due to more accumulated energy.
Besides, the pulse number should also satisfy the condition
of (32).

In this simulation, the total time costs of the 1000 Monte
Carlo simulations for all of the SNR cases are listed in
Table II. It can be seen that the computational cost is not very
sensitive to the accumulated pulse number.

C. Comparison With CCAE and ACCF
In this subsection, the performance of the proposed MBC

estimation method is compared with the CCAE and ACCF
method. In this experiment, the uncompressed and stretched
signals are used to test MBC and CCAE methods. The
uncompressed (UR) signals are for the ACCF method, which
can only be applied to the UR signals. For these three
methods, three pulse echoes are used in this experiment.
It should be noted that the two methods, i.e., 2D-FFT and

differential operation, are used to estimate the acceleration
in ACCF. For ACCF_FFT, the acceleration is estimated after
performing 2D-FFT on the cross-correlation results. While
for ACCF_Diff, the acceleration is estimated by performing
differential operation on the estimated velocities, similar to
CCAE. As a comparison, the acceleration RMSE of CCAE is
written as [27]:

RM SEa,CCAE =
√

2c

2γ T 2
r

√√√√ 6

4π2SN Rac,t T 2
f N f

(
N2

f − 1
)

≈
√

2c

2BT 2
r

√
6

4π2SN Rac,t N f
, (55)

where T f is the sampling interval at fast time. By com-
paring (54) and (55), it is clear that the acceleration
RMSE of the proposed method is much smaller than that
of CCAE.

The performances of velocity and acceleration are compared
in Fig. 12(a) and Fig. 12(b), respectively. For CCAE and MBC
methods, the legend “stretched” or “uncompressed” means
the type of data used. Because the energy is accumulated in
the ACCF_FFT method, the performance of the ACCF_FFT
method is better than that of ACCF_Diff.

When using the uncompressed data, the estimation per-
formances of ACCF_FFT and MBC are almost the same.
However, the computational cost of ACCF_FFT is higher than
MBC, as it needs to perform more FFT/IFFT operations. Also,
the estimation performance of ACCF_Diff is similar to that
of CCAE on uncompressed data. The most important is that
MBC and CCAE methods can be applied to stretched signal,
which is commonly adpoted in modern wideband radars.
By comparing MBC and CCAE, it is seen that MBC method
can effectively improve the estimation precision. Besides, the
performances of MBC method are also better than that of
ACCF_FFT, as the SNR of the stretched signal is higher than
that of the UR signal.

For the cross-correlation based estimation method, whether
it is MBC/CCAE or ACCF, when the amplitude of the
self-term of the correlation result is smaller than the noise
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TABLE III
TIME COSTS OF CCAE, THE PROPOSED METHOD AND ACCF

TABLE IV
FPGA RESOURCE USAGE OF THE PROPOSED METHOD AND CCAE

amplitude after cross-correlation, we cannot find the peak of
self-term correctly. Thus the estimated frequency would be
wrong. This is known as the threshold SNR phenomenon. For
instance, the threshold SNR is about −21dB in acceleration
estimation by ACCF_FFT. When the SNR is smaller than
−21dB, the RMSE does not deteriorate much, due to that
the peak search along fast time is totally wrong. For high
SNR cases, the noise variance is small and has little effect on
the performance. Therefore, the RMSE performances of the
proposed MBC method and the ACCF_FFT are similar.

The total time costs of the 1000 Monte Carlo simulations
for all of the SNR cases are listed in Table III. It can be
seen that the time cost of CCAE is the least, as it use
1D-FFT and simple differential operation. The time cost of
the proposed MBC method is much smaller than that of
ACCF. The data size of UR signal and the number of FFT
operation are two main reasons for the high time cost of ACCF.
More importantly, the proposed MBC method obtains the best
estimation precision among these methods.

To evaluate the real-time performance, we implemented the
proposed MBC and the CCAE methods using Verilog HDL
and verified them in FPGA, using Xilinx Kintex-7 XC7K480T.
The FPGA resource usage MBC and CCAE are listed in IV.
When the clock frequency is set as 200MHz, the average
time costs of the MBC and CCAE method based on three
pulses are about 50.23μs and 72.29μs, respectively. Therefore,
the proposed method can estimate the target parameters in real
time when the PRI is larger than 75μs, which can be satisfied
in most of the radar systems.

VI. CONCLUSIONS

Motion parameters estimation is important to ISAR
imaging, target tracking and recognition in wideband LFM
radars. In this paper, we proposed a fast acceleration and
velocity estimation method based on mutual bias correction
for wideband stretching LFM radars. In the proposed method,
cross-correlation is applied to the stretched echoes, and the
1D spectrum of the cross-correlation result shows that the
scatterering energy of the target is accumulated on the main

spectrum peak. By deriving the relationship between the
2D spectrum of the cross-correlation results and the motion
parameters, it is found that the acceleration and the velocity
are coupled in the peak frequency of the 2D spectrum. We first
estimate a coarse acceleration using the peak frequency of
the 2D spectrum, and then a coarse velocity is estimated
by compensating the coarse acceleration with the cross-
correlation results. With acceleration compensation, the energy
of multiple cross-correlation results can be integrated to
improve the accuracy of the coarse velocity. As the coarse
acceleration and velocity are biased, we develop a mutual bias
correction between acceleration and velocity to obtain accurate
estimation. The proposed MBC method can be applied to
the uncompressed or stretched signal. The theoretical RMSE
of acceleration is derived in this paper. Compared to
CCAE method, MBC method provides much better RMSE
performance with a bit higher computational cost. When
compared to ACCF method, MBC method also provides
better RMSE performance with much lower computational
cost.

In this paper, we do not consider the higher order motion
parameters, such as jerk. When considering higher order
motion parameters, it is intractable to obtain the analytical
expression of the motion parameters from the spectrum infor-
mation of the stretched signals. Thus it becomes difficult to
estimate the motion parameters by using the proposed method.
Nevertheless, the main contribution of the proposed method is
that it can estimate high precision velocity and acceleration
instantaneously using several pulse echoes. Besides, in many
scenes, the target motion can be approximated by velocity and
acceleration in a short time. To estimate higher order motion
parameters using wideband stretching LFM radars is an open
problem for our future work.
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