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Abstract

In this paper, a new adaptive denoising method is presented based on Stein's Unbiased Risk Estimate

(SURE) and on a new class of thresholding functions. First we present a new class of thresholding

functions which has continuous derivative while the derivative of standard soft-thresholding function is not

continuous. The new thresholding functions make it possible to construct the adaptive algorithm whenever

using wavelet shrinkage method. By using the new thresholding functions, a new adaptive denoising

method is presented based on SURE. Several numerical examples are given. The results indicated that for

denoising applications, the proposed method is very e�ective in adaptively �nding the optimal solution

in mean square error (MSE) sense. It is also shown that this method gives better MSE performance than

those conventional wavelet shrinkage methods.
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I. Introduction

For denoising applications with known noisy function, it is often necessary to search

for the optimal minimum mean-square error (l2 risk) estimate using a priori information.

Recently, Donoho and others have developed wavelet shrinkage methods for denoising for

the function estimation applications [1], [2], [3], [4], [5], [6]. Of these wavelet shrinkage

methods, SureShink is an optimized hybrid scale dependent thresholding scheme based on

SURE (Stein's Unbiased Risk Estimate [7]) risk [2]. It combines the universal threshold

selecting scheme and the scale dependent adaptive threshold selecting scheme and provides

the best estimation results in the sense of l2 risk. SURE risk is a very good estimation

of the true l2 risk when the true function is not known [7]. However, since the standard

soft-thresholding function is weakly di�erentiable only in the �rst order, it does not allow

for the gradient based optimization method to search for the optimal solution for SURE

risk. To this end, Donoho's scheme [2] roughly searches for the optimal threshold within

a �nite threshold set.

In this paper, �rst a new class of thresholding functions with continuous derivative is

presented. Note that the derivative of standard soft-thresholding function is not con-

tinuous. The new thresholding functions do the similar manipulation as the standard

soft-thresholding function and they make it possible to search for optimal thresholds using

gradient based adaptive algorithms. Next by using the new thresholding functions, a new

adaptive denoising method is presented based on SURE risk. Several numerical examples

are given.

II. Adaptive Denoising Method

A. Objective

Assume the observed data vector y = [y0; y1; � � � ; yN�1]
T given by:

yi = fi + ni; i = 0; 1; � � � ; N � 1; (1)

where fi is samples of a determinstic function f and n is Gaussian white noise with i.i.d.

distribution N(0; �). Our denoising objective is to estimate function f with minimum
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mean square error (MSE), i.e., to minimize l2 risk for a given noisy function:

R(f̂ ; f) =
1

N
kf̂ � fk2 =

1

N

N�1X
i=0

(f̂i � fi)
2: (2)

Note that here we use mean instead of the mathematical expectation because the optimal

solution is desired for each individual noisy function. The conventional wavelet shrinkage

methods are shown to be e�ective in minimax MSE sense and retain a good visual e�ect

[1], [2]. There are three steps in wavelet shrinkage methods: (i) Apply the discrete wavelet

transform (DWT) [8] to the vector y and obtain the empirical wavelet coeÆcients uj;k

at scale j, where j = 1; � � � ; J . Note u0;k represents the scaling coeÆcients and will

not be shrunk in the next step. (ii) Apply the nonlinearity, such as soft-thresholding

function, �s(x; tj) = sgn(x)(jxj � tj)+, to the empirical wavelet coeÆcients at each scale

j; j = 1; :::; J . Then the estimate coeÆcients v̂j;k are obtained based on the selected

threshold t = [t1; t2; �; tJ ]
T . Note tj is the threshold for wavelet coeÆcients at scale j. In

universal thresholding scheme, the same threshold is used at all scales. In scale dependent

schemes such as SureShrink, the thresholds at di�erent scales are generally di�erent. (iii)

Use the inverse DWT on thresholded wavelet coeÆcients and obtain the estimate of the

function.

The wavelet shrinkage method relies on the basic idea that the energy of a function

(with some smoothness) will often be concentrated in a few coeÆcients in wavelet domain

while the energy of noise is spread among all coeÆcients in wavelet domain. Therefore, the

nonlinear thresholding function in wavelet domain will tend to keep a few larger coeÆcients

representing the function while the noise coeÆcients will tend to reduce to zero.

In the wavelet shrinkage methods, the orthogonal DWT is often used. If orthogonal

DWT is used, then the risk function given in (2) can be expressed as

R(f̂ ; f) =
1

N

N�1X
i=0

(f̂i � fi)
2 =

1

N

X
j;k

(v̂j;k � vj;k)
2: (3)

B. A new class of di�erentiable thresholding functions

The widely used soft-thresholding function are continuous with discontinuous derivative.

However, the continuous derivative or higher order derivatives are often desired for opti-

mization problems. A new class of nonlinear soft-like thresholding functions, motivated
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by the di�erentiable Sigmoid function which replaces the undi�erentiable hard-limited

function in traditional neural network [9], with continuous derivatives are constructed as

follows:

�k(x; t) =

8>>>><
>>>>:

x+ t� t
2k+1

; x < �t

1
(2k+1)t2k

� x2k+1; jxj � t

x� t+ t
2k+1

; x > t;

(4)

where k is a positive integer. Note that the limit of �k(x; t) when k ! 1 is just the

commonly used soft-thresholding function �s(x; t). The thresholding functions �s(x; t),

�1(x; t) and �3(x; t) are shown in Fig. 1. It can be seen that the new thresholding functions

perform the similar operations to the standard soft-thresholding function. Therefore, the

similar smoothness property of the estimate using the new thresholding functions can be

expected. The new thresholding functions �k(x; t) will have better numerical properties

as will be shown in the examples.

C. The Adaptive Denoising Using SURE Risk

The SURE risk is de�ned for function estimation [2], [7]. For function estimation prob-

lem shown as in (1), assume

g(y) = f̂(y)� y; (5)

where g = [g0; g1; �; gN�1]
T is a function from RN to RN . Stein [7] showed that when g(y)

is weakly di�erentiable, then

Efkf̂(y)� fk2 = N + Ef

n
kg(y)k2 + 2ry � g(y)

o
; (6)

where ry � g(y) =
PN�1

i=0
@gi
@yi

. The Stein's Unbiased Risk Estimate (SURE) is an unbiased

estimator of the above risk, de�ned as

Rs(t) = N + kg(y)k2 + 2ry � g(y): (7)

Donoho [2] used the standard soft-thresholding function and selected a threshold tS in set

fy0; y1; � � � ; yN�1g,

tS = argmin
t2fy0;y1;���;yN�1g

Rs(t): (8)

Note that tS is a sub-optimal threshold for the risk Rs because it is selected within a �nite

set.
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Although the standard soft-thresholding function �s(x; t) is weakly di�erentiable in

Stein's sense [7], it does not have the second derivative (see Fig. 1). Therefore, it is

not possible to look for the optimal solution for the risk Rs using gradient based adap-

tive algorithm as the case in neural network using hard-limited function. However, the

proposed thresholding function �k(x; t) is twice di�erentiable in Stein's sense. Then the

gradients of Rs can be calculated as follows. From Eq. (7), we obtain

@Rs(t)

@t
= 2

N�1X
i=0

gi �
@gi
@t

+ 2
N�1X
i=0

@2gi
@yi@t

: (9)

From (5), gi = �k(yi; t)� yi. Using (4) and (5), we obtain

@gi
@t

=
@�k(yi; t)

@t
=

8>>>><
>>>>:

1� 1
2k+1

; yi < �t

� 2k
2k+1

�
�
yi
t

�2k+1
; jyij � t

�1 + 1
2k+1

; yi > t:

(10)

and

@2gi
@yi@t

=

8><
>:

0; jyij > t

� 2k
t2k+1

� y2ki ; jyij � t:
(11)

Using Eq. (3), the SURE risk R(j)
s at each scale j can be calculated in wavelet domain

independently. Then the gradient based learning algorithm can be used to search for the

optimal scale dependent threshold in wavelet domain under the estimated risk R(j)
s . The

threshold can be adjusted toward the optimal solution under SURE risk using following

adaptive steps:

tj(i + 1) = tj(i)��tj(i); j = 1; 2; � � � ; J; (12)

where the adjustment of threshold at step i

�tj(i) = �j(i) �
@R(j)

s

@tj

�����
tj=tj(i)

(13)

in each step, where �j(i) is the learning rate. Note that �j(i) should be selected so that

tj(i+ 1) � 0.

Since the SURE risk is also an estimate of the risk de�ned in (2), the optimal solution

under SURE risk will be an estimate of the optimal solution for risk (2).
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III. Numerical Examples

The arti�cial functions such as Blocks, Bumps, HeaviSine and Doppler, created by

Dohono et al [2] are selected as test functions. Assume the length of all the functions is

2048 with the signal to noise ratio SNR =
�f
�n

= 7. The Daubechies8 least asymmetrical

wavelet [10] is used and the largest DWT level J = 6 is selected. The l2 risks (MSEs)

in Eq. (2) of di�erent wavelet shrinkage methods for estimation are given in Table I.

WaveShrink is the universal thresholding scheme proposed by Donoho [1]. SureShrink

is an optimized hybrid scale dependent thresholding scheme based on SURE risk [2].

ADPSURE represents the proposed adaptive denoise method using �3(x; t). The initial

value of the adaptive method is selected as tj(0) =
q
2 logN=N . Convergence criterion

for our optimal threshold selection is �t(i)=t(i) < 1e� 6. For comparison, the numerical

optimal solutions under risk (2) are also calculated for universal and scale dependent

wavelet shrinkage schemes. SOPT0 represents the numerical optimal scale dependent

threshold selection using standard soft-thresholding function �s(x; t). SOPT1 represents

the numerical optimal scale dependent threshold selection using the proposed thresholding

function �3(x; t).

As can be seen in Table I, the optimal solutions using the proposed new threshold-

ing function (SOPT1) are better than the optimal solutions using the standard soft-

thresholding function (SOPT0). Note that in Table I that the ADPSURE method per-

forms better for all functions and the results of the ADPSURE method are very close to

the optimal solutions.

IV. Conclusion

In this paper, a new class of nonlinear thresholding functions were presented. Unlike the

standard soft-thresholding function, these functions have continuous derivatives. Since the

new thresholding functions perform similar operations to the standard thresholding func-

tion, similar smoothness property of the estimate using the new thresholding functions can

be expected. The signi�cance of the new thresholding functions is that they make it pos-

sible to search for optimal thresholds using gradient based adaptive algorithms. Based on

SURE risk, an adaptive wavelet shrinkage method has been presented. The numerical re-
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sults show that the proposed method performs better than conventional wavelet shrinkage

method. It can be also seen that the optimal solution using the new thresholding function

is better than the standard soft-thresholding function for the given examples. The new

thresholding functions can also be used for other shrinkage methods such as undecimated

wavelet shrinkage methods in [3], [6]. Furthermore, the adaptive wavelet shrinkage method

using new thresholding functions can be used in real-time adaptive signal processing [11].
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Blocks Bumps HeaviSine Doppler

Original 0.9866 1.0038 1.0591 0.9669

WaveShrink 0.9080 1.0471 0.0952 0.3207

SureShrink 0.3366 0.2846 0.0612 0.1372

ADPSURE 0.2352 0.2559 0.0559 0.1052

SOPT0 0.2255 0.2501 0.0522 0.0934

SOPT1 0.2252 0.2493 0.0484 0.0934

TABLE I

MSE risk for different denoising schemes.
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Fig. 1. Di�erent thresholding functions �s(x; t); �1(x; t) and �3(x; t).
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