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High-Resolution DOA Estimation Algorithm for a
Single Acoustic Vector Sensor at Low SNR

Jun Zhang , Xiangyuan Xu, Zhifei Chen, Ming Bao , Xiao-Ping Zhang , and Jianhua Yang

Abstract—In order to improve the angular resolution of
direction-of-arrival (DOA) estimation based on portable micro-
phone at low signal-noise-ratio (SNR), this paper proposes a new
high-resolution DOA estimation algorithm based on single acoustic
vector sensor (AVS), namely Virtual-AVS algorithm. The inno-
vative algorithm is mainly composed of two parts: the prepro-
cessing method and the DOA estimation method with ambiguity
elimination. The preprocessing method is implemented based on
higher-order cumulants with Gaussian noise suppression charac-
teristic. This method not only suppress Gaussian noise to effec-
tively enhance SNR, but also achieve AVS virtual expansion. The
computational burden can be significantly reduced by effectively
expanding one necessary AVS to perform the ESPRIT algorithm.
To extend the application range of the innovative algorithm to
support non-point-like geometry AVS, we introduce a new DOA
estimation method with ambiguity elimination. This method can
eliminate the cyclic ambiguity caused by the channel spacing of
the non-point-like geometry AVS exceeding the half-wavelength of
the incident source. We prove that the Virtual-AVS algorithm is
asymptotically unbiased with large number of snapshots. We also
derive the Cramér-Rao bound. The simulations of closely-spaced
sound sources show that the algorithm has better angular resolu-
tion than the existing algorithms. The real-world experiments of
semi-anechoic chamber also verify the feasibility of the algorithm.

Index Terms—AVS expansion, point-like/non-point-like
geometry AVS, higher-order cumulants, Gaussian noise
suppression, asymptotically unbiased.

NOMENCLATURE

( )∗ The complex conjugate of a complex num-
ber.

( )+ The generalized inverse of a matrix.
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( )H The Hermitian transpose of a matrix.
( )T The transpose of a matrix.
[ ]

(c)
k The k-th column of a matrix.

[ ]
(r)
k The k-th row of a matrix.

cum( ) The fourth-order cumulants operation.
arg( ) The phase of a complex number.
lm( ) The imaginary part of a complex number.
Re( ) The real part of a complex number.
Tr( ) The trace of a matrix.
δi,j The Kronecker delta.
k The k-th incident source, k = 1, . . . ,K and

1 ≤ K < 4.
l Time tl instant of the l-th snapshots, and

l = 1, . . . , L.
Δ The channel spacing of the four-component

AVS. Note that Δ is the same in all direc-
tions, Δx = Δy = Δz = Δ.

σ2
p The noise power in the sound pressure chan-

nel.
σ2
v The noise power in the particle velocity

channel.
σ2
ε The residual noise power after fourth-order

cumulants preprocessing.
Ps The signal covariance matrix.
Υ4,sk The fourth-order cumulants of the k-th

source.
uk uk = cos θk sinψk, the x-axis direction

cosines.
vk vk = sin θk sinψk, the y-axis direction

cosines.
wk wk = cosψk, the z-axis direction cosines.
û
(p)
k , v̂

(p)
k , ŵ

(p)
k The coarse estimate of the direction cosines

obtained by phase calculation.
û
(m)
k , v̂

(m)
k , ŵ

(m)
k The coarse estimate of the direction cosines

obtained by magnitude calculation.
ûk, v̂k, ŵk The estimate of the direction cosines.
bk The steering vector of the k-th signal.
B B = [b1, . . . ,bK ], the 4×K-dimensional

manifold array, and Bik is the element of
i-th row and k-th column.

X The 4× L-dimensional received data, and
Xil is the element of i-th row and l-th col-
umn, i.e., the element for i-th channel at
snapshot l.

S The K × L-dimensional signal, and Skl is
the element of k-th row and l-th column.
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N The 4× L-dimensional noise, andNil is the
element of i-th row and l-th column.

IP P × P -dimensional unit matrix.
Ci The 4× 4-dimensional fourth-order cumu-

lants matrix, and i = 1, . . . , 4.
Us Us = [e1, . . . eK ], the signal subspace.
Ûs Ûs = [ê1, . . . êK ], the estimate of Us.
B̂u, B̂v, B̂w Array manifold calculated using x-, y- and

z-axis particle velocity as auxiliary channel.
B̃u, B̃v, B̃w Array manifold after normalizing and rear-

ranging B̂u, B̂v and B̂w.
Φu,Φv,Φw The rotation invariant factor of virtual AVS

and real AVS.
φukk, φ

v
kk, φ

w
kk The diagonal element of Φu,Φv,Φw, re-

spectively, and k = 1, . . . ,K.

I. INTRODUCTION

TRADITIONAL sensor arrays are commonly used in mil-
itary, industrial and consumer products [1]–[8], however,

issues associated with array aperture leads to great limitations in
their operation. The appearance of acoustic vector sensor (AVS)
technology has shown advantages in small size and sound field
information acquisition [9], [10], providing a new direction for
the development of new array systems.

A four-component AVS can simultaneously measure the
sound pressure and all three Cartesian components of the acous-
tic particle velocity vector at a single point in space, and its par-
ticle velocity has frequency-independent dipole directivity [11].
Each Cartesian component of the particle velocity vector can be
measured by a uniaxial particle velocity sensor oriented along
a Cartesian coordinate system. AVS and AVS array (AVSA)
have been widely used in direction-of-arrival (DOA) estima-
tion [12]–[18]. Although AVSA can provide better estimation
performance, the large size AVSA may limit its application in
various fields. Nehorai and Paldi [12] have proved that azimuth
angle measurements can be achieved using a single AVS, and
Hochwald and Nehorai [19] showed that a single AVS can iden-
tify two uncorrelated signals. The eigenstructure ESPRIT-based
algorithm using a single AVS is proposed by Tichavsky et al.
[13], which used the temporal invariance of two time-delayed
data sets to achieve the direction-finding of four uncorrelated
sound sources. A small size AVS can realize the DOA estima-
tion requirement of the sound source [12], [13], [20]–[23] and
is more attractive to the development of the portable device.
However, most of the above algorithms cannot resolve the DOA
estimation of closely-spaced sound source at low SNR. Although
the high-resolution DOA estimation in reference [13] has high
angular resolution, it requires that the frequencies of all sources
be completely separable.

The traditional DOA estimation algorithms are based on the
second-order statistics of the signal. The higher-order cumulants
[24], [25] has Gaussian noise suppression characteristic that the
second-order statistics does not have, and its application in DOA
estimation can improve the estimation accuracy by suppressing
Gaussian noise. Dogan [26] introduced higher-order cumulants
into sound pressure array to achieve virtual array expansion,
and it improves the DOA estimation accuracy to some extent in

return. Chen [27] designed a DOA estimation algorithm based
on fourth-order cumulants, which can distinguish the number
of sound source exceeds the number of array elements. Most
cumulants-based DOA estimation algorithms [26]–[36] are im-
plemented on the basis of sound pressure arrays and are less ap-
plied in AVSA. Agarwal et al. [37], [38] combined higher-order
cumulants with AVSA, and designed a cumulants-based MUSIC
algorithm for AVSA. Although introducing higher-order cumu-
lants into AVSA can increase the number of identifiable sources
and the estimation accuracy, the expanded array elements leads
to the increase of redundancy and an unnecessary computational
complexity of the spectral peak search.

The above DOA estimation algorithms [12], [13], [20]–[23]
for a single AVS are based on point-like geometry AVS. How-
ever, in practice, non-point-like geometry of sensors is common
since it is difficult to co-located the pressure sensor and all three
particle velocity sensors of AVS in the device. In non-point-like
geometry AVS, there are spatial phase differences among four
sensors. Traditional point-like estimation methods will lead to
error since they ignore the channel spacing. Song et al. [39],
[40] realized the DOA estimation of a spatially distributed AVS,
allowing its four-component sensors to be separately located.
Non-point-like geometry AVS expands the aperture of the ar-
ray to improve the angular estimation accuracy. However, the
non-point-like geometry AVS does not have the advantage of
the point-like geometry AVS, which does not require prior fre-
quency information when estimating the DOA. Cyclic ambiguity
occurs when the channel spacing of the non-point-like geometry
AVS exceeds the half-wavelength of the incident source. Ref-
erences [16], [39], [40] provide solutions for the problem of
cyclic ambiguity. However, for non-point-like geometry AVS
with a specific structure, using the existing methods will cause
an error adaption problem. Therefore, it is necessary to design
a new ambiguity elimination method.

In this paper, we propose a new high-resolution direction-
finding algorithm for a single AVS to provide high-resolution
DOA estimation for closely-spaced non-Gaussian signals in
Gaussian noise background. The innovative algorithm consists
of two parts: the preprocessing method and the DOA estimation
method with ambiguity elimination. We introduce higher-order
cumulants with Gaussian noise suppression characteristic, and
perform higher-order cumulants preprocessing to realize AVS
virtual expansion. The computational burden can be significantly
reduced by effectively expanding one necessary AVS to perform
the ESPRIT algorithm. The eigenvalues of ESPRIT algorithm
can obtain direction cosines to achieve DOA estimation. How-
ever, the direction cosines of the phase calculation have cyclic
ambiguity when the channel spacing of the non-point-like geom-
etry AVS exceeds the half-wavelength of the incident source, and
the direction cosines of the magnitude calculation is ambiguity
to the “±” sign information. The key to non-point-like geometry
AVS application is to eliminate the ambiguity. We introduce the
DOA estimation method with ambiguity elimination to obtain
unambiguous direction cosines to achieve accurate DOA esti-
mation.

In the new algorithm, the preprocessing method effectively
enhances SNR by suppressing Gaussian noise, so the estimation
accuracy can be improved at low SNR. We prove that the new
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algorithm is asymptotically unbiased in large number of snap-
shots and analyze the Cramér-Rao bound (CRB). We use simu-
lations to verify that the algorithm has higher angular resolution
than the existing algorithms in DOA estimation of closely-
spaced sources at low SNR. We also use real-world experiments
to verify the feasibility of the algorithm.

The main contributions of this paper are:
1) We present a new Virtual-AVS algorithm that significantly

reduces the computational burden by efficiently expanding
one necessary AVS to perform the ESPRIT algorithm
while achieving better estimation performance than the
existing AVS algorithm based on higher-order cumulants.
The new algorithm effectively enhances SNR by suppress-
ing measurement Gaussian noise so that high-resolution
DOA estimation can be achieved at low SNR. Perfor-
mance analysis and simulation experiments show that,
the algorithm is not only more suitable for closely-spaced
sources DOA estimation at low SNR, but also reduces the
computational burden to a certain extent.

2) In practice, non-point-like geometry of sensors is common
since it is difficult to co-locate the pressure sensor and
all three particle velocity sensors of AVS in the device.
Traditional point-like estimation methods will lead to error
since they ignore the channel spacing. Our new Virtual-
AVS algorithm can achieve high accuracy for general non-
point-like geometry AVS. The new algorithm employs
a new ambiguity elimination method such that we can
achieve DOA estimation of various frequency sources,
especially when the channel spacing of non-point-like
geometry AVS exceeds half-wavelength.

3) We prove that the Virtual-AVS algorithm is an asymptot-
ically unbiased estimator, and then theoretically derives
the CRB of this AVS structure.

This paper is organized as follows. Section II formulates
mathematical models for point-like and non-point-like geometry
AVS. Section III is the key part of this paper; the innovative
DOA estimation algorithm for a single AVS is proposed. Section
reports the performance analysis. Simulations and real-world
experiments are shown in the Section V. Section VI summarizes
the whole work.

II. MATHEMATICAL MODEL AND PROBLEM FORMULATION

A four-component AVS consists of a sound pressure sensor
and three orthogonally oriented particle velocity sensors. Usu-
ally the four sensors are placed at a single point in space, and we
call the AVS of this structure a point-like geometry AVS. Due to
limitations in manufacturing technology, circuit design, etc., it
is challenging for pressure sensor and all three particle velocity
sensors to be co-located in space, so non-point-like geometry
occurs.

Fig. 1 shows the spatial distribution of a non-point-like geom-
etry AVS. In the Cartesian coordinate system, the sound pressure
sensor P is located at the Cartesian origin, the x-axis-oriented
particle velocityVx lies on the z-axis, at a distance ofΔz from the
Cartesian origin. The y-axis-oriented and z-axis-oriented particle
velocity Vy and Vz lies on the x-axis and y-axis, respectively, and

Fig. 1. The spatial distribution of a non-point-like geometry AVS, where P ,
Vx, Vy and Vz represent sound pressure sensor and three particle velocity
sensors, respectively.

the distance from the Cartesian origin is Δx and Δy , respec-
tively. In addition to the above-mentioned non-point-like geom-
etry AVS spatial distribution, there are other spatial distribution
situations. The algorithm in this paper is applicable to other
spatial distribution situations, but in the following discussion,
only the spatial distribution situation presented in Fig. 1 will be
described.

Considering that K incoherent far-field narrowband signals,
having traveled through a homogeneous isotropic medium, im-
pinge upon the non-point-like geometry AVS with{θk, ψk}, k =
1, . . . ,K. The steering vector of the k-th signal relative to the
AVS is given by

bk =

⎡
⎢⎢⎣

1
uk exp (j2πΔzwk/λ)
vk exp (j2πΔxuk/λ)
wk exp (j2πΔyvk/λ)

⎤
⎥⎥⎦ , (1)

where 0 ≤ θk ≤ 2π is the azimuth angle, 0 ≤ ψk ≤ π is the
elevation angle, and uk = cos θk sinψk, vk = sin θk sinψk,
wk = cosψk indicate the x-axis, y-axis and z-axis direction
cosines, respectively, and λ denotes the signal wavelength.
When Δx = Δy = Δz = 0, the steering vector degenerates
into the steering vector of point-like geometry AVS [41], that
isbk = [1, cos θk sinψk, sin θk sinψk, cosψk]

T. By comparing
the steering vectors of the two structures AVS, the steering
vector of the point-like geometry AVS is independent of the fre-
quency information, while the steering vector of non-point-like
geometry AVS depends on the frequency of the incident signal.
The mathematical model for received data in non-point-like
geometry AVS is written as

x(t) =

K∑
k=1

bksk(t) + n(t) = Bs(t) + n(t), (2)

where x(t) represents the received data set of the sound pressure
channel and the three orthogonal particle velocity channels.B =
[b1,b2, . . . ,bK ] is the array manifold of the non-point-like
geometry AVS. s(t) = [s1(t), . . . sK(t)]T, sk(t) is the envelope
of the k-th incident signal. n(t) is Gaussian noise. For the model
in (2), we make the following assumptions:

1) The source signals s1(t), . . . sK(t) are zeros-mean, sta-
tionary, non-Gaussian random process and statistically
independent of each other.
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2) The noise n(t) is Gaussian with zero mean and the covari-
ance matrix:

E
{
n(t)nH(s)

}
=

[
σ2
p

σ2
vI3

]
δt,s,

where σ2
p and σ2

v denote the noise power in the sound
pressure channel and the particle velocity channel, respec-
tively. The Gaussian noise process is statistically indepen-
dent of the incident sources.

Note that in real-world, far-field sources are usually non-
Gaussian signals [24], [25], [42]. Therefore, these assumptions
are applicable in practical applications. These assumptions are
the same as those in the literature, such as [26]–[29].

If the number of snapshots is L, the 4× L-dimensional re-
ceived data can be represented as:

X = [x (tl) , . . .x (tL)] = BS+N (3)

where S = [s(t1), · · · s(tL)] and N = [n(t1), · · ·n(tL)]. Note
that the i-th row and k-th column element of B is denoted by
Bik, the k-th row and l-th column element of S is denoted by
Skl, and the i-th row and l-th column element of X and N are
denoted by Xil and Nil, respectively.

According to (3), the DOAs {θk, ψk}, k = 1, . . . ,K of all
sources to be solved are embedded in array manifold B and
received data X, but only X is known information. In order
to achieve DOA estimation, we need to obtain B containing
source information. In addition, suppressing Gaussian noise and
effectively improving SNR can achieve better performance at
low SNR. For this purpose, we will utilize the characteristic
of higher-order cumulants in subsequent processing to achieve
high-resolution direction-finding at low SNR.

III. HIGH-RESOLUTION DIRECTION-FINDING SCHEME USING

SINGLE AVS

The high-resolution direction-finding scheme using single
AVS is mainly composed of two parts: the preprocessing method
and the DOA estimation with ambiguity elimination. In the pre-
processing method, higher-order cumulants is used to suppress
Gaussian noise and achieve AVS virtual expansion. In the DOA
estimation with ambiguity elimination, first the coarse estimates
of the direction cosines are solved based on ESPRIT algorithm.
Then the ambiguity in the coarse estimates of the direction
cosines are eliminated to get the unambiguous direction cosines.
Finally, the direction cosines matching is performed to obtain
the DOA estimation results.

Note that the algorithm is based on ESPRIT algorithm and
its application background is a four-component AVS, this re-
quires that the number of incident signals must be less than the
maximum achievable rank of the data covariance matrix, so the
number of signal needs to satisfy K < 4 and is considered as a
priori information.

A. Preprocessing Method Based on Higher-Order Cumulants

The preprocessing method based on higher-order cumulants
can expand an additional AVS while suppressing Gaussian
noise, so as to realize the rotation invariance of the virtual

AVS and the real AVS. According to the Gaussian noise sup-
pression characteristic of the higher-order cumulants [24], [25]:
1
L

∑L
l=1 cum(N1l, N

∗
1l, Nil, N

∗
jl) = 0, the fourth-order cumu-

lants preprocessing is performed on the received data under L
snapshots:

C1(i, j) =
1

L

L∑
l=1

cum(X1l, X
∗
1l, Xil, X

∗
jl) =

1

L

L∑
l=1

cum

(
K∑
k=1

B1kSkl,

K∑
h=1

B∗
1hS

∗
hl,

K∑
m=1

BimSml,

K∑
n=1

B∗
jnS

∗
nl

)
=

1

L

L∑
l=1

K∑
k=1

K∑
h=1

K∑
m=1

K∑
n=1

B1kB
∗
1hBimB

∗
jncum(Skl, S

∗
hl, Sml, S

∗
nl),

(4)
where 1 ≤ i, j ≤ 4, C1(i, j) represents the i-th row and the j-th
column element of the 4 × 4-dimensional fourth-order cumu-
lants matrix C1. The above result shows that the fourth-order
cumulants can suppress the Gaussian noise of each channel and
reduce the noise interference. Since the incident signals are in-
dependent uncorrelated signals, they have the following fourth-
order cumulants [24], [25]: 1

L

∑L
l=1 cum(Skl, S

∗
hl, Sml, S

∗
nl) is

equal to Υ4,sk if and only if k = h = m = l, otherwise equal to
0. Therefore, the simplification of (4) is

C1(i, j) =
1

L

L∑
l=1

K∑
k=1

B1kB
∗
1kBikB

∗
jkcum(Skl, S

∗
kl, Skl, S

∗
kl)

=
K∑
k=1

Υ4,sk |B1k|2BikB∗
jk

(5)
Similarly, replacingX1l withX2l, the fourth-order cumulants

preprocessing result is:

C2(i, j) =
1

L

L∑
l=1

cum(X2l, X
∗
1l, Xil, X

∗
jl)

=

K∑
k=1

Υ4,sk |B1k|2uk exp(j2πΔzwk/λ)BikB
∗
jk.

(6)
Eqs. (5) and (6) can be expressed as

C1 = BDBH,C2 = BΦuDBH, (7)

where D = diag(Υ4,s1 |B11|2, . . . ,Υ4,sK |B1K |2), matrix Φu

is the K ×K-dimensional diagonal matrix, and its diagonal el-
ements are φukk = uk exp(j2πΔzwk/λ), k = 1, . . . ,K. Comb-
ingC1 andC2 into a new 8× 4-dimensional matrix form yields:

Cu =

[
C1

C2

]
=

[
B
BΦu

]
DBH = B̃DBH, (8)



6146 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 68, 2020

where B̃ = [
B
BΦu ]. Since the fourth-order cumulants prepro-

cessing suppress Gaussian noise, the singular value decomposi-
tion (SVD) of Cu is:

Cu =
[
Us Un

] [Σs 0
0 0

]
VH, (9)

where Σs = diag(λ1, . . . , λK) is composed of the K nonzero
eigenvalues of Cu, Us = [e1, . . . eK ] is composed of the K
eigenvectors corresponding to the K largest eigenvalues, Un =
[eK+1, . . . , e8] is composed of residual eigenvectors. Therefore:

(Cu)HUn = BDHB̃HUn = 0.

Since BDH is full rank, B̃HUn = 0. In fact, Us is orthogonal
to Un. Hence, span(Us) = span(B̃), that is, Us in (9) is
equivalent to the signal subspace in the traditional subspace
decomposition algorithm (MUSIC, ESPRIT, etc.). For the solu-
tion methods of the signal subspace Us, in addition to the SVD
method, the solution methods without SVD can also be used
[43]–[47]. These methods can avoid the computational burden
of SVD. However, since the dimension of the matrixCu required
by SVD in this paper is small, the solution of Us is still obtained
by the SVD of Cu given in (9).

The preprocessing of (5) and (6) can be seen as a virtual
expansion of a single AVS. The mathematical model after virtual
expansion is:

Z =

[
X

Xvir

]
=

[
B

BΦu

]
S+

[
N

Nvir

]
= B̃S+ Ñ, (10)

where Xvir = BΦuS+Nvir is the virtual received data, Ñ =

[
N
Nvir

], S is the same as given in (3). The covariance matrix of

Z is

Rz = B̃PsB̃
H +Rn = B̃PsB̃

H + I2 ⊗
[
σ2
p

σ2
vI3

]
,

where “⊗” is the Kronecker product, Ps is the signal covariance

matrix andRn = I2 ⊗ [
σ2
p

σ2
vI3

] is the noise covariance matrix.

In the DOA estimation algorithm based on single AVS expan-
sion, the fourth-order cumulants matrix Cu of (8) replaces the
second-order statistics Rz . Although it can be seen from (8) that
Cu is different from the covariance matrix Rz of the received
data in (10), we have proved that the SVD of Cu can also
obtain the signal subspaceUs which is the same as the extension
space of steering vector B̃. Therefore, DOA estimation can be
implemented based on the traditional subspace decomposition
algorithm.

Similarly, replace X1l with X3l and X4l, respectively, and
perform fourth-order cumulants preprocessing:

C3(i, j) =
1

L

L∑
l=1

cum(X3l, X
∗
1l, Xil, X

∗
jl)

=

K∑
k=1

Υ4,sk |B1k|2vk exp(j2πΔxuk/λ)BikB
∗
jk.

(11)

C4(i, j) =
1

L

L∑
l=1

cum(X4l, X
∗
1l, Xil, X

∗
jl)

=

K∑
k=1

Υ4,sk |B1k|2wk exp(j2πΔyvk/λ)BikB
∗
jk.

(12)

The fourth-order cumulants can be expressed as:

C3 = BΦvDBH,C4 = BΦwDBH, (13)

where the diagonal elements of Φv and Φw are φvkk =
vk exp(j2πΔxuk/λ) and φwkk = wk exp(j2πΔyvk/λ), and
k = 1, . . . ,K. The preprocessing of (11) and (12) can also
achieve AVS virtual expansion, but the result of the expansion is
different from the result of the expansion of (6), the difference
is reflected in Φu, Φv and Φw.

Gaussian noise suppression and AVS virtual expansion can be
achieved by the higher-order cumulants preprocessing method.
The difference between the virtual received data Xvir and the
original received data X is a rotation invariant factor, and the
subsequent solution can be solved by the ESPRIT algorithm.

B. The DOA Estimation With Ambiguity Elimination

1) Eigen-Decomposition by ESPRIT: The above process im-
plements a virtual expansion of a single AVS, and the subsequent
solution can be based on the principle of the ESPRIT algorithm
[48], that is, the rotation invariance of the signal subspace.
However, different from the traditional ESPRIT algorithm based
on temporal invariance [13], [49] or translation invariance [16],
[48], [50], the Virtual-AVS algorithm expands an additional AVS
by preprocessing, thus realizing the rotation invariance of virtual
AVS and real AVS.

DecomposingUs of (9) into two4×K-dimensional matrices

gives Us = [
Us1

Us2
] and, because span(Us) = span(B̃), there is

a nonsingular K ×K-dimensional matrix T that satisfies:[
Us1

Us2

]
=

[
B

BΦu

]
T. (14)

There exists a nonsingular matrix Ψu relating the two full-rank
matrices Us1 and Us2 as: Us2 = Us1T

−1ΦuT = Us1Ψ
u. It

can be seen that Us1 and Us2 have rotation invariance. Finally,

Ψu = U+
s1Us2 = T−1ΦuT, (15)

where Φu and Ψu are similar matrices, and the eigenvalues
obtained by eigen-decomposition ofΨu are equal to the diagonal
elements φukk, k = 1, . . . ,K. The k-th columns of T−1 is the
eigenvector corresponding to the eigenvalue φukk.

Using the same process, C2 is replaced by C3 and C4,
respectively, and then combined with C1 to form a new matrix
form as shown in (8), and the ESPRIT algorithm given by (9),
(14) and (15) is used to solve φvkk and φwkk.

The signal subspaceUs obtained by the eigen-decomposition
of the ESPRIT algorithm is affected by the measurement noise.
Since the preprocessing of (5), (6), (11) and (12) not only realizes
the virtual expansion of a single AVS, but also suppresses the
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Gaussian noise and reduces noise interference. So we can obtain
an accurateUs to calculateφukk,φvkk andφwkk, and finally achieve
high-resolution DOA estimation at low SNR.

In the case of non-point-like AVS, the relationship between
direction cosines uk, vk and wk and φukk, φvkk and φwkk is:

φukk = uk exp(j2πΔzwk/λ),
φvkk = vk exp(j2πΔxuk/λ),
φwkk = wk exp(j2πΔyvk/λ).

(16)

The direction cosines can be calculated by the magnitude and
phase of φukk, φvkk and φwkk, and then the DOA of the incident
source can be obtained by processing the direction cosines. Note
that, when the channel spacing shown in Fig. 1 is equal to 0, the
four-component AVS becomes point-like geometry, and φukk,
φvkk and φwkk are given by

φukk = uk, φ
v
kk = vk, φ

w
kk = wk.

The direction cosines are equal to φukk, φvkk and φwkk, and do not
need to be solved by the magnitude and phase of φukk, φvkk and
φwkk as in the case of non-point-like geometry AVS.

2) Ambiguity Elimination: The objective is to estimate uk,
vk and wk from φukk, φvkk and φwkk. From the magnitude of φukk,
φvkk and φwkk, we obtain:

û
(m)
k = |φukk| , v̂(m)

k = |φvkk| , ŵ(m)
k = |φwkk| , (17)

where | · | denotes the magnitude of a complex number. û(m)
k ,

v̂
(m)
k and ŵ

(m)
k denote the coarse estimates of the direction

cosines of the k-th signal obtained by magnitude. The coarse
estimates are independent of the signal wavelength, but are
ambiguous for the “±” of the direction cosines.

From the phase of φukk, φvkk and φwkk, the direction cosines
may have cyclic ambiguity. When the channel spacing shown
in Fig. 1 satisfies Δx = Δy = Δz � λ/2, cyclicity should be
considered in the phase calculation of φukk, φvkk and φwkk:

ŵk = κw
λ

Δz
+ ŵ

(p)
k = κw

λ

Δz
+

arg(φukk)

2πΔz/λ
,

ûk = κu
λ

Δx
+ û

(p)
k = κu

λ

Δx
+

arg(φvkk)

2πΔx/λ
,

v̂k = κv
λ

Δy
+ v̂

(p)
k = κv

λ

Δy
+

arg(φwkk)

2πΔy/λ
,

(18)

where arg(·) denotes the phase of a complex number, û(p)k , v̂(p)k

and ŵ(p)
k denote the coarse estimates of the direction cosines

of the k-th signal obtained by phase. All three-axis direction
cosines satisfy −1 ≤ ûk, v̂k, ŵk ≤ 1. The phase calculation can
estimate the direction cosines, but the results are ambiguous for
the unknown integer multiples κu, κv and κw of λ

Δz
, λ
Δx

and
λ
Δy

. The key to obtaining the unambiguous direction cosines is
to estimate κu, κv and κw.

We can constrain the coarse estimates of the phase calculation
by taking the coarse estimates of the magnitude calculation as
a constraint condition to calculate κu, κv and κw, and then
substitute them into (18) to eliminate the cyclic ambiguity.
Taking the x-axis direction cosines ûk as an example, we use

the enumeration method to calculate κu, and enumerate the
following conditions:
(a) If uk > 0 and vk > 0

κu
(1) = argmin

κu

∣∣∣∣κuλΔx
+ û

(p)
k − û

(m)
k

∣∣∣∣ = argmin
κu

ε(1).,

(19a)
(b) If uk > 0 and vk < 0

κu
(2)=argmin

κu

∣∣∣∣κuλΔx
+

(
û
(p)
k − λ

2Δx

)
−û(m)

k

∣∣∣∣=argmin
κu

ε(2).

(19b)
(c) If uk < 0 and vk > 0

κu
(3) = argmin

κu

∣∣∣∣κuλΔx
+ û

(p)
k + û

(m)
k

∣∣∣∣ = argmin
κu

ε(3).

(19c)
(d) If uk < 0 and vk < 0

κu
(4)=argmin

κu

∣∣∣∣κuλΔx
+

(
û
(p)
k − λ

2Δx

)
+û

(m)
k

∣∣∣∣=argmin
κu

ε(4).

(19d)
ε(1), ε(2), ε(3) and ε(4) correspond to the integers κu(1), κu(2),
κu

(3) and κu(4), and the four sign conditions of the direction
cosines, respectively. Then we compare ε(1), ε(2), ε(3) and ε(4)

to obtain the minimum value. The condition corresponding to
the minimum value is the true sign information of the direc-
tion cosines, and the integer calculated under this condition is
denoted as κ̂u.

Inserting κ̂u into (20), the unambiguous x-axis direction
cosines can be derived:

ûk =

{
κ̂u

λ
Δx

+ û
(p)
k , if vk > 0,

κ̂u
λ
Δx

+ (û
(p)
k − λ

2Δx
), if vk < 0.

(20)

The y-axis and z-axis direction cosines v̂k and ŵk can be cal-
culated by the same method as in (19) and (20). Finally, the
DOA estimation results {θ̂k, ψ̂k}, k = 1, . . . ,K can be obtained
by comprehensively processing all three orthogonal direction
cosines: ⎧⎨

⎩
θ̂k = arctan (v̂k/ûk) , k = 1, . . . ,K,

ψ̂k = arccos (ŵk) = arcsin
√
û2k + v̂2k.

(21)

Summarizing the above process, the ambiguity elimination
method is to perform the processing of the magnitude and phase
of φukk, φvkk and φwkk as shown in (19) and (20). Finally the DOA
estimation is realized by processing the unambiguous direction
cosines results by (21).

3) Direction Cosines Matching: The DOA estimation of a
single sound source can be achieved using the above steps.
However, if there are more than one source, the order of the
eigenvalues obtained by eigen-decomposition of Φu, Φv and
Φw may be different and the problem of error adaptation will
occur in the calculation. It can be seen from (19), the x-axis
direction cosines can be calculated by using φukk and φvkk in
combination,φvkk andφwkk need to correspond to the k-th sources.

To solve the problem of direction cosines matching, we can
first calculate the steering vector corresponding to each source.
According to (14)-(15), when using the AVS virtual expansion
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given in (6), the array manifold can be obtained as follows:

B̂u = [b̂u1 , . . . , b̂
u
K ] =

1

2
(Us1T

−1 +Us2T
−1(Φu)−1). (22)

Using the same method as (22), the array manifold B̂v =
[b̂v1, . . . , b̂

v
K ] and B̂w = [b̂w1 , . . . , b̂

w
K ] can be calculated when

using the AVS virtual expansions given in (11) and (12), respec-
tively.

The above-mentioned array manifolds B̂u, B̂v and B̂w are
each an estimate of the real array manifold B with some
unknown complex scalar. In the four-component AVS, each
element of the first row of B̂u, B̂v and B̂w must be equal to 1.
Hence, each of the last three components of B̂u, B̂v and B̂w

must be normalize by the first component:

b̃uk =
b̂uk

b̂uk(1)
, b̃vk =

b̂vk
b̂vk(1)

, b̃wk =
b̂wk

b̂wk (1)
, k = 1, . . . ,K.

(23)
Reordering each column element in B̃v = [b̃v1, . . . , b̃

v
K ] and

B̃w = [b̃w1 , . . . , b̃
w
K ] by the order of B̃u = [b̃u1 , . . . , b̃

u
K ],

then selecting the optimal order result {n̂1, . . . , n̂K} and
{m̂1, . . . , m̂K} that satisfies (24) and rearranging B̃v and B̃w

with this order.⎧⎨
⎩
n̂1, . . . , n̂K = arg min

n1,...,nK

∥∥∥[b̃u1 , . . . , b̃uK ]− [b̃vn1
, . . . , b̃vnK ]

∥∥∥ ,
m̂1, . . . , m̂K = arg min

m1,...,mK

∥∥∥[b̃u1 , . . . , b̃uK ]−[b̃wm1
, . . . , b̃wmK ]

∥∥∥,
(24)

where ‖ · ‖ denotes the Frobenius norm. Then, the steering
vector of each source can be derived:

b̂k =
b̃uk + b̃vk + b̃wk∥∥∥b̃uk + b̃vk + b̃wk

∥∥∥ =

⎡
⎢⎢⎣

1
ûk exp (j2πΔzŵk/λ)
v̂k exp (j2πΔxûk/λ)
ŵk exp (j2πΔy v̂k/λ)

⎤
⎥⎥⎦ ,

k = 1, . . . ,K.

(25)

For non-point-like geometry AVS, the coarse estimates of the
direction cosines can be obtained by calculating the magnitude
and phase of b̂k:⎧⎪⎪⎨

⎪⎪⎩
û
(p)
k = arg(b̂k(3))

2πΔx/λ
, û

(m)
k = |b̂k(2)|,

v̂
(p)
k = arg(b̂k(4))

2πΔy/λ
, v̂

(m)
k = |b̂k(3)|,

ŵ
(p)
k = arg(b̂k(2))

2πΔz/λ
, ŵ

(m)
k = |b̂k(4)|,

k = 1, . . . ,K, (26)

where b̂k(i) is the i-th element of b̂k. After the coarse estimates
of the direction cosines are processed by (19) and (20) to obtain
the unambiguous direction cosines ûk, v̂k and ŵk for each
incident signal, the DOA of each source can be calculated by
(21). When the channel spacing of the four-component AVS
is equal to 0, the AVS becomes a point-like geometry, and the
steering vector of (25) becomes b̂k = [1 ûk v̂k ŵk ]

T. The last
three elements of the steering vector are the direction cosines.
Then calculate the DOA of each source by (21).

Summarize the new Virtual-AVS algorithm, the framework
of this algorithm is given in Algorithm 1.

IV. PERFORMANCE ANALYSIS

A. High-Resolution at Low SNR

In the Virtual-AVS algorithm, a single AVS is first virtual
expanded by higher-order cumulants preprocessing, and then the
DOA estimation is implemented based on the principle of the
ESPRIT algorithm. The traditional ESPRIT algorithm performs
eigen-decomposition to obtain the signal subspace Us. Accord-
ing to the rotation invariance ofUs given by (14),Φu containing
DOA information can be calculated by the eigen-decomposition
of (15). Denote that φ̂ukk,Δφukk are the estimation result and error
of eigenvalue φukk, respectively. According to the relationship
between the diagonal elements and the direction cosines given
by (16), we can get: φ̂ukk = ûk exp(j2πΔzŵk/λ). Then the error
Δwk of ŵk and wk is:

Δwk = ŵk − wk =
λ

2πΔz
lm(ln φ̂ukk)−

λ

2πΔz
lm (lnφukk)

=
λ

2πΔz

(
lm (lnφukk) + lm

(
ln

(
1 +

φ̂u
kk−φu

kk

φu
kk

)))

− λlm (lnφukk)

2πΔz

=
λ

2πΔz
lm

(
ln

(
1 +

Δφukk
φukk

))
� λ

2πΔz
lm

(
Δφukk
φukk

)
,

(27)
Similarly, the errors

Δuk � λ

2πΔx
lm

(
Δφvkk
φvkk

)
,Δvk � λ

2πΔy
lm

(
Δφwkk
φwkk

)
.

From the above analysis, it can be seen that the estimation
accuracy ofuk, vk,wk depend on the estimation accuracy ofφukk,
φvkk, φwkk, which in turn depend on the estimation accuracy of
Us (see (15)). In other words, if an accurateUs can be obtained,
the DOA accuracy can be improved.

The new algorithm is especially superior in the low SNR
scenario. When Gaussian noise power is high, compared with
conventional methods (MUSIC, ESPRIT, etc.), the new algo-
rithm effectively enhances SNR by suppressing Gaussian noise.
In the higher-order cumulants preprocessing of step 1, the results
of (5), (6), (11) and (12) show that the Gaussian noise has been
basically removed. Denote that Ps and σ2 represent the signal
power and noise power, respectively. Due to the estimation
error σ2

ε of sampling fourth-order cumulants [24], [36], the
noise cannot be completely suppressed, the SNR after noise
suppression is 10log10(Ps/σ

2
ε ). The SNR of the conventional

methods is 10log10(Ps/σ
2). Because σ2

ε � σ2, and σ2
ε tend to

0, compared with the conventional methods, the SNR of the new
algorithm is significantly greater than that of the conventional
methods, that is, the algorithm has effectively enhanced the SNR
(note that SNR can be enhanced by about 12 dB through multiple
simulations) by the preprocessing. As such, we can obtain an
accurate estimation of Us since Cu is almost noise-free. Thus
more accurate φukk, φvkk, φwkk are obtained through (15). In the
numerical analysis of references [26], [33]–[35] also shows that
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Algorithm 1: Framework of the Virtual-AVS Algorithm.
Require:
Received data: X = [x(t1), · · · ,x(tL)];
Ensure:
The DOAs of all sources: {θ̂k, ψ̂k}, k = 1, . . . ,K;

1: Preprocessing method given by (5), (6), (11) and (12)
to obtain C1, C2, C3 and C4;

2: Combine C1 and C2 into a new matrix, and
sequentially perform the calculation process of (8),
(9), (14) and (15) to obtain T and Φu;

3: Replace C2 with C3 and C4 respectively, and repeat
step 2 to obtain Φv and Φw;

4: Calculate B̂u, B̂v and B̂w by using (22), and then
normalize them by (23) to get B̃u, B̃v and B̃w;

5: Use (24) to reorder B̃v and B̃w by the order of B̃u,
and then obtain b̂k, k = 1, . . . ,K by (25);

6: if {non − point − likegeometryAVS} then
7: Perform (26) to obtain the coarse estimates of the

direction cosines, and remove the ambiguity by (19)
and (20) to get the unambiguous direction cosines;

8: else [point-like geometry AVS]
9: The last three elements of the steering vector given

by (25) correspond to three orthogonal direction
cosines;

10: end if
11: Calculate DOA estimation results by (21);
12: return {θ̂k, ψ̂k}, k = 1, . . . ,K.

the estimation performance of subspace algorithms with higher-
order cumulants is better than that of conventional subspace
algorithms.

The above analysis shows that by suppressing noise, at low
SNR, the Virtual-AVS algorithm eliminates the influence of
noise power, which is equivalent to the enhancement of SNR,
thus achieving high-resolution DOA estimation at low SNR.
Subsequent simulations in section V will verify the superiority
of the algorithm for closely-spaced source at low SNR.

B. Asymptotically Unbiased Performance

Theorem 1: Assume that an incident source impinge upon a
four-component AVS with {θ, ψ}, DOA estimation is performed
on the L snapshots data sets X = [x(t1), · · · ,x(tL)] using
Algorithm 1, and the estimation result is {θ̂, ψ̂}. The algorithm
is an asymptotically unbiased estimator, that is:

lim
L→∞

E
{
(θ̂ - θ)

2
}
= 0, lim

L→∞
E

{
(ψ̂ - ψ)

2
}
= 0. (28)

Proof: In Algorithm 1, according to (15), step 2 requires eigen-
decomposition of Ψu: Ψu = T−1ΦuT. For ease of use, denote
that αH

k = [T]
(r)
k and βk = [T−1]

(c)
k are the left eigenvectors

and right eigenvectors of Ψu associated with the eigenvalue
φukk, respectively, and αH

kβk = 1. Then we get

μk = φukk = αH
kΨ

uβk, k = 1, . . . ,K, (29)

whereμk = φukk. Denote that Ûs1, Ûs2, and Ψ̂u are the estimate
of Us1, Us2, and Ψu, respectively, and assuming errors ΔUs1,
ΔUs2 and ΔΨu in the calculation process. Using the definition
Ψu = U+

s1Us2, gives

(Us1 +ΔUs1) (Ψ
u +ΔΨu) = (Us2 +ΔUs2) . (30)

Simplifying (30)

ΔΨu � (UH
s1Us1)

−1UH
s1(Ûs2 −Us2 − (Ûs1 −Us1)Ψ

u) .
(31)

The error ΔΨu can cause the error Δμk in the eigenvalue μk:
Δμk = αH

kΔΨuβk. Introducing (31) shows that:

Δμk=αH
k (U

H
s1Us1)

−1UH
s1( Ûs2−Us2−(Ûs1−Us1)Ψ

u )βk.
(32)

From (14), the relationship between Us1 and B is Us1 = BT.
Then simplify (32):

Δμk = [T]
(r)
k T−1

(
BHB

)−1
BH

([
0 I4

]
−μk

[
I4 0

])
(Ûs −Us)βk

=[
(
BHB

)−1
BH]

(r)
k

([
0 I4

]−μk [ I4 0
])

(Ûs −Us)βk

= ηH
k (Ûs −Us)βk =

[
βk(1)η

H
k · · ·βk(K)ηH

k

]

×

⎡
⎢⎣

(ê1 − e1)
...

(êK − eK)

⎤
⎥⎦ .

(33)
where ηH

k = [(BHB)
−1
BH]

(r)
k ([0 I4 ]− μk[ I4 0 ]), βk(i) is i-

th element of βk, Us = [e1, . . . , eK ] is the signal subspace and
Ûs = [ê1, . . . , êK ] is the estimate of Us. Then the eigenvalue
error Δμk, k = 1, . . . ,K satisfies:{

E
{
ΔμkΔμ

*
h

}
= σ2

ε

L

(
ηH
kηh

)
ζ,

E {ΔμkΔμh} = 0, k, h = 1, . . . ,K.
(34)

(See Appendix A for the proof of (34)).
For non-point-like geometry AVS, the estimate of the eigen-

value μk is: μ̂k = ûk exp(j2πΔzŵk/λ). According to (27), the
error Δwk of ŵk and wk is: Δwk � λ

2πΔz
lm(Δμk

μk
). Reference

[51] states that complex numberx and y satisfy Im(x) · lm(y) =
1
2Re(xy

∗ − xy). Therefore, according to the above results, we
can get:

E {ΔwkΔwh} =

λ2Re

(
σ2
ε e

j2πΔz(wh−wk)/λ

ukuhL
(ηH

kηh)ζ

)
8π2Δ2

z

,

k, h = 1, . . . ,K.

(35)

The prove of multiple sound sources is the same as the
prove of a single sound source, so this subsection only con-
sider the MSE of a single sound source. It is known that
the sound power of the single sound source is Ps, the noise
covariance is Rnn = σ2

ε I after higher-order cumulants pre-
processing. The channel spacing of the non-point-like geom-
etry AVS is Δx = Δy = Δz = Δ, the steering vector is b =

[ρ, uej
2πΔ
λ w, vej

2πΔ
λ u, wej

2πΔ
λ v]T, and the steering vector after
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virtual expansion is b̃ = [bT uej
2πΔ
λ wbT ]T (see Appendix B).

Hence:

ηH
1η1 =

u2 + 1

m
, ζ =

m(1 + u2)Ps + σ2
ε

m(1 + u2)Ps
2 ,

where m = ρ2 + 1. Substituting the above results into (35), the
MSE of the z-axis direction cosines is

E{(Δw)2}= E{(ŵ − w)2}= λ2(m(1 + u2) · SNRvir + 1)

8Lπ2Δ2u2m2(SNRvir)
2 ,

(36)

where SNRvir = Ps/σ
2
ε . By replacing Ψu in (29) with Ψv and

Ψw, respectively, a similar process to that described in (29)–(36)
can be derived, yielding

E{(Δu)2}= E{(û− u)2}= λ2(m(1 + v2) · SNRvir + 1)

8Lπ2Δ2v2m2(SNRvir)
2 ,

E{(Δv)2}= E{(v̂ − v)2}= λ2(m(1 + w2) · SNRvir + 1)

8Lπ2Δ2w2m2(SNRvir)
2 .

(37)
The proposed algorithm first estimates all three orthogonal

direction cosines, and then comprehensively calculates the DOA
of the incident sound source. Direction cosines errors Δu, Δv
and Δw can be written as

Δu = û− u = cos (θ +Δθ) sin (ψ +Δψ)− u

� cos θ cosψ ·Δψ − sin θ sinψ ·Δθ,
Δv = v̂ − v = sin (θ +Δθ) sin (ψ +Δψ)− v

� sin θ cosψ ·Δψ + cos θ sinψ ·Δθ,
Δw = ŵ − w = cos (ψ +Δψ)− w � − sinψ ·Δψ,

where Δθ = θ̂ − θ is the estimation error of the azimuth angle,
and Δψ = ψ̂ − ψ is the estimation error of the elevation angle.
Simplifying the above equation, Δθ and Δψ are:{

Δθ = cos θ·Δv−sin θ·Δu
sinψ ,

Δψ = sin θ·Δv+cos θ·Δu
cosψ = −Δw

sinψ .
(38)

Therefore, the MSEs of θ̂ and ψ̂ are:

E
{
(Δθ)2

}
=

E{(Δv)2}+E{(Δu)2}− cos2ψ·E{(Δw)2}
sin2ψ

sin2ψ
, (39)

E
{
(Δψ)2

}
= E

{(
Δw

sinψ

)2
}

=
E

{
(Δw)2

}
sin2ψ

. (40)

Inserting (36) and (37) into (39) and (40), the MSEs of the
estimated DOA are:

E{(Δθ)2}

=

λ2

⎛
⎝ (m · SNRvir + 1)

((
1
u2 + 1

v2 + 1
w2

)− 1
u2sin2ψ

)
+m · SNRvir

(
3− 1

sin2ψ

)
⎞
⎠

8L(πΔm sinψ · SNRvir)2
,

(41)

E{(Δψ)2} =
λ2

(
(m·SNRvir+1)

u2 +m · SNRvir
)

8L(πΔm sinψ · SNRvir)2
. (42)

The above-mentioned MSEs show that for a large number
of snapshots (L→ ∞), the MSE of the estimated DOA tend
to zero: limL→∞E{(Δθ)2} = 0, limL→∞E{(Δψ)2} = 0, sat-
isfying (28) given by Theorem 1. Therefore, the Virtual-AVS
algorithm provides an asymptotically unbiased estimator. �

C. Cramér-Rao Bound

The Virtual-AVS algorithm is an asymptotically unbiased
estimator, so the performance of parameter estimation can be
evaluated with CRB [12], [52]. Considering K signals impinge
on the non-point-like geometry AVS shown in Fig. 1 with
{θk, ψk}, k = 1, ..,K, its mathematical model is described by
(3) and the channel spacing Δx = Δy = Δz = Δ is known. To
analyze easily, the the received data of (3) is re-expressed as:

Y= vec (X) = vec (BS+N)=
∑K

k=1
bk ⊗ Sk + vec (N) ,

(43)
where Sk = [sk(t1), . . . , sk(tL)]

T. n(tl) in model (3) is the
Gaussian process with zero mean, and its diagonal covariance
matrix is Γ0 = diag{σ2

p, σ
2
v , σ

2
v , σ

2
v}. Thus the covariance ma-

trix of the measurement noise vec(N) is Γ = Γ0 ⊗ IL. Accord-
ing to measurement noise characteristics, when the signal model
is unknown, the joint probability density function (PDF) for the
observation vector under L snapshots is:

p(Y, ρ)

=
exp

[
−(Y −∑K

k=1 bk ⊗ Sk)
H
Γ−1(Y −∑K

k=1 bk ⊗ Sk)
]

πL det(Γ)
.

The Fisher information matrix under the above-mentioned PDF
[52] is

Jρ,ρ = 2Re

((
∂μ

∂ρ

)H

Γ−1

(
∂μ

∂ρ

))
+Tr

(
Γ−1 ∂Γ

∂ρ
Γ−1 ∂Γ

∂ρ

)
,

(44)
where ρ = {θ1, ψ1, . . . , θK , ψK} is the unknow parameter to
be estimated. Inserting ρ = {θ1, ψ1, . . . , θK , ψK}, Γ = Γ0 ⊗
IL and μ =

∑K
k=1 bk ⊗ Sk into (44), and gives:

Jθk,θh = 2Re

[(
∂bk
∂θk

⊗ Sk

)H (
Γ−1
0 ⊗ IL

)(∂bh
∂θh

⊗ Sh

)]

= 2Re

[
∂bH

k

∂θk
Γ−1
0

∂bh
∂θh

SH
k Sh

]
,

Jψk,ψh = 2Re

[(
∂bk
∂ψk

⊗ Sk

)H (
Γ−1
0 ⊗ IL

)(∂bh
∂ψh

⊗ Sh

)]

= 2Re

[
∂bH

k

∂ψk
Γ−1
0

∂bh
∂ψh

SH
k Sh

]
.

The CRBs and the Fisher information satisfy CRB(θk) =
J−1
θk,θk

and CRB(ψk) = J−1
ψk,ψk

. Denote that SNR = Ps/σ
2
v ,

the CRBs of a non-point-like geometry AVS is given in (45) and
(46) shown at bottom off the next page. When Δ = 0, the CRBs
of a point-like geometry AVS are CRB(θk) =

1
(2L·SNR)sin2ψ

,

CRB(ψk) =
1

2L·SNR .
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Fig. 2. Effect of (a), (b) the SNR, the number of snapshots, and (c), (d)
{θ, ψ} on CRB and RMSE for non-point-like geometry AVS. Δ = 0.03m,
the frequency is 1 kHz, and 100 Monte Carlo runs. For (a) and (b), {θ, ψ} =
{50◦, 50◦}; for (c) and (d), SNR=0 dB andL = 5000. The “red line” represents
RMSE, the “blue line” represents CRB. The CRBs and RMSEs decrease with
the increase of SNR and the number of snapshots. Both CRB(θ) and CRB(ψ)
are affected by {θ, ψ}. The relationship between RMSEs and {θ, ψ} also gives
this conclusion.

Fig. 3. Effect of Δ/λ on CRB and RMSE for non-point-like geometry AVS.
Δ = 0.03 m, {θ, ψ} = {50◦, 50◦}, SNR = 0 dB, L = 5000, the frequency is
varied from 500 Hz to 5 kHz, and 100 Monte Carlo runs. The CRBs and RMSEs
of the non-point-like geometry AVS are affected by Δ/λ.

One hundred Monte Carlo simulations are carried out for
non-point-like geometry AVS. Figs. 2–3 show the relationship
between the factors in (45)–(46) and the algorithm performance.
Figs. 2(a)-2(b) show that the CRBs and RMSEs of the non-point-
like geometry AVS decreases with the increase of SNR and the
number of snapshots. Figs. 2(c)-2(d) show that bothCRB(θ) and
CRB(ψ) are affected by θ and ψ under non-point-like geometry
AVS. The relationship between RMSEs and {θ, ψ} is the same as
the relationship between CRBs and {θ, ψ}. As shown in Fig. 3,
the CRBs and RMSEs of the non-point-like geometry AVS are
affected by Δ/λ.

D. Computational Complexity

Table I shows the computational complexity of the Virtual-
AVS algorithm and the subsequent comparison algorithms [13],
[38], [39]. In the new Virtual-AVS algorithm, the computational

TABLE I
THE COMPUTATIONAL COMPLEXITY OF EACH ALGORITHM

Note:M is the number of sensor channels (in this paperM = 4);Nθ andNψ represent
the search lengths of θ and ψ, respectively (search length is affected by step size).

complexity is concentrated on the higher-order cumulants
preprocessing and eigen-decomposition. The computational
complexity of the higher-order cumulant preprocessing
is O(M2), and the computational complexity of eigen-
decomposition of the 2M -dimensional matrix in the triaxial
directions isO(3(2M)3). The total computational complexity of
the Virtual-AVS algorithm is O(M2 + 24M3). The time-delay
ESPRIT algorithm divides the received data into two groups
to realize the ESPRIT algorithm, and its main computational
complexity is on the eigen-decomposition O((2M)3). The
total computational complexity of the MUSIC algorithm is
O(M3 +NθNψ), where O(M3) and O(NθNψ) represent the
complexity of eigen-decomposition and 2D-DOA spectral peak
search, respectively. Unlike the conventional MUSIC algorithm,
the HOS-MUSIC algorithm introduces higher-order cumulants
operation. The fourth-order cumulants computational complex-
ity isO(M4). The complexity of the eigen-decomposition of the
M2-dimensional matrix is O((M2)3). The total computational
complexity is O(M4 +M6 +NθNψ).

Although the Virtual-AVS algorithm requires higher-order
cumulants preprocessing, which causes its computational com-
plexity is higher than that of the time-delay ESPRIT algorithm,
but compared with the MUSIC algorithm and the HOS-MUSIC
algorithm, the Virtual-AVS algorithm eliminates the need for
spectral peak search and reduces computational complexity to a
certain extent.

CRB(θk)
non−point−like

=
1

2Re
[
∂bH

k

∂θk
Γ−1
0

∂bk
∂θk

SH
k Sk

]

=
1

(2L · SNR)
(
sin2ψ + 4πΔ2

λ2

(
sin4θsin4ψ + cos2θsin2ψcos2ψ

)) , (45)

CRB(ψk)
non−point−like

=
1

2Re
[
∂bH

k

∂ψk
Γ−1
0

∂bk
∂ψk

SH
k Sk

]

=
1

(2L · SNR)
(
1 + 4πΔ2

λ2

(
cos2θsin4ψ + sin2θcos2θsin2ψcos2ψ + sin2θcos4ψ

)) . (46)
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Fig. 4. DOA estimation results for a single source obtained from 100 Monte
Carlo runs.Δ = 0.2m, SNR= 0 dB,L = 5000, {θ, ψ} = {50◦, 50◦}, and the
frequency is (a) 500 Hz, (b) 1 kHz, and (c) 3 kHz. For non-point-like geometry
AVS, the DOA estimation results are concentrated in the true direction for all
simulated frequencies.

V. SIMULATIONS AND REAL-WORLD EXPERIMENTS

A. Simulations of the Ambiguity Elimination Effect

This subsection uses simulations to verify that the Virtual-
AVS algorithm can eliminate the ambiguity generated when the
channel spacing of the non-point-like geometry AVS exceeds
the half-wavelength of the incident sound source, and is suitable
for DOA estimation of any frequency signal. The sound source
produces a sinusoidal signal incident to the non-point-like geom-
etry AVS. The DOA of the source is {50◦, 50◦}, and the channel
spacing of the non-point-like geometry AVS is Δ = 0.2 m. The
number of snapshots is L = 5000 and Gaussian white noise is
used as the measurement noise with SNR = 0 dB. 100 Monte
Carlo simulations are carried out with a signal frequency of
500 Hz, 1 kHz and 3 kHz, respectively. Fig. 4 show the DOA
estimation results for the Virtual-AVS algorithm. The DOA
estimation results are concentrated in the true direction for all
simulated frequencies. The Virtual-AVS algorithm avoids the
DOA ambiguity for the case when channel spacing exceeds the
half-wavelength of the signal (that is, when the frequency is
1KHz and 3KHz).

B. Angular Resolution Comparison

For the DOA estimation algorithms of single AVS, commonly
used algorithms with better performance include the MUSIC
algorithm, the HOS-MUSIC algorithm [38], the time-delay
ESPRIT algorithm [13], [39]. And among the commonly used
acoustic signal denoising methods [53]–[58], adaptive filtering
method [57] and the EMD method [58] have better denoising
performance. Therefore, this subsection analyzes the angular
resolution of the Virtual-AVS algorithm, the MUSIC algorithm,
the HOS-MUSIC algorithm, the time-delay ESPRIT algorithm,
the adaptive filtering-based MUSIC algorithm and the EMD-
based MUSIC algorithm.

The channel spacing of the non-point-like geometry AVS is
Δ = 0.03m, two incident monochromatic signals with frequen-
cies of 1 kHz and 1.5 kHz. The azimuth angles are θ1 = θ2 =
50◦. The signal with ψ1 = 50◦ remains fixed whilst the other’s
elevation angle ψ2 is varied from 55◦ to 70◦ with an interval of
5◦. Gaussian white noise is used as the measurement noise, SNR
= 5 dB, and the number of snapshots is L = 5000.

In the MUSIC algorithm, the HOS-MUSIC algorithm, the
adaptive filtering-based MUSIC algorithm and the EMD-based
MUSIC algorithm, the spatial spectrum of the 2-D angular

Fig. 5. Spatial spectrum estimation results at different elevation angle interval
obtained from (a) MUSIC algorithm, (b) HOS-MUSIC algorithm, (c) adaptive
filtering-based MUSIC algorithm and (d) EMD-based MUSIC algorithm. Δ =
0.03 m, SNR = 5 dB, L = 5000, the two frequencies are 1 kHz and 1.5 kHz,
θ1 = θ2 = 50◦, |ψ2 − ψ1| is set to 5◦, 10◦, 15◦ and 20◦, respectively. The
HOS-MUSIC algorithm can distinguish two sources when |ψ2 − ψ1| = 15◦,
but the MUSIC algorithm cannot distinguish the two sources until |ψ2 − ψ1| =
20◦. For the denoising methods, although the adaptive filtering-based MUSIC
algorithm and EMD-based MUSIC algorithm can distinguish the two sources
when |ψ2 − ψ1| is 10◦, the estimation results have large errors (shown in Fig. 6).
Referring to Fig. 7, the Virtual-AVS algorithm (the right column) can estimate
the two sources when |ψ2 − ψ1| is 5◦ and 10◦.

Fig. 6. DOA estimation results based on (a) the adaptive filtering-based
MUSIC algorithm and (b) the EMD-based MUSIC algorithm obtained from
100 Monte Carlo runs: the estimation results are not stably clustered near the
true direction. Referring to Fig. 7, the Virtual-AVS algorithm (the right column)
can estimate the two sources when |ψ2 − ψ1| = 10◦.

estimation is a three-dimensional image. Since the azimuth
angle of the two sources is the same, the spatial spectrum at
θ = 50◦ is sliced, and the DOA (elevation angle ψ) of the four
spectral peak search algorithms shown in Fig. 5 can be obtained.
Fig. 5(a) shows that the MUSIC algorithm cannot distinguish
the two sources until |ψ2 − ψ1| = 20◦. Fig. 5(b) shows that
the HOS-MUSIC algorithm can distinguish the two sources
when |ψ2 − ψ1| = 15◦. Figs. 5(c)–5(d) show the DOA estima-
tion results of the adaptive filtering-based MUSIC algorithm
and the EMD-based MUSIC algorithm. These two algorithms
have performed denoising preprocessing, so there are obviously
two peak results when |ψ2 − ψ1| = 10◦ (but there are obvious
deviations), and better DOA estimation results can be achieved
with the increase of |ψ2 − ψ1|. Perform 100 Monte Carlo simu-
lations on the adaptive filtering-based MUSIC algorithm and the
EMD-based MUSIC algorithm in the case of |ψ2 − ψ1| = 10◦.
Fig. 6 shows that the estimation results of the two denoising
algorithms for closely-spaced sources are not stably clustered
near the true direction and have large fluctuations.
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Fig. 7. DOA estimation results based on (a), (c), (e) and (g) the time-delay
ESPRIT algorithm and (b), (d), (f) and (h) the Virtual-AVS algorithm obtained
from 100 Monte Carlo runs. Δ = 0.03m, SNR = 5 dB, L = 5000, the two
frequencies are 1 kHz and 1.5 kHz, θ1 = θ2 = 50◦, |ψ2 − ψ1| is set to 5◦, 10◦,
15◦ and 20◦. Both algorithms can estimate the DOA of the two sources, but
the estimation results of the time-delay ESPRIT algorithm are more stable and
more concentrated in the true direction than the Virtual-AVS algorithm when
|ψ2 − ψ1| = 5◦. Referring to Figs. 5-6, the four spectral peak search algorithms
based on MUSIC algorithm cannot estimate the two sources when |ψ2 − ψ1| is
5◦ and 10◦.

The time-delay ESPRIT algorithm and the Virtual-AVS algo-
rithm implement DOA estimation based on ESPRIT algorithm.
Since the ESPRIT algorithm cannot analyze the angular res-
olution by using the spatial spectrum, the convergence degree
of the DOA estimation results is observed by multiple Monte
Carlo experiments. Using the same simulation specifications,
with a sampling rate of 10 kHz and a time delay of 25 snapshots
(for time-delay ESPRIT algorithm), and 100 Monte Carlo runs
to obtain the DOA estimation results. Fig. 7 shows that both
algorithms can estimate the DOA of the two sources, but the
DOA results of the time-delay ESPRIT algorithm are more
stable and more concentrated in the true direction than that of
the Virtual-AVS algorithm when |ψ2 − ψ1| = 5◦.

Figs. 5-7 show that the four spectral peak search algorithms
based on the MUSIC algorithm cannot distinguish the closely-
spaced sources at low SNR, while the time-delay ESPRIT
algorithm and the Virtual-AVS algorithm can. It can also be
seen from Fig. 7 that the results of the time-delay ESPRIT
algorithm are more stable and more concentrated in the true
direction than the Virtual-AVS algorithm when |ψ2 − ψ1| = 5◦.
The time-delay ESPRIT algorithm can better estimate the DOA
of closely-spaced sources, but the premise of the algorithm is that
the frequencies are well separated. In contrast, the Virtual-AVS
algorithm only requires the incident signals to be uncorrelated.

Fig. 8. DOA estimation results based on (a), (c) the Virtual-AVS algorithm
and (b), (d) the time-delay ESPRIT algorithm obtained from 100 Monte Carlo
runs. Δ = 0.03m, SNR = 5 dB, L = 5000, the two frequencies are 1 kHz
and 1.1 kHz, θ1 = θ2 = 50◦, |ψ2 − ψ1| is set to 5◦, 10◦, respectively. For
the Virtual-AVS algorithm, the DOA estimation results are all distributed in
the vicinity of the true direction. For the time-delay ESPRIT algorithm, only
one DOA can be accurately estimated, and the other estimation result is biased
towards this direction.

TABLE II
THE MEAN AND STANDARD DEVIATION RESULTS OF DOA ESTIMATION (USING

DIFFERENT ALGORITHM)

Fig. 8 shows the results obtained by repeating the simulations
with the same conditions, except a change in the two signal
frequencies to 1 kHz and 1.1 kHz. The DOA estimation results of
100 Monte Carlo experiments are summarized in Table II. When
|ψ2 − ψ1| = 5◦, the DOA estimation results of the Virtual-AVS
algorithm are all distributed in the vicinity of the true direction,
the mean elevation angle of the two sources are 49.84◦ and
55.04◦ respectively, and the standard deviations show that the
estimation results fluctuate greatly. The time-delay ESPRIT
algorithm requires the signal frequencies to be well separated
and this reflected in the DOA estimation results, which fluctuate
minimally but give mean elevation angles of 50.00◦ and 53.32◦.
Only one DOA can be accurately estimated, and the other
estimation result is biased towards this direction. Similar results
are seen when |ψ2 − ψ1| = 10◦.

In summary, for closely-spaced sources DOA estimation
under low SNR, the Virtual-AVS algorithm is better than the
four spectral peak search algorithms based on the MUSIC
algorithm, but worse than the time-delay algorithm. Although
the time-delay algorithm has better estimation results than the
Virtual-AVS algorithm, this algorithm requires that the source
frequencies are well separated, while the Virtual-AVS algorithm
only needs the incident signals to be uncorrelated. Therefore,
the Virtual-AVS algorithm is more suitable for closely-spaced
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Fig. 9. Signal waveform before and after nonlinear transformation: after
nonlinear transformation processing, the useful information of the signal is
retained, and the amplitude of impulse noise is limited.

sources DOA estimation based on small size non-point-like
geometry AVS at low SNR.

C. Solutions in the Non-Gaussian Noise Background

The Virtual-AVS algorithm is based on higher-order cumu-
lants and is suitable for DOA estimation of non-Gaussian signals
in Gaussian noise background. However, non-Gaussian noise
cases are also quite common in the real-world, especially with
intermittent impulse noise due to electromagnetic interferences,
communication failures and other external interference noise
[59]–[63]. When the noise is impulse noise, there are a small
number of extreme observations in the data. The Virtual-AVS
algorithm will deteriorate dramatically in such impulse noise
environment.

Studies have shown that impulse noise can be expressed by
Alpha stable distribution noise [59]–[63]. The characteristic ex-
ponent α of Alpha stable distribution noise satisfies α ∈ (0, 2),
and when α is 1.2-1.6, it can represent most of the impulse noise
in the real environment. When the noise is impulse noise, its
second-order and higher-order statistics tend to infinity, and only
statistics of order less than α are finite [59], so the Virtual-AVS
algorithm based on higher-order statistics fails. In order to solve
the problem of the failure of the Virtual-AVS algorithm, we
introduce a nonlinear transformation [64]–[66]:

f (Xil) =
arctan(|Xil|)

|Xil| Xil, i = 1, . . . , 4; j = 1, . . . , L

(47)
The received data in (3) is processed by nonlinear transformation
of (47), so that the impulse noise can be suppressed in a limited
range to reduce its influence on the DOA estimation, and then
the DOA can be estimated based on the Virtual-AVS algorithm.
Adding an Alpha stable distribution noise with α = 1.5 to a
monochromatic signal with frequency of 1 kHz, SNR=5 dB,
and perform the nonlinear transformation given by (47). Fig. 9
shows that after the nonlinear transformation, the amplitude of
the signal is limited to a limited range, and the signal waveform
before and after transformation is basically consistent, the useful
information of the signal is retained, and the amplitude of the
impulse noise is limited.

Simulations are designed to verify the estimation performance
of the signal after nonlinear transformation processing of the

Fig. 10. The DOA estimation results based on non-Gaussian noise back-
ground: the nonlinear transformation of the received data before the Virtual-AVS
algorithm processing can solve the problem of algorithm failure in the impulse
noise background.

Fig. 11. DOA estimation results of combined AVS at different source fre-
quency obtained from 100 Monte Carlo runs. Δ = 0.03 m, SNR = 0 dB,
L = 5000, {θ, ψ} = {50◦, 50◦}, and the frequency is (a) 500 Hz, (b) 2 kHz and
(c) 3 kHz. The DOA of the signal can be estimated when the channel spacing Δ
is considered, otherwise the estimation results deviates from the true direction.

Virtual-AVS algorithm. The monochromatic signal of 1 kHz
is set as the incident sound source, and impinge on the non-
point-like geometry AVS with the channel spacing of 0.03m.
The DOA of the source is {50◦, 50◦}, the measurement noise
is Alpha stable distribution noise with α = 1.5, SNR=5 dB,
the number of snapshots is 5000, and 100 Monte Carlo simula-
tions are performed to obtain DOA estimation results shown
in Fig. 10(a). Other simulation conditions remain the same,
adding a 1.5 kHz monochromatic signal with a direction of
{50◦, 60◦}, and performing 100 Monte Carlo simulations to
obtain the estimation results shown in Fig. 10(b). The simulation
results show that the nonlinear transformation preprocessing of
the received data before the Virtual-AVS algorithm can solve the
problem of algorithm failure in the impulse noise background.

D. Simulation of Laboratory-Made Four-Component AVS

Our laboratory used the principle of sound wave to disturb
the thermal field [67] to design the acoustic particle velocity
sensor, and combined sound pressure sensor and particle velocity
sensors into a four-component AVS, but the drawback of this
structure is that the estimation error will be caused by ignoring
the channel spacing.

The monochromatic signal of 500 Hz, 2 kHz and 3 kHz are
respectively set as the incident sound source, and impinge on
the combined AVS with the channel spacing of 0.03m. The
DOA of the source is {50◦, 50◦}, Gaussian noise is set as
the measurement noise, SNR = 0 dB, and 100 Monte Carlo
experiments are performed. It can be seen from Fig. 11 that the
DOA estimation results of the 500 Hz monochromatic signal can
be accurately estimated when the channel spacing is ignored.
However, with the increase of the signal frequency, the DOA
estimation results of 2 kHz and 3 kHz monochromatic signals
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Fig. 12. DOA estimation results for two source experiments based on the
Virtual-AVS algorithm: the DOA estimation results of the two sources are
clustered near the true direction within the allowable error range.

have deviated from the true direction. Using the non-point-like
geometry AVS model in this paper, the channel spacing of the
AVS is considered, the DOA of the four different frequency
signals can be accurately estimated, and the estimated deviation
caused by the channel spacing can be compensated.

E. Real-World Experiments of Laboratory-Made AVS

To verify the feasibility of the Virtual-AVS algorithm, the
laboratory-made AVS is used to conduct a direction-finding ex-
periment in a semi-anechoic chamber. For the experiment, a data
acquisition card (model NI9234) is used with a sampling rate
of 25.6 kHz, and the sound pressure and all three orthogonally
oriented particle velocity sensors are arranged as shown in Fig. 1
with a channel spacing of 0.03m.

In the two source experiments, source A is a stationary sound
source with frequency 1.5 kHz, source B is a moving source with
frequency 1 kHz. Source A is fixed at the azimuth angle of 45◦,
and the initial position of source B is at azimuth angle is 315◦.
Source B then moves toward source A at an interval of 25◦. The
Virtual-AVS algorithm is used to calculate a DOA estimation
result every 6400 snapshots, and the DOA estimation results are
shown in Fig. 12. The DOA estimation results of the two sources
are clustered near the true direction within the allowable error
range. It can be seen that the Virtual-AVS algorithm is feasible
and effective for two sources DOA estimation, especially for
closely-spaced sources.

VI. CONCLUSION

In this paper, we propose a new Virtual-AVS algorithm. The
new algorithm framework consists of two parts: the preprocess-
ing method and the DOA estimation with ambiguity elimination.
The preprocessing method achieves Gaussian noise suppres-
sion and virtual expansion of a single AVS by introducing
higher-order cumulants. Unlike the existing algorithms that only
process point-like geometry AVS and its array, the new algorithm
can also support non-point-like geometry. The introduction of
the DOA estimation method with ambiguity elimination is for
the cyclic ambiguity caused by the channel spacing of the
non-point-like geometry AVS exceeding the half-wavelength of
the incident source. The real AVS and the virtual AVS obtained

after the preprocessing method can obtain the coarse estimate of
the direction cosines calculated from the magnitude and phase of
the eigenvalue based on the eigen-decomposition ESPRIT algo-
rithm. By comprehensively processing the two coarse estimation
results, the ambiguity can be eliminated, and the unambiguous
direction cosines can be obtained to realized DOA estimation.
Since the preprocessing method can suppress Gaussian noise,
the eigen-decomposition based on ESPRIT algorithm in the
DOA estimation with ambiguity elimination can obtain a more
accurate signal subspace, thus the estimation accuracy can be
improved at low SNR.

We prove that the Virtual-AVS algorithm is asymptotically
unbiased for large number of snapshots, and deduces the CRB of
the algorithm. The CRB of azimuth/elevation angle, in the case
of non-point-like geometry, is affected by the azimuth/elevation
angle, the number of snapshots, the signal wavelength and the
SNR. The comparison between the Virtual-AVS algorithm and
the existing algorithms also indicates that the Virtual-AVS algo-
rithm is more effective for the DOA estimation of closely-spaced
sources at low SNR. The real-world experiments show that
the Virtual-AVS algorithm can realize the DOA estimation of
two closely-spaced sources, and verify the feasibility of the
algorithm.

APPENDIX A
PROOF OF EQUATION (34)

It has been shown in [51] that for the signal eigenvector error
(êi − ei) jointly Gaussian distributed with zeros means and
covariances given by⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

E
{
(êi − ei) (êj − ej)

H
}
≈ λi

L(
K∑

m=1,m �=i
λmemeH

m

(λm−λi)2 + σ2
nUnU

H
n

(σ2
n−λi)2

)
δi,j ,

E
{
(êi − ei) (êj − ej)

T
}
≈ λiλj

L(λi−λj)2
eje

H
i (1− δi,j) , i, j = 1, . . .K,

(48)

where δi,j denotes the Kronecker delta. In order to facilitate
subsequent derivation, we first obtain:

ηH
k B̃ =

[
(BHB)

−1
BH(BΦu −Bμk)

](r)
k

= [Φu − μkIK ]
(r)
k = 0.

From (14), Us = B̃T. Then ηH
kUs = 0. Because the residual

noise power after higher-order cumulants preprocessing in step
1 isσ2

ε . Then, according to the above results, the eigenvalue error
Δμk satisfies:

E
{
ΔμkΔμ

*
h

}
=
σ2
ε

L

(
ηH
kUnU

H
nηh

) K∑
m=1

βk(m)βH
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(λm − σ2
ε )

2 ,

E {ΔμkΔμh} = 0, k, h = 1, . . . ,K.
(49)

Noise subspace Un satisfies: UnU
H
n = I− B̃(B̃HB̃)−1B̃,

then:

ηH
kUnU

H
nηh = ηH

k (I− B̃(B̃HB̃)
−1
B̃H)ηh = ηH

kηh. (50)
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Let Σ̌s = Σs − σ2
ε I. Then:

K∑
m=1

βk(m)βH
h(m)λm

(λm − σ2
ε )

2 =(B̃HUs(σ
2
ε Σ̌

−2
s +Σ̌−1

s )UH
s B̃)kh=ζ,

(51)
where ()kh denote the k-th row and h-th column element. The
covariance matrix of the received data has the following ex-
pression:R = B̃PsB̃

H + σ2
ε I = UsΣ̌sU

H
s + σ2

ε I, then we can

get { B̃PsB̃
H = UsΣ̌sU

H
s

B̃PsB̃
HB̃PsB̃

H = Us(Σ̌s)
2UH

s

. Using this result, the

simplification result of (51) is:

ζ = (P−1
s )kh + σ2

ε (P
−1
s (B̃HB̃)

−1
P−1
s )kh. (52)

Inserting (50) and (52) into (49), then obtain the result in (34).

APPENDIX B
STANDARDIZED NOISE COVARIANCE MATRIX

In the mathematical model given in (2), the covariance matrix
of the Gaussian noise n(t) with zeros mean is:

E
{
n(t)nH(s)

}
=

[
σ2
p

σ2
vI3

]
δt,s.

The covariance result is different from the noise covariance of
the scalar array, so the MSEs in Section cannot be directly
calculated by using (48) and (49), and the original model needs
to be transformed to obtain the noise covariance matrix in the
form of E{n(t)nH(s)} = σ2

nIδt,s.
Note ρ = σv/σp, Π = diag{ρ, I3}. Left-multiplying (2) by

matrix Π, then we can obtain a new model:

z(t) = ΠBs(t) +Πn(t) = Bnews(t) + nnew(t), (53)

where [Bnew]
(c)
k =[ρ, uke

j 2πΔz
λ wk , vke

j 2πΔx
λ uk , wke

j
2πΔy

λ vk ]T

is the steering vector of the k-th signal. The covariance matrix
of nnew(t) satisfies:E{nnew(t)nH

new(s)} = σ2
vIδt,s. Although

(2) is left-multiplied by the matrix Π, the operation does not
affect the calculation of the DOA of the source, so the MSE
calculation method given in Section can still be used to estimate
the MSEs of the Virtual-AVS algorithm. In addition, the Virtual-
AVS algorithm suppresses the Gaussian noise in step 1, then
the residual noise covariance Rnn = σ2

ε I is used in the MSE
calculation.
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