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Dilated Arrays: A Family of Sparse Arrays With
Increased Uniform Degrees of Freedom and Reduced

Mutual Coupling on a Moving Platform
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Abstract—Recently, dilated nested arrays have been proposed
on a moving platform to increase the uniform degrees of freedom
(uDOF) by a factor of three by exploiting array motion. However, no
literature addresses the issue whether the same dilation method still
performs well for other array geometries such as coprime arrays,
augmented nested arrays and minimum redundancy arrays. Com-
pared with nested arrays, these arrays either achieve higher uDOF
or exhibit more robustness to mutual coupling among sensors. In
this paper, we propose a novel sparse array geometry named dilated
arrays (DAs) on a moving platform by applying the dilation method
to other array geometries. First, by exploiting the relationship
between the element positions in the difference coarrays of the
original linear array and the synthetic array after motion, we prove
that, for a DA on a moving platform, the maximum uDOF can be
tripled compared to that of its original array regardless of the array
geometry. Therefore, the number of sources that can be resolved
for direction-of-arrival (DOA) estimation is increased threefold.
Second, we prove that a DA reduces mutual coupling compared
with its original array. As a result, the DA is more robust to mutual
coupling than its original array. Third, we extend one-dimensional
DAs to the two-dimensional (2-D) case, yielding a new 2-D sparse
array geometry named two-parallel DAs. We show that by exploit-
ing array motion, two-parallel DAs can increase the number of
detectable sources threefold. Numerical simulations demonstrate
the superior performance of the proposed array geometries.

Index Terms—Sparse arrays, dilated arrays (DAs), difference
coarray, degrees of freedom (DOF), mutual coupling, moving
platform, direction-of-arrival (DOA) estimation, nested arrays,
coprime arrays, two-dimensional (2-D) sparse array.
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I. INTRODUCTION

PASSIVE sensor array processing plays an important role
in many applications such as radar [2], sonar [3], source

localization [4]–[6], wireless communications [7] and sensor
networks [8], [9]. The use of passive sensor array enables us to
easily extract the information of the sources including direction-
of-arrival (DOA), the waveforms, polarizations, etc [10]. Re-
cently, sparse array (also named nonuniform linear array) design
has attracted much attention due to higher degrees of freedom
(DOF) or uniform DOF (uDOF) and less mutual coupling than
uniform linear array (ULA). In general, for DOA estimation,
the higher the DOF or uDOF of an array is, the larger number
of sources the array can identify, and the higher resolution the
array can achieve. The increasing DOF and uDOF depends on
the numbers of unique elements and consecutive lags in the
difference coarray of the sparse array, respectively. Meanwhile,
the sensor array with larger interelement spacing is more robust
to mutual coupling.

In many cases, passive sensor array is mounted on a moving
platform, such as an aircraft, a ship or a vehicle. In this article,
we mainly focus on passive sparse array design on moving
platforms.

Most existing sparse arrays [11]–[21], proposed originally
for stationary platforms in recent years, can be applied on
the moving platforms as well. Typical sparse arrays include
minimum redundancy arrays (MRAs) [11], coprime arrays
(CPAs) [12]–[14], nested arrays (NAs) [15], improved nested
arrays (INAs) [16], super nested arrays (SNAs) [17], [18] and
augmented nested arrays (ANAs) [19]. All these arrays can
achieve O(N2) uDOF with N sensors.

Generally, MRAs [11] achieve the highest uDOF with the
same number of elements among these arrays. However, for
a fixed number of sensors N , the MRA has no closed-form
expression for its array geometry. In general, brute force search
is required to obtain the geometries of MRAs for eachN . Hence,
MRAs are impractical, especially for a large N .

By interleaving two ULAs in different manners, both the
CPA [12]–[14] and the NA [15] have closed-form expressions
for their array geometries. NAs achieve higher uDOF but are
less robust to mutual coupling compared with CPAs. In addition,
a CPA has holes in its difference coarray while the difference
coarray of an NA is hole-free. It indicates that the elements in
the difference coarray of a CPA can not be fully exploited when
typical ULA-based DOA estimation methods such as co-array
MUSIC [22] are utilized.
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To reduce mutual coupling or increase uDOF, or both, some
variants of NAs [16]–[21] have been also proposed. INAs [16]
achieve more uDOF than NAs. SNAs [17], [18] mitigate mutual
coupling effect among sensors while they achieve the same
uDOF as the corresponding NAs. ANAs [19] increase uDOF
while reducing mutual coupling compared to NAs.

However, for these sparse arrays on a moving platform, syn-
thetic aperture processing technology [23]–[26] can be lever-
aged to further increase both aperture and uDOF [27]–[33]. In
recent years, researchers mainly use synthetic aperture technol-
ogy to fill in holes in the difference coarrays of typical sparse
arrays to increase uDOF [27]–[31]. Unfortunately, the increas-
ing uDOF is quite limited when the sparse array has a hole-
free difference coarray, especially for a half-wavelength array
motion [30], [31].

In fact, on a moving platform the physical array can be re-
designed to further increase uDOF and mitigate mutual coupling.
The dilated NAs [34] have been proposed by enlarging the
minimum intersensor spacing of the NAs multifold, showing
that dilated NAs can achieve as three times high uDOF as the
NAs by exploiting half-wavelength array motion. However, as
their name suggests, dilated NAs only use NAs as their original
arrays. So far as we know, there is no literature showing whether
the dilation method in [34] performs well for other linear array
geometries, such as SNAs, ANAs and CPAs. As mentioned
earlier, these arrays either achieve more uDOF or exhibit more
robustness to mutual coupling compared with NAs. In the anal-
ysis of dilated NAs, the specific closed-form expression for the
array geometry is assumed [34]. However, other linear arrays
have different closed-form expressions for array geometries,
such as CPAs, SNAs and ANAs, or no closed-form expression
for array geometries, such as MRAs or random linear arrays.
Thus, the theoretical analysis of the dilation to other linear array
geometries is not straightforward.

In this paper, a novel array geometry family named dilated
arrays (DAs) is proposed by applying the dilation method to
other linear arrays on a moving platform. In our presented array
family, any linear array geometry can be chosen as the original
arrays, yielding corresponding DAs. It can be also noted that
dilated NAs [34] and sparse ULAs [30] are two special cases of
DAs. First, by exploiting the relationship between the element
positions in the difference coarrays of the original linear array
and the synthetic array after motion, we prove that the maximum
uDOF obtained by the DA on a moving platform can be three
times that of its original array regardless of its array geometry.
Hence, the number of sources that can be detected is increased
threefold as well. Second, we prove that a DA can mitigate
mutual coupling compared to its original array. Hence, a DA
exhibits more robustness to mutual coupling compared with its
original array. Third, the proposed one-dimensional DAs are
extended to the two-dimensional (2-D) case, yielding a new 2-D
sparse array geometry named two-parallel DAs. We show that
by exploiting array motion, two-parallel DAs can increase the
number of detectable sources by a factor of three. Numerical
experiments show that DAs have sharper spatial spectra than
their original arrays in both the absence and presence of mutual
coupling. Examples demonstrate that the coupling leakages of
DAs are decreased by more than 50% compared with those of
their original arrays.

Fig. 1. Signal model (ni is an integer and denotes the position of the i-th
sensor after normalized by the underlying intersensor spacing d.).

The paper is organized as follows. First in Section II, we for-
mulate the array processing on a moving platform and give def-
initions related to sparse arrays. Then, the construction method
of DAs is given and properties about DAs are presented in
Section III. After that, we extend DAs to 2-D case and present a
new 2-D array geometry named two-parallel DAs in Section IV,
followed by Section V, in which numerical experiments are
provided to show the superior performance of DAs. At last,
Section VI concludes the paper.

In the paper, the superscript symbols “T ,” “∗” and “H” denote
transpose, conjugate and conjugate transpose, respectively. The
symbols ⊗, vec(·) and E[·] represent the Kronecker product op-
erator, the vectorization operator and the statistical expectation
operator, respectively. The symbol ‖ · ‖F denotes the Frobenius
norm of a matrix. For a matrix A, diag(A) denotes a vector
of the main diagonal elements of A while for a vector a,
diag(a) obtains a diagonal matrix with its diagonal a. We use
the MATLAB function toeplitz(c, r) to construct a Toeplitz
matrix with its first column c and first row r. For an integer N ,
IN denotes the N ×N identity matrix. For an integer set N, |N|
represents the cardinality of the set.

II. PRELIMINARIES AND PROBLEM FORMULATION

In this section, we formulate the array processing on a mov-
ing platform and give definitions related to sparse arrays. For
simplicity, the locations of the sensors in a linear array are
normalized by the underlying intersensor spacing d and denoted
by an integer set unless otherwise stated. For instance, an array
N located at {0, d, 4d}, is denoted by N = {0, 1, 4}.

A. Moving Array Processing

As illustrated in Fig. 1, K far-field narrowband sources with
central frequency f and wavelength λ impinge on a moving
sparse linear array N = {n1, . . . , nN} with N sensors and
underlying intersensor spacing d, where all the ni for 1 ≤
i ≤ N are integers. Some common assumptions are made as
follows [15], [34]. First, the array moves at a constant velocity v
along the axis of the array, as depicted in Fig. 1. Second, the ve-
locity v is small and much less than the propagation speed of the
sources so that the directions of the sources θ = (θ1, . . . , θK)T

can be considered unchanged during a short processing time.
Third, the leftmost sensor in Fig. 1 is assumed to be the reference,
i.e.,n1 = 0. Fourth, all sources are uncorrelated with each other,
and uncorrelated with the received noise.

Let yi(t) denote the received signal of the i-th sensor, then
at time t, the received signal vector y(t) = [y1(t), . . . , yN (t)]T
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can be expressed as [34]

y(t) =

K∑
k=1

sk(t) exp(−j2πvtθ̄k/d)a(θ̄k) + ε(t)

= As(t) + ε(t),

(1)

where θ̄k = d sin(θk)/λ represents the k-th normalized DOA,
ε(t) = [ε1(t), . . . , εN (t)]T stands for the observed noise vector,
a(θ̄k) = [exp(−j2πn1θ̄k), . . . , exp(−j2πnN θ̄k)]

T denotes
the steering vector, A = [a(θ̄1),a(θ̄2), . . . ,a(θ̄K)] refers to
the array manifold matrix and s(t) = [s1(t) exp(−j2πvtθ̄1/d),
. . . , sK(t) exp(−j2πvtθ̄K/d)]T is the source vector,
respectively.

At time t+ τ , where τ denotes a short moving time lag, the
array output becomes

y(t+ τ) = As(t+ τ) + ε(t+ τ). (2)

Since all the sources are narrowband signals, we have

sk(t+ τ) = exp(j2πfτ)sk(t), k = 1, . . . ,K. (3)

Let Ã = [ã(θ̄1), ã(θ̄2), . . . , ã(θ̄K)] with ã(θ̄k) =
exp(−j2πvτ
θ̄k/d)a(θ̄k) and ỹ(t) = exp(−j2πfτ)y(t+ τ), where
exp(−j2πfτ) is the phase correction factor and can be
estimated by using the method in [35]. Thus, we can obtain

ỹ(t) = Ãs(t) + ε̃(t), (4)

where ε̃(t) = ε(t+ τ) exp(−j2πfτ). Note that in (4), a shifted
version of the physical array is obtained. By combining (1) and
(4), we acquire the observed signal of a synthetic array as

z(t) =

[
y(t)
ỹ(t)

]
= Bs(t) + ν(t), (5)

where ν(t) = [εT (t), ε̃T (t)]T is the measured noise of the syn-
thetic array and the array manifold of the synthetic array is
denoted by

B = [b(θ̄1), b(θ̄2), . . . , b(θ̄K)] (6)

with b(θ̄k) = [aT (θ̄k), ã
T (θ̄k)]

T .
Note that τ represents the synthesis time, which should be

smaller than the coherent time of the sources [29]. It is defined
as the time by which the sources become uncorrelated. If the
coherent time is smaller than the synthesis time τ , (3) does not
hold and thus we cannot assume that sources are narrowband.
Here, we confine the array only moves half wavelength to satisfy
the condition [30]. It means that vτ = d = λ/2, which implies
that the shifted array of N can be given by

N̄ = {n1 + 1, n2 + 1, . . . , nN + 1}. (7)

Thus, the synthetic array is expressed as the union set of the two
arrays N and N̄, i.e.,

S = N ∪ N̄. (8)

Note that by vectorizing the covariance matrix of an array
output, the difference coarray of the array can be obtained [15].
The same operation applies to the synthetic array. Therefore, we
can obtain the difference coarray of the synthetic array.

B. Definitions and Problem Formulation

Definition 1 (Difference Coarray [15]): For a linear array
N = {ni|ni, i = 1, . . . , N}, its difference coarray is given by

D(N) = {ni − nj |i, j = 1, . . . , N}. (9)

Note that |D(N)| > |N| when N ≥ 2. Therefore, the differ-
ence coarray of a sparse array has more sensors than the sparse
array. As a result, the difference coarray can be exploited to
obtain more DOF and identify more sources.

Definition 2 (Degrees of Freedom [17]): For a sparse array
N = {ni|ni, i = 1, . . . , N}, the number of degrees of freedom
(DOF) of N is defined as the cardinality of its difference coarray
D(N), i.e., DOF = |D(N)|.

Definition 3 (Uniform DOF [17]): For a sparse array N =
{ni|ni, i = 1, . . . , N} and its difference coarrayD(N), letU(N)
denote the largest central ULA segment around zero. The num-
ber of uniform DOF (uDOF) is defined as the number of elements
in U, i.e, uDOF = |U(N)|.

The above definitions about DOF and uDOF are defined for
stationary array. When a sparse array is mounted on a moving
platform, the DOF or uDOF that the sparse array achieves is
the DOF or uDOF of the synthetic array, i.e., DOF = |D(S)| and
uDOF = |U(S)|, where S = N ∪ N̄ and N̄ is given by (7).

The DOF of a sparse array decides the maximum number of
detectable sources when sparse signal recovery methods [36]–
[38] are utilized for DOA estimation. The maximum number of
resolvable sources using ULA based methods such as coarray
MUSIC [22] is (uDOF − 1)/2, decided by uDOF.

Definition 4 (Coupling Leakage [17]): For a sparse array,
its coupling leakage L̃ can be expressed as the ratio of the
Frobenius norms of off-diagonal and diagonal entries of the
coupling matrix of the sparse array, i.e.,

L̃ =
∥∥∥C̃ − C̃d

∥∥∥
F
/
∥∥∥C̃∥∥∥

F
, (10)

where C̃ denotes the mutual coupling matrix of the sparse array
and C̃d is a diagonal matrix satisfying diag(C̃d) = diag(C̃).

It is clear that 0 ≤ L̃ ≤ 1. Conceptually, the smaller L̃ is, the
less the mutual coupling is.

Definition 5 (Weight Function [15]): The weight function
WN(g) of an array N is defined as the number of sensor pairs
which contribute to the support of difference coarray D(N) at
lag g, i.e., WN(g) = |WN(g)|, where WN(g) = {(ni, nj)|(ni −
nj = g, g ∈ D(N))} denotes a set containing all the pairs lead-
ing to the separation lag g.

It can be deduced that for any linear array N with N sensors,

WN(0) = N,
∑

g∈D(N)
WN(g) = N2,WN(g) = WN(−g).

Weight function can be used to assess the scale of mutual
coupling of an array. In general, for a linear array N, the smaller
weight function values for small lags such as WN(1) and WN(2)
the array has, the less mutual coupling it has.

Definition 6 (Island): An island in a linear array N is defined
as the largest consecutive sensor segment including a given
element.

An island in a linear array is a subset of the array. For instance,
the sparse array N = {1, 2, 4, 5, 6, 9} has three islands {1, 2},
{4, 5, 6} and {9}. Note that {4, 5} is not an island. It can be
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Fig. 2. An example of DA and its construction, (a) a random array (an original array), (b) the 3-DA, (c) the synthetic array, (d) difference coarray of the random
array and (e) difference coarray of the synthetic array. A black circle denotes an element while a yellow circle in the synthetic array refers to a shifted element. In
(e), the black and blue elements denote the self-lags and cross-lags of the DA and the shifted array, respectively. The DOF and uDOF of the synthetic array, i.e.,
45 and 33, are three times those of the original array, i.e., 15 and 11, respectively. It is consistent with Theorem 1.

noted that for an N -element sparse array,
∑I

i=1 Ii = N , where
I is the number of islands and Ii denotes the number of elements
in the i-th island in the sparse array. Meanwhile, the number of
islands in a ULA is 1.

In this paper, our objective is to design the moving sparse
array N such that it satisfies the following criteria:

(i) The uDOF that the sparse array N can achieve is large.
It indicates that the difference coarray of the synthetic
array S has a large central ULA;

(ii) The coupling leakage of the synthetic array S is smaller
compared to existing sparse arrays. Therefore, the sparse
array N has reduced mutual coupling. Here, we use the
synthetic arrayS instead of the physical sparse arrayN to
assess the mutual coupling ofN since the final difference
coarray is obtained from S;

(iii) The sensor locations of the sparse array N can be de-
scribed by closed-form expressions. Therefore, it is fea-
sible to obtain the sensor locations of the array directly
according to the number of sensors.

III. DILATED ARRAYS

In this section, first a family of new array geometry called
dilated arrays (DAs) is presented. We then give properties of
DAs to show that DAs can increase DOF and uDOF, and mitigate
mutual coupling on a moving platform.

A. Construction of Dilated Arrays

Dilated arrays (DAs) are based on existing arrays. They
are constructed as follows. For a linear array L = {li|li, i =
1, 2, . . . , N}, where li is an integer and denotes the location of
the i-th element, its corresponding DA with dilation factor r,
i.e., r-dilated array (r-DA), is defined as

N
L

r = {ni|ni = rli, i = 1, 2, . . . , N}, (11)

where the dilation factor r is a positive integer.
According to (11), a DA is constructed by keeping the geome-

try of a linear array unchanged except increasing the intersensor
spacing of the linear array multifold. A DA is redesigned based
on a known linear array, which is called the original array of the
DA.

To clarify the construction of DAs, an example is given in
Fig. 2. In the example, a random array {0, 1, 3, 5, 8}, shown in
Fig. 2(a), is selected as the original array to construct a 3-DA.

The corresponding 3-DA is located at {0, 3, 9, 15, 24} as shown
in Fig. 2(b).

The original array of a DA can be any type of linear array,
such as a ULA, a CPA, an NA, an ANA, or even a random array.
Different types of original arrays result in different DAs. That is
why DAs are regarded as a family of sparse arrays. For instance,
when a CPA is chosen to be the original array, the resulting DA
can be also called dilated CPA (DCPA). Similarly, we can obtain
other types of DA such as dilated ULA (DULA), dilated NA
(DNA), dilated SNA (DSNA), dilated ANA (DANA) and dilated
MRA (DMRA). Note that DAs include, but are not limited to the
above arrays. Also note that DNA, originally proposed in [34],
and DULA, named as sparse ULA in [30], are two special cases
of DAs.

For a typical sparse array, the most important features are
the closed-form expressions for its array geometry, the DOF
and uDOF that the array can achieve and the scale of mutual
coupling effect of the array.

Regarding the closed-form expression of the geometry of
DAs, according to the construction method of DAs it can be
readily obtained for a given number of sensors as long as their
original arrays have a closed-form expression for their array
geometries. Thus, DAs satisfy the criterion (iii) in Section II-B.
As for the DOF and uDOF, we take the DA in Fig. 2(b) as an
example. The synthetic array is shown in Fig. 2(c) according
to (8). Then the difference coarray of the synthetic array and
that of the original array are depicted in Fig. 2(e) and Fig. 2(d),
respectively. It can be seen that the numbers of unique lags and
consecutive lags in the difference coarray of the synthetic array
are three times those in the difference coarray of the original
array, respectively. This implies that the DOF and uDOF that the
DA achieves are significantly increased compared with those of
the original array. Next, we will give properties and their proofs
to demonstrate how DAs have increased DOF and uDOF, and
reduced mutual coupling to satisfy the criteria (i) and (ii) in
Section II-B.

B. DOF and uDOF for Dilated Arrays

Assume that the original array is L and its r-DA is NL

r given
by (11). Then the shifted array of the r-DA with a displacement
of one intersensor spacing can be expressed as

N̄
L

r = {n̄i|n̄i = rli + 1, i = 1, 2, . . . , N}. (12)
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Therefore, according to (8), the synthetic array of the DA and
its shifted version is

S
L

r = N
L

r ∪ N̄
L

r . (13)

Regarding the DOF and uDOF of the synthetic array S
L

r , we
have the following theorem.

Theorem 1: For an original arrayL and its r-DAN
L

r , the DOF
and uDOF of the synthetic array S

L

r given at (13), i.e., |D(SLr )|
and |U(SLr )|, are given as follows.

(i) r = 1, |D(SLr )| ≤ 3|D(L)|, |U(SLr )| ≤ 3|D(L)|.
(ii) r = 2, |D(SLr )| = 2|D(L)|+ I , |U(SLr )| = 2|U(L)|+ 1,

where I is the number of islands in D(L).
(iii) r = 3, |D(SLr )| = 3|D(L)|, |U(SLr )| = 3|U(L)|.
(iv) r ≥ 4, |D(SLr )| = 3|D(L)|, |U(SLr )| = 3.
Proof: The proof is given in Appendix A. �
Remark 1: Note that according to the definition of difference

coarray and (13), the difference coarray of the synthetic array
S
L

r is composed of the self-lags and cross-lags of the original
array and the shifted array. For 1-DAs, |D(SL1 )| = 3|D(L)|
if and only if the self-lags and cross-lags do not overlap.
Meanwhile, the largest uDOF can be obtained only when all
these self-lags and cross-lags exactly constitute a ULA, i.e.,
|D(SL1 )| = |U(SL1 )|. It implies that the original array can be
considered as a 3-DA of another original array. For instance,
given an original array {0, 3, 6, 15} and dilation factor r = 1,
the corresponding synthetic array is {0, 1, 3, 4, 6, 7, 15, 16}. The
difference coarrays of the original array and the synthetic array
are {0,±3,±6,±9,±12,±15} and {0,±1,±2, . . . ,±16}, re-
spectively. The uDOF of the synthetic array, i.e., 33, is exactly
three times the DOF of the original array, 11. Note that the
original array {0, 3, 6, 15} = 3{0, 1, 2, 5} can be regarded as
the 3-DA of another original nested array {0, 1, 2, 5}. However,
most existing sparse array geometries aim to obtain a long central
ULA segment in their difference coarrays. Thus, they cannot
be regarded as 3-DAs of original arrays. As a result, for most
existing sparse array geometries, we have |U(SL1 )| < 3|D(L)|.
The detailed results can be found in [30] for the uDOF of the
synthetic arrays for typical sparse array geometries.

Remark 2: In light of the criterion (i) in Section II-B, one of
our objectives is to obtain a large ULA in the difference coarray.
Naturally, according to Theorem 1 and the above analysis in
Remark 1, the optimal dilation factor is r = 3 in terms of uDOF.
In this case, the uDOF of the synthetic array of the 3-DA is three
times that of its original array regardless of the array geometry.

An example is illustrated in Fig. 2, where the original array
is a random array {0, 1, 3, 5, 8} shown in Fig. 2(a) and dilation
factor r = 3. The 3-DA and its synthetic array are located at
{0, 3, 9, 15, 24} and {0, 1, 3, 4, 9, 10, 15, 16, 24, 25}, as shown
in Fig. 2(b) and Fig. 2(c). The difference coarrays of the original
array and the synthetic array are plotted in Fig. 2(d) and Fig. 2(e),
respectively. In Fig. 2(e), the black and blue elements denote
the self-lags and cross-lags of the DA and the shifted array,
respectively. It can be noted that the DOF and uDOF of the
synthetic array, i.e., 45 and 33, are three times those of the
original array, i.e., 15 and 11, respectively. It is consistent with
Theorem 1.

Theorem 2: For a given original array L and its r-DA, the
difference coarray of SLr (r ≤ 3) given in (13) is a fully filled
(hole-free) ULA if L has a hole-free difference coarray.

Proof: See Appendix B. �
According to criterion (i) in Section II-B, obtaining a fully

filled ULA is one of the main objectives when designing
sparse arrays due to its simplicity and uniformity. As stated in
Theorem 2, if we expect to obtain a hole-free difference coarray
for a DA we only need to ensure that the difference coarray of the
original array is a hole-free ULA and the dilation factor r ≤ 3. A
hole-free ULA makes it convenient to apply the co-array MUSIC
method [22] in the difference coarray domain.

Note that a special case of Theorems 1 and 2 is proved in [34],
where the dilation method is only applied to nested arrays.
In comparison, the proposed DAs are applicable for arbitrary
original sparse array geometries.

C. Mutual Coupling of Dilated Arrays

In this subsection, the mutual coupling of DAs is analyzed.
In Section II, (1) does not consider the mutual coupling among
sensors. In practice, the signal on each sensor is influenced by
its neighboring elements. With the effect on mutual coupling,
the received signal vector in (1) at time t becomes

y(t) = CAs(t) + ε(t), (14)

where C is the mutual coupling matrix of the physical array.
At time t+ τ , the mutual coupling is incorporated into (4) as

ỹ(t) = CÃs(t) + ε̃(t). (15)

Similarly, (14) and (15) can be synthesized as

z(t) =

[
y(t)
ỹ(t)

]
=

[
CA

CÃ

]
s(t) + ν(t), (16)

which can be rewritten as

z(t) = C ′Bs(t) + ν(t), (17)

where

C ′ =
[
C 0
0 C

]
(18)

and B denotes the manifold matrix of the synthetic array and
is given by (6) in Section II. Compared (17) to (5), C ′ behaves
like the mutual coupling matrix of the synthetic array.

To handle the mutual coupling issue in (17), self-calibration
methods can be utilized to jointly estimate the DOAs and the
mutual coupling coefficients [39]–[42]. Besides, using sparse
arrays to detect sources could alleviate the mutual coupling
effect. In this paper, we will show that the DAs are robust to
mutual coupling without using extra decoupling methods. Note
that the performance for DOA estimation using DAs can be
further improved by exploiting those decoupling approaches.

Here we use the coupling leakage to assess the effect of mutual
coupling among sensors. According to the definition of coupling
leakage, the coupling leakage of the DA in our model can be
expressed as

L = ‖C −Cd‖F / ‖C‖F , (19)

where C denotes the mutual coupling matrix of the DA and
Cd is a diagonal matrix satisfying diag(Cd) = diag(C). The
coupling leakage of the synthetic array is written as

L′ = ‖C ′ −C ′
d‖F / ‖C ′‖F , (20)
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where C ′
d is a diagonal matrix and satisfies that diag(C ′

d) =
diag(C ′). Regarding the coupling leakage of DAs, we have the
following theorem about it.

Theorem 3: The coupling leakage of the synthetic array,
composed of a DA and its shifted version with half-wavelength
displacement, is equivalent to that of the DA, i.e., L′ = L.

Proof: From (18) and the definition of Frobenius norm, we
can obtain

‖C ′‖F =
√
2 ‖C‖F (21)

and

C ′ −C ′
d =

[
C −Cd 0
0 C −Cd

]
. (22)

Thus,

‖C ′ −C ′
d‖F =

√
2 ‖C −Cd‖F . (23)

By substituting (21) and (23) into (20), we arrive at

L′ = ‖C −Cd‖F / ‖C‖F = L. (24)

Theorem 3 is proved. �
Theorem 3 indicates that the process of synthesis in the

moving array processing model does not have any influence
on the evaluation of mutual coupling for DAs in terms of cou-
pling leakage. Therefore, we can directly compute the coupling
leakage of a DA to assess the level of the mutual coupling effect.

Now, we compare coupling leakage of DAs to that of their
original arrays.

According to [42], the coupling coefficient between two sen-
sors can be approximated to be a function of the distance between
the two sensors, i.e., for a r-DA N

L

r ,

Ci,j = c|ni−nj |, ni, nj ∈ N
L

r , (25)

where the coefficients satisfy 1 = c0 > |c1| > · · · > |cP−1| >
cP = 0 with a positive integer P and it is assumed that [42]

|ci| = |c1|/i, (26)

which indicates the magnitudes of these coefficients are in-
versely proportional to their sensor separations.

Consider the numerator of L, i.e., ‖C −Cd‖F , which repre-
sents the energy of all off-diagonal coefficients and characterizes
the amount of mutual coupling. According to the definition of
Frobenius norm and (25), we can write it as

‖C −Cd‖2F =
∑

1≤i,j≤N,i �=j

|Ci,j |2 =
∑

ni,nj∈NL

r,i �=j

|c|ni−nj ||2.

(27)
By exploiting the weight functions of r-DAs and the symmetric
property of mutual coupling matrix, we obtain

‖C −Cd‖2F = 2
∑

g∈D(NL

r)
+

WN(g)|cg|2, (28)

whereD(NL

r )
+ denotes the positive part of the difference coarray

of NL

r and WN(g) represents the weight function value of the
sparse array N

L

r at sensor separation g.

Note that D(NL

r ) = rD(L) and WL(g) = WN(rg). We have

‖C −Cd‖F =

√
2

∑
g∈D(L)+

WL(g)|crg|2

=
|c1|
r

·
√√√√2

∑
g∈D(L)+

WL(g)

g2
,

(29)

where D(L)+ denotes the positive part of the difference coarray
of L.

According to (29), ‖C −Cd‖F is inversely proportional to
the dialtion factor r, i.e., ‖C −Cd‖F decreases as r increases.
It indicates that the effect of mutual coupling alleviates as r
increases.

Note that coupling leakage L is a monotonically increasing
function of ‖C −Cd‖F . Therefore, as r increases, both ‖C −
Cd‖F and L decrease.

When the dilation factor r = 1, r-DAs degenerate into their
original arrays. We can then conclude that when r > 1, the
coupling leakage of r-DAs is less than that of their original
arrays. From Theorem 3, we know that the coupling leakage of
synthetic arrays is less than that of original arrays. It suggests that
mutual coupling effect is mitigated by using r-DAs. Therefore,
DAs meet the criterion (ii) in Section II-B.

According to (29), aside from the dilation factor r, the weight
function of the original array WL(g) is another factor that we
can design to reduce mutual coupling. Since the summation
of all weight function values is a constant for a fixed number
of sensors, it can be seen from (29) that the weight function
values with small separation lags dominate the scale of mutual
coupling. The smaller these weight function values for original
arrays are, the less mutual coupling r-DAs have. It implies that
mutual coupling of r-DAs decreases as that of their original
arrays reduces. For example, SNAs exhibit less mutual coupling
than their parent NAs. Then, the corresponding r-DSNAs exhibit
less mutual coupling than the corresponding r-DNAs with the
same dilation factor.

Note that from the above analysis of coupling leakage, the
larger the dilation factor r is, the more robust the DAs are
in the presence of mutual coupling. However, as shown in
Theorem 1, when r ≥ 4, the uDOF of the synthetic arrays is
only three, which is so small that the performance of the DAs
degrades significantly. Therefore, the best dilation factor for DAs
is still r = 3 in terms of uDOF and mutual coupling for the best
overall performance.

IV. TWO-DIMENSIONAL DILATED ARRAYS

So far, many 2-D sparse array geometries have been exploited
to perform the 2-D DOA estimation, such as coprime planar
arrays [43], 2-D NAs [44], [45], hourglass arrays [46], parallel
arrays [47] and cross arrays [48]. However, most of them are
proposed for stationary platform.

In this section, we generalize the one-dimensional DAs to the
2-D case, i.e., two-parallel DAs.
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Fig. 3. Two-parallel sparse array configuration.

A. Two-Dimensional Moving Array Processing Model

As shown in Fig. 3, two identical DAs N = {n1, . . . , nN} are
parallelly-placed with a displacement of dx = md, to form a
two-parallel DA, where m is a positive integer. Thus, in the 2-D
plane, the positions of the i-th element in the subarrays 1 and 2
are (0, nid) and (md, nid), respectively. The 2-D DOAs of the
K sources are (θk, φk) for k = 1, . . . ,K. It can be noted that
cos(αk) = sin(θk) sin(φk) and cos(βk) = cos(θk) sin(φk). Let
ᾱk = d cos(αk)/λ and β̄k = d cos(βk)/λ be the k-th 2-D nor-
malized DOA. We make the same assumptions as those in the
one-dimensional moving array processing model. Besides. the
noise is assumed to be uncorrelated with each other.

The measured signals of the two parallel DAs are{
x1(t) = A1s(t) + ε1(t),
x2(t) = A2s(t) + ε2(t),

(30)

where x1 and x2 are two N × 1 vectors, ε1(t)
and ε2(t) are the observed noise vectors of the two
subarrays, A1 = [a1(ᾱ1), . . . ,a1(ᾱK)] denotes the
array manifold matrix of the first subarray, where
a1(ᾱk) = [exp(−j2πn1ᾱ2), . . . , exp(−j2πnN ᾱK)], and
A2 = [a2(ᾱ1, β̄1), . . . ,a2(ᾱK , β̄K)] = A1Φ represents
the manifold matrix of the second subarray with Φ =
diag(exp(−j2πmβ̄1), . . . , exp(−j2πmβ̄K)).

At time t+ τ , where τ = d/v denotes a short time period, the
output of the parallel DAs becomes{

x1(t+ τ) = A1s(t+ τ) + ε1(t+ τ),
x2(t+ τ) = A2s(t+ τ) + ε2(t+ τ).

(31)

Similarly, we can get two shifted parallel arrays with a displace-
ment d as {

x̃1(t) = Ã1s(t) + ε̃1(t),

x̃2(t) = Ã2s(t) + ε̃2(t),
(32)

where x̃i(t) = exp(−j2πfτ)xi(t+ τ) and ε̃i(t) =

exp(−j2πfτ)εi(t+ τ) for i = 1, 2, Ã1 =
[ã1(ᾱ1), . . . , ã1(ᾱK)] with ã1(ᾱk) = a1(ᾱk) exp(−j2πᾱk)

and Ã2 = [ã2(ᾱ1, β̄1), . . . , ã2(ᾱK , β̄K)] with ã2(ᾱk, β̄k) =
a2(ᾱk, β̄k) exp(−j2πᾱk).

Then, by combining the outputs of the physical parallel DAs
and their shifted arrays and letting z1(t) = [xT

1 (t), x̃
T
1 (t)]

T and
z2(t) = [xT

2 (t), x̃
T
2 (t)]

T , we obtain a synthetic array, which
consists of two parallel synthetic subarrays. The received signals
of the two parallel synthetic subarrays are{

z1(t) = B1s(t) + ν1(t),
z2(t) = B2s(t) + ν2(t),

(33)

whereν1(t) = [εT1 (t), ε̃
T
1 (t)]

T andν2(t) = [εT1 (t), ε̃
T
1 (t)]

T de-
note the received noises of the two synthetic subarrays, andB1 =
[AT

1 (t), Ã
T
1 (t)]

T and B2 = [AT
2 (t), Ã

T
2 (t)]

T are the manifold
matrices of the two synthetic subarrays, respectively.

B. Virtual Covariance Matrix Construction

Similar to the method in [47], a covariance matrix of a virtual
difference coarray can be constructed based on (33). In the
following, we briefly describe the construction method.

First, the covariance matrix of z1(t) is expressed as

R11 � E[z1(t)z
H
1 (t)] = B1ΣB

H
1 + σ2

nI2N , (34)

where Σ = diag([σ2
1 , . . . , σ

2
K ]) with σ2

k denoting the variance
of the k-th source and σ2

n stands for the noise power.
By vectorizing the covariance matrix R11, we obtain the

difference coarray of the first synthetic subarray. Its output is

r1 = vec (R11) = V1p+ σ2
n
�1n, (35)

where V1 = [b∗1(ᾱ1)⊗ b1(ᾱ1), . . . , b
∗
1(ᾱK)⊗ b1(ᾱK)] de-

notes the manifold matrix of the difference coarray, p =
[σ2

1 , . . . , σ
2
K ]T and �1n = vec(I2N ).

Generally, the difference coarray of the synthetic subarray
has a large ULA segment around the origin. We assume that the
number of elements in the ULA segment, i.e., the uDOF of the
synthetic subarray, is 2N̄ − 1. Let r̄1 represent the one-snapshot
received signal of the ULA segment in the difference coarray,
which can be obtained from (35) and expressed as

r̄1 = V̄1p+ σ2
ne, (36)

where V̄1 is a manifold matrix and e refers to an all-zero vector
except one 1 at the N̄ -th position. Then, we construct a Toeplitz
matrix

R̃11 = toeplitz(r̄1(N̄ , . . . , 2N̄ − 1), r̄1(N̄ , . . . , 1)). (37)

The cross covariance matrix between z2(t) and z1(t) is

R21 � E[z2(t)z
H
1 (t)] = B2ΣB

H
1 . (38)

Vectorizing R21 leads to

r2 = vec (R21) = V2p, (39)

where V2 = [b∗1(ᾱ1)⊗ b2(ᾱ1, β̄1), . . . , b
∗
1(ᾱK)⊗ b2(ᾱK ,

β̄K)] and we have V2 = V1Φ.
Similarly, we obtain the vector r̄2 = V̄2p with V̄2 = V̄1Φ

and then construct another Toeplitz matrix

R̃21 = toeplitz(r̄2(N̄ , . . . , 2N̄ − 1), r̄2(N̄ , . . . , 1)). (40)

According to [22], the two matrices R̃11 and R̃21, respectively,
can be expressed as

R̃11 = V11ΣV
H
11 + σ2

nIN̄ ,

R̃21 = V21ΣV
H
11,

(41)

where V11 and V21 consist of the last N̄ rows of V̄1 and V̄2,
respectively.

After that, we construct a 2N̄ × 2N̄ matrix as

R̃ =

[
R̃11 R̃

H

21

R̃21 R̃11

]
, (42)
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which can be written as

R̃ = VΣVH + σ2
nI2N̄ , (43)

where V = [VT
11,V

T
21]

T = [v(ᾱ1, β̄1), . . . ,v(ᾱK , β̄K)] be-
haves like the manifold matrix of two larger parallel ULAs with
v(ᾱk, β̄k) denoting the steering vector.

Finally, the DOAs can be estimated by 2D-MUSIC or other
methods based on the virtual covariance matrix R̃[47].

C. The Maximum Number of Detectable Sources

According to the MUSIC theory and (42), the maximum
number of detectable sources by using a moving two-parallel
DA with 2N elements is 2N̄ − 1, which is the uDOF of the
synthetic array of one dilated subarray. Thus, from Theorem
1, we conclude that given a two-parallel DA consisting of two
identical DAs, whose original array is L and dilation factor
is r, the maximum number of detectable sources by using the
two-parallel DA is denoted by Km, and given as

(i) r = 1, Km ≤ 3|D(L)|.
(ii) r = 2, Km = 2|U(L)|+ 1.

(iii) r = 3, Km = 3|U(L)|.
(iv) r ≥ 4, Km = 3.
Similar to one-dimensional DAs, the optimal dilation factor is

r = 3. In this case, the maximum number of identifiable sources
is three times the uDOF of the original array. In comparison,
for a two-parallel original array on a stationary platform, the
maximum number of identifiable sources is equivalent to the
uDOF of the original linear array, as shown in [47], where
only two-parallel NAs are discussed. By utilizing two-parallel
original arrays such as two-parallel NAs on moving platform,
the increased number of detectable sources is quite limited since
the increase of uDOF is limited by exploiting the motion of an
original linear array.

V. SIMULATION RESULTS

In this section, numerical examples are given to demonstrate
the efficiency of DAs by comparing between DAs and their
original arrays. These arrays include a ULA, a CPA, an NA, an
SNA, an ANA and an MRA, and their corresponding 3-DAs,
which are a 3-DULA, a 3-DCPA, a 3-DNA, a 3-DSNA, a
3-DANA and a 3-DMRA. The number of sensors is ten for all
arrays. For the CPA, we choose the two coprime integers as 3
and 5. For the NA, the SNA and the ANA, the number of sensors
in each uniform linear subarray is set as 5 to obtain the highest
DOF. And note that there are four types of ANAs. Here we use
ANAI-2 since both its uDOF and the value of mutual coupling
are in the middle range among the four types of ANA. Thus, the
six original arrays are given as follows.

ULA:{0, 1, 2, 3, 4, 5, 6, 7, 8, 9},
CPA:{0, 3, 5, 6, 9, 10, 12, 15, 20, 25},
NA :{0, 1, 2, 3, 4, 5, 11, 17, 23, 29},
SNA:{0, 2, 4, 7, 9, 11, 17, 23, 28, 29},
ANA:{0, 1, 3, 5, 11, 17, 23, 29, 30, 32},
MRA:{0, 1, 3, 6, 13, 20, 27, 31, 35, 36}.
Then, we can obtain the corresponding 3-DAs as
3-DULA:{0, 3, 6, 9, 12, 15, 18, 21, 24, 27},
3-DCPA:{0, 9, 15, 18, 27, 30, 36, 45, 60, 75},
3-DNA :{0, 3, 6, 9, 12, 15, 33, 51, 69, 87},

TABLE I
THE UDOF AT THREE DIFFERENT SCENARIOS FOR DIFFERENT ARRAYS WITH

10 ELEMENTS. IN THE TABLE, UDOF DENOTES THE UDOF OF THE ORIGINAL

ARRAY ON A STATIONARY PLATFORM, UDOFM REFERS TO THE UDOF THE

ORIGINAL ARRAYS CAN ACHIEVE UNDER ARRAY MOTION AND UDOFDA IS

THE UDOF THAT THE DAS CAN ACHIEVE UNDER ARRAY MOTION,
RESPECTIVELY. IT CAN BE SEEN THAT THE UDOF THAT EACH DA CAN

ACHIEVE IS THREE TIMES THAT OF THE CORRESPONDING ORIGINAL ARRAY

3-DSNA:{0, 6, 12, 21, 27, 33, 51, 69, 84, 87},
3-DANA:{0, 3, 9, 15, 33, 51, 69, 87, 90, 96},
3-DMRA:{0, 3, 9, 18, 39, 60, 81, 93105108}.
In the following experiments, we consider a simple model that

all arrays are moving with the same speed v = 2m/s. The central
frequency of narrowband sources is f = 1 KHz and the sample
frequency is fs = 8 KHz. The propagation speed of acoustic
wave is assumed to be 1500 m/s. The underlying intersensor
spacing is half wavelength.

The root mean square error (RMSE) for one-
dimensional DOA estimation is defined as RMSE(θ) =√

1
KNmc

∑Nmc

i=1

∑K
k=1(θk − θ̂k,i)2, where Nmc denotes the

number of Monte Carlo trials and θ̂k,i represents the estimate
of the k-th source at the i-th trial, respectively. We use the
coarray MUSIC method [22] to perform DOA estimation unless
otherwise noted.

A. uDOF

First, we compare the uDOF that the DAs and their original
arrays can achieve under array motion, i.e., the uDOF of the
synthetic arrays for DAs and their original arrays. For compar-
ison, the uDOF of the original arrays on a stationary platform
are also presented here. The uDOF for different scenarios and
arrays are shown in Table I, where uDOF denotes the uDOF of
the original arrays on a stationary platform, uDOFM stands for
the uDOF that the original arrays can achieve under array motion
and uDOFDA represents the uDOF that corresponding DAs can
achieve under array motion, respectively. It can be clearly found
that the uDOF that each DA can achieve is increased threefold
compared with that of its original array on a stationary platform.
The result is consistent with Theorem 1. In contrast, the motion
of the original arrays only increases uDOF by a small number.
Especially for those arrays with a hole-free difference coarray
such as the ULA, the NA, the SNA, the ANA and the MRA,
the number is only 2. According to the results in [33], if the
synthetic array needs to achieve the same bound on estimation
error with fewer snapshots as the stationary array, the ratio of the
uDOF of the synthetic array to that of the stationary array should
exceed a certain threshold, i.e.,

√
2
√
2 ≈ 1.68. For the original

arrays in Table I, the maximum ratio is 53/35 ≈ 1.51, from the
CPA. Thus, the condition in [33] mentioned above cannot be met
for all the original arrays. On the contrary, the maximum uDOF



LI AND ZHANG: DILATED ARRAYS: A FAMILY OF SPARSE ARRAYS WITH INCREASED rDOF 3375

of the synthetic arrays of DAs is increased threefold compared
to that of their original array regardless of array geometries. It
implies that DAs can meet this condition.

B. Spatial Spectra in the Absence of Mutual Coupling

In this subsection, the spatial spectra for the above six kinds
of DAs and their original arrays are obtained in the absence of
mutual coupling by applying the coarray MUSIC algorithm [22]
to the corresponding synthetic arrays. We use all the arrays to
measure the sources, which are corrupted by additive Gaussian
noise with signal-to-noise ratio (SNR) being 0 dB.

First the number of sources is chosen to be K = 27 and they
are uniformly distributed over θ̄ = [−0.45, 0.45]. Note that for
original arrays, the ULA and the CPA can not identify 27 sources.
Thus, we only depict the pseudo MUSIC spatial spectra with
T = 3500 snapshots for all DAs in Fig. 4. It can be clearly seen
that using the coarray MUSIC algorithm, all DAs can resolve
all the sources well. Furthermore, the 3-DNA, the 3-DSNA, the
3-DANA and the 3-DMRA have sharper MUSIC spectra com-
pared to the 3-DULA and the 3-DCPA. Note that in this example
the number of sources is more than twice the number of sensors.
It has been shown that the uDOF for all DAs is substantially
increased.

Then, we consider the case in which 9 sources are closely
spaced and uniformly distributed over θ̄ = [−0.1, 0.1], which
corresponds to [−11.54◦, 11.54◦]. The other parameters are kept
unchanged. Fig. 5 plots the spatial spectra for all the 3-DAs (on
the right) and their original arrays (on the left). First, it can
be clearly found that all the original arrays (on the left) except
the MRA exhibit missing peaks. Second, all the 3-DAs (on the
right) except the 3-DULA succeed to identify all the sources.
The spatial spectrum of the 3-DULA has one missing peak while
that of ULA has more missing peaks. Besides, compared to the
MRA, the 3-DMRA has sharper peaks. In summary, each DA
outperforms the corresponding original array. The result in Fig. 5
is in accordance to the uDOF in Table I. Generally speaking, the
larger the uDOF is, the higher the resolution ability for DOA
estimation.

C. Coupling Leakage

In this subsection, we compare the coupling leakages of
different DAs with those of their original arrays. According
to Theorem 3, the coupling leakage of the synthetic array
comprising a DA and its shifted version with half-wavelength
displacement is identical to that of the DA. Thus, in order to
assess the influence of mutual coupling effect, we can directly
compute the coupling leakage of a physical DA.

Similar to [17], we choose P = 100, ci = c1 exp(−j(i−
1)π/8)/i for 2 ≤ i ≤ P and c1 = 0.8 exp(jπ/3). The coupling
leakages before and after dilation for the above six types of 3-
DAs are obtained, and shown in Table II. Besides, the decreasing
percentages of coupling leakage before and after dilation for all
the 3-DAs are presented in the last column of Table II. It can be
clearly seen that the coupling leakages of 3-DAs are significantly
decreased compared with those of their original arrays. All the
percentages decreased are more than 50%. Furthermore, the
coupling leakage of a DA decreases when that of its original
array decreases.

Fig. 4. Spatial spectra in the absence of mutual coupling by using 3-DAs, (a)
3-DULA, (b) 3-DCPA, (c) 3-DNA, (d) 3-DSNA, (e) 3-DANA, (f) 3-DMRA.
K = 27, N = 10. The vertical dotted lines mark real directions. All the 3-DAs
with 10 sensors can resolve all the 27 sources well. Note that the original arrays
including ULA and CPA with 10 elements cannot resolve 27 sources while their
corresponding 3-DAs, 3-DULA and 3-DCPA, respectively, succeed to resolve
all 27 sources.

TABLE II
THE COUPLING LEAKAGES OF DIFFERENT ORIGINAL ARRAYS AND DAS. THE

COUPLING LEAKAGES OF DAS ARE SIGNIFICANTLY DECREASED COMPARED

WITH THEIR ORIGINAL ARRAYS. ALL THE PERCENTAGES

DECREASED ARE MORE THAN 50%
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Fig. 5. Spatial spectra for 9 closely spaced signals and uniformly distributed
over θ̄ = [−0.1, 0.1], which corresponds to [−11.54◦, 11.54◦]. (a) ULA, (b)
3-DULA, (c) CPA, (d) 3-DCPA, (e) NA, (f) 3-DNA, (g) SNA, (h) 3-DSNA,
(i) ANA, (j) 3-DANA, (k) MRA, and (l) 3-DMRA. K = 9. The vertical dotted
lines mark real directions. All the original arrays (on the left) except the MRA
exhibit missing peaks. All the 3-DAs (on the right) except the 3-DULA succeed
to identify all the sources. The spatial spectrum of the 3-DULA has only one
missing peak while that of ULA has more missing peaks. In summary, each
3-DA outperforms the corresponding original array.

D. Spatial Spectra in the Presence of Mutual Coupling

Now we present the coarray MUSIC spatial spectra of differ-
ent 3-DAs and their original arrays in the presence of mutual
coupling. First, consider that K = 5 sources impinge on these
arrays with normalized DOAs θ̄ = {−0.1,−0.05, 0, 0.05, 0.1}.

Fig. 6. Spatial spectra for K = 5 sources in the presence of mutual coupling
with c1 = 0.99 exp(jπ/3), P = 100 and ci = c1 exp(−j(i− 1)π/8)/i for
2 ≤ i ≤ P . (a) ULA, (b) 3-DULA, (c) CPA, (d) 3-DCPA, (e) NA, (f) 3-DNA,
(g) SNA, (h) 3-DSNA, (i) ANA, (j) 3-DANA, (k) MRA, and (l) 3-DMRA. The
normalized DOAs are {−0.1,−0.05, 0, 0.05, 0.1}, marked by vertical dotted
lines. All the 3-DAs (on the right) can identify all the 5 sources clearly even in
the presence of severe mutual coupling. However, for the original arrays (on the
left), only the SNA succeeds to detect the sources while others fail. Note that the
3-DSNA, the corresponding 3-DA of the SNA, shows sharper peaks compared
to the SNA. We conclude that the 3-DAs are more robust to mutual coupling
than the original arrays.

All of them suffer from severe mutual coupling with c1 =
0.99 exp(jπ/3), P = 100 and ci = c1 exp(−j(i− 1)π/8)/i
for 2 ≤ i ≤ P . The spatial spectra for all the 3-DAs (on the
right) and their original arrays (on the left) are illustrated in
Fig. 6. It can be found that all the 3-DAs can identify all the 5
sources clearly even in the presence of severe mutual coupling.
However, for the original arrays, only the SNA succeeds to
detect the sources while others fail. Note that the 3-DSNA, the
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corresponding 3-DA of the SNA, shows sharper peaks compared
to the SNA.

We conclude that the 3-DAs are more robust than the original
arrays in the presence of mutual coupling. This is because 3-DAs
not only increase uDOF, but also reduce the mutual coupling
among sensors substantially.

Afterwards, the number of sources is increased to 8 in order
to take a comparison among all the DAs. The 8 sources are uni-
formly distributed over θ̄ = [−0.1, 0.1]. The other parameters
in this experiment are kept the same as the last one. To compre-
hensively investigate the performance of DAs, we compare two
DOA estimation methods including co-array MUSIC [22] and
sparse signal representation (SSR) [30]. The SSR method trans-
forms the DOA estimation problem to the LASSO problem [49]
and can exploit all co-array lags. The detailed analysis can be
found in [30]. We depict the spatial spectra for six different
kinds of 3-DAs by using the two methods in Fig. 7. It can be
seen that by using the coarray MUSIC method (left column in
Fig. 7), the 3-DAs including the 3-DSNA, the 3-DANA and
the 3-DMRA still can resolve all the sources. Meanwhile, by
using the SSR method (right column in Fig. 7), all DAs show
sharper spatial spectra and detect the sources well except the
3-DULA. It means that DAs such as 3-DSNA, 3-DANA and
3-DMRA can perform well even in the presence of severe mutual
coupling owing to higher uDOF and larger intersensor spacing.
Besides, SSR method further improves the performance of DAs
in comparison to co-array MUSIC method.

E. RMSE in the Absence of Mutual Coupling

In this subsection, we investigate the RMSE versus SNR and
the number of snapshots for DAs and their original arrays in the
absence of mutual coupling. From the above-mentioned array
geometries, we choose three typical types of original array, i.e.,
the CPA, the NA and the ANA, and their DAs, i.e., 3-DCPA,
3-DNA and 3-DANA, to compare their RMSEs of DOA es-
timation. We consider that 8 sources uniformly distributed at
{−75◦, 75◦} impinge on the six different arrays. We plot the
RMSEs with respect to SNR and the number of snapshots for
different arrays in the absence of mutual coupling in Fig. 8
and Fig. 9, respectively. In Fig. 8 the number of snapshots is
T = 1000 and the SNR varies from -10 dB to 10 dB with a step
2 dB while in Fig. 9 SNR = 0 dB and the number of snapshots
varies from 100 to 3900 with a step 200. The numbers of trials
are 200 and 400 in Fig. 8 and Fig. 9, respectively. From the two
figures, it can be seen that the 3-DANA achieves the smallest
error, followed by the 3-DNA, then by the 3-DCPA, the ANA, the
NA and finally by the CPA. It indicates that all the 3-DAs have
smaller errors compared to their corresponding original arrays.
This is due to the increased uDOF achieved by the 3-DAs. In
general, large uDOF results in a small error.

F. RMSE in the Presence of Mutual Coupling

Now, we evaluate the RMSEs as a function of SNR and the
number of snapshots in the presence of mutual coupling for
the six different arrays. The mutual coupling is given by c1 =
0.3 exp(jπ/3), P = 100 and ci = c1 exp(−j(i− 1)π/8)/i for
2 ≤ i ≤ P . By averaging 200 trials, the RMSEs as a function of
SNR and the number of snapshots are demonstrated in Fig. 10

Fig. 7. Spatial spectra for K = 8 sources in the presence of mutual coupling
with c1 = 0.99 exp(jπ/3), P = 100 and ci = c1 exp(−j(i− 1)π/8)/i for
2 ≤ i ≤ P by using co-array MUSIC method (left) and SSR method (right),
(a) 3-DULA + co-array MUSIC, (b) 3-DULA + SSR, (c) 3-DCPA + co-array
MUSIC, (d) 3-DCPA + SSR, (e) 3-DNA + co-array MUSIC, (f) 3-DNA + SSR,
(g) 3-DSNA + co-array MUSIC, (h) 3-DSNA + SSR, (i) 3-DANA + co-array
MUSIC, (j) 3-DANA + SSR, (k) 3-DMRA + co-array MUSIC, and (l) 3-DMRA
+ SSR. The vertical dotted lines mark real directions. DAs such as 3-DSNA,
3-DANA and 3-DMRA can perform well even in the presence of severe mutual
coupling owing to higher uDOF and larger intersensor spacing.

and Fig. 11, respectively. All other parameters in the two figures
are the same as those in Fig. 8 and Fig. 9, respectively. First, it
can be noted that the RMSEs of all 3-DAs and the ANA become
smaller as SNR or the number of snapshots increases. The CPA
and the NA perform worst with almost constant RMSEs since
they do not obtain the right estimates for the given condition.
Second, Fig. 10 and Fig. 11 show that the CPA performs
better than the NA while the 3-DNA performs better than the
3-DCPA. This is because the DOA performance is affected by
two factors–the uDOF and mutual coupling. NA and 3-DNA
have larger uDOF but more mutual coupling compared to CPA
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Fig. 8. RMSE with respect to SNR in the absence of mutual coupling. T =
1000. The 3-DANA achieves the smallest error, followed by the 3-DNA, then
by the 3-DCPA, the ANA, the NA and finally by the CPA. It indicates that all the
3-DAs have smaller errors compared to their corresponding original arrays. This
is due to the increased uDOF achieved by the 3-DAs. In general, large uDOF
results in a small error.

Fig. 9. RMSE with respect to the number of snapshots in the absence of mutual
coupling. SNR = 0 dB.

Fig. 10. RMSE with respect to SNR in the presence of mutual coupling.
The mutual coupling is given by c1 = 0.3 exp(jπ/3), P = 100 and ci =
c1 exp(−j(i− 1)π/8)/i for 2 ≤ i ≤ P . T = 1000. All the 3-DAs can obtain
more accurate estimates compared to their corresponding original arrays due to
increased uDOF and more robustness to mutual coupling. The performance of
the two original arrays, i.e., that of the CPA and the NA, degrades significantly
in the presence of mutual coupling while that of their 3-DAs is slightly affected.

Fig. 11. RMSE with respect to the number of snapshots in the presence of
mutual coupling. The mutual coupling is given by c1 = 0.3 exp(jπ/3), P =
100 and ci = c1 exp(−j(i− 1)π/8)/i for 2 ≤ i ≤ P . SNR = 0 dB.

Fig. 12. RMSE with respect to the standard deviation of normalized speed σv .
SNR = 0 dB. T = 1000.

and 3-DCPA, respectively. The CPA achieves better perfor-
mance than the NA because their performance is dominated
by mutual coupling for the given parameters and thus degrades
significantly in the presence of mutual coupling. On the other
hand, for DAs including the 3-DNA and the 3-DCPA, their per-
formance is dominated by uDOF since DAs expand intersensor
spacing and are slightly affected by mutual coupling. Third, the
three 3-DAs can obtain more accurate estimates compared to
their corresponding original arrays due to increased uDOF and
more robustness to mutual coupling. This is in accordance with
their uDOF in Table I and coupling leakages in Table II.

G. Perturbation on the Speed

In practice, the sensor array may not move at a constant speed.
In this subsection, we investigate the RMSE performance against
the perturbation on the speed. We assume that at time t, sparse
arrays move at speed vt = v(1 + Δv), whereΔv ∼ N (0, σ2

v) is
a random variable and normally distributed with mean zero and
varianceσ2

v . In our method, we treat the speed as a constant value
v. We depict the RMSE with respect to the standard deviation
σv for six different arrays in Fig. 12 with SNR = 0 dB and 1000
snapshots. Other parameters are kept the same as those in Fig. 8.
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Fig. 13. RMSE versus SNR for normalized 2-D DOA. (a) ᾱ and (b) β̄. Both
the two-parallel DAs, i.e., the TP-3-DCPA and the TP-3-DNA, show smaller
errors compared to two parallel original arrays. T = 1000.

First, it can be seen that the 3-DCPA exhibits more robustness
compared to its original array (CPA) due to increased uDOF, i.e.,
the performance of 3-DCPA degrades significantly when σv is
larger than 0.4 while that of the CPA degrades severely when
σv is larger than 0.3. Second, all the 3-DAs achieve smaller
errors in comparison to their original arrays when the speed
perturbation is small, i.e., σv ≤ 0.5. Third, the NA obtains a
more stable performance compared with other arrays. The major
reason is that the DOA estimation performance is also affected
by the number of overlapping elements between the physical
sparse array and its shifted array. From the coarray MUSIC
algorithm [22], the overlapping elements in the physical array
can help calibrate the corresponding elements in the shifted array
and thus lead to a more accurate difference coarray. Among the
six different arrays, the NA has the most overlapping elements
with its corresponding shifted array. Therefore, the NA shows
the most robust performance.

H. RMSE for Two-Parallel Dilated Arrays

In this subsection, we evaluate the RMSEs of 2-D DOA esti-
mation versus SNR and the number of snapshots. The RMSEs
of 2-D normalized DOA estimation are defined as⎧⎨

⎩RMSE(ᾱ) =
√

1
NmcK

∑Nmc

i=1

∑K
k=1( ˆ̄αk,i − ᾱk)2,

RMSE(β̄) =
√

1
NmcK

∑Nmc

i=1

∑K
k=1(

ˆ̄βk,i − β̄k)2,

where ˆ̄αk,i and ˆ̄βk,i denote the estimated 2-D normalized DOA
of the k-th source at the i-th trial, and ᾱk and β̄k represent the
real 2-D normalized DOA of the k-th source, respectively. Based

Fig. 14. RMSE versus the number of snapshots for 2-D normalized DOA. (a)
ᾱ and (b) β̄. Both the two-parallel DAs achieve better performance compared
with the two-parallel original arrays. SNR = 0 dB.

on the given array geometries in the beginning of this section,
we obtain four 2-D sparse arrays including a two-parallel CPA
(TP-CPA), a two-parallel NA (TP-NA), a two-parallel 3-DCPA
(TP-3-DCPA) and a two-parallel 3-DNA (TP-3-DNA). The nor-
malized 2-D DOAs of 5 sources, i.e., ᾱk and β̄k for k = 1, . . . , 5,
are uniformly distributed over [0.05,0.25] and [−0.3,−0.1],
respectively. The integer m is set as 1. We apply the method
in [47] to R̃ to perform the 2-D DOA estimation.

First, averaging Nmc = 400 independent trials, we show the
RMSEs of ᾱ and β̄ versus SNR for different 2-D arrays in
Fig. 13(a) and Fig. 13(b), respectively. The number of snap-
shots is T = 1000. It can be noted from Fig. 13 that both the
two-parallel DAs, i.e., the TP-3-DCPA and TP-3-DNA, show
smaller errors compared to the two-parallel original arrays owing
to increased detection ability.

Then, we plot the RMSEs of ᾱ and β̄ with regard to the number
of snapshots for the four different two-parallel sparse arrays
in Fig. 14(a) and Fig. 14(b), respectively, where SNR is 0 dB
and Nmc = 400. It can be seen that both the two-parallel DAs
achieve better performance as well compared with two-parallel
original arrays.

VI. CONCLUSION

In this paper, a new family of sparse array geometries called
dilated arrays (DAs) is proposed on a moving platform by
dilating the intersensor spacing of arbitrary linear arrays mul-
tifold. First, we prove that the maximum uDOF that DAs can
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achieve on a moving platform is three times that of the original
linear arrays regardless of their array geometries. Therefore, the
number of sources that can be detected is tripled. Second, we
prove that DAs have reduced mutual coupling among sensors
in terms of coupling leakage. Thus, they are more robust to
mutual coupling compared to their original arrays. Third, by
extending the one-dimensional DAs to the 2-D case, we propose
a 2-D array geometry, namely, two-parallel DAs. We show that
two-parallel DAs on a moving platform can increase the number
of identifiable sources threefold. Besides, DAs preserve the
merits of their original arrays such as closed-form expressions
for the array geometry. One can readily derive the closed-form
expressions of the geometry of DAs for a fixed number of sensors
as long as their original arrays have corresponding closed-form
expressions.

Numerical simulations demonstrate that DAs succeed to de-
tect much more sources than sensors and achieve higher reso-
lution compared to their original arrays. Spatial spectra in the
presence of mutual coupling illustrate that the DAs outperform
their original arrays. All the DAs clearly identify all sources
while all the original arrays except the SNA fail to identify the
sources. Furthermore, DAs have smaller estimation errors for
DOA estimation compared to their original arrays in both the
absence and the presence of mutual coupling. In addition, DAs
achieve better performance compared to their original arrays for
small speed perturbation.

APPENDIX A
PROOF OF THEOREM 1

According to the definition of difference coarray and (13),
the difference coarray of the synthetic array of r-DAs can be
expressed as a union set of four subsets, i.e.,

D(SLr )=D(NL

r ) ∪ D(N̄
L

r ) ∪ diff(NL

r , N̄
L

r ) ∪ diff(N̄
L

r ,N
L

r ),
(44)

where the first two subsets D(NL

r ) and D(N̄
L

r ) denote the self-
lags of the DA and the shifted array, and the last two subsets
diff(NL

r , N̄
L

r ) = {ni − n̄j |i, j = 1, . . . , N} anddiff(N̄L

r ,N
L

r ) =
{n̄i − nj |i, j = 1, . . . , N} denote the cross-lags of the DA and
shifted array, respectively.

Note that the DA and the shifted array share the same differ-
ence coarray, i.e., D(NL

r ) = D(N̄
L

r ). Thus, (44) can be written
as

D(SLr ) = D(NL

r ) ∪ diff(NL

r , N̄
L

r ) ∪ diff(N̄
L

r ,N
L

r ). (45)

According to (11) and (12), the three subsets in the right side
of (45) can be expressed as⎧⎪⎨
⎪⎩

D(NL

r ) = {r(li − lj)|i, j = 1, . . . , N},
diff(NL

r , N̄
L

r ) = {r(li − lj)− 1|i, j = 1, . . . , N},
diff(N̄

L

r ,N
L

r ) = {r(li − lj) + 1|i, j = 1, . . . , N}.
(46)

Consider that there is an element at position q in D(L), i.e., for
some i and j,

li − lj = q. (47)

From (46), it can be noted that there are three elements at
positions rq, rq + 1 and rq − 1 in D(SLr ). Meanwhile, it can
be readily found that each of the three subsets has |D(L)| ele-
ments. Note that the elements of the three subsets may overlap.
Therefore,

|D(SLr )| ≤ 3|D(L)|. (48)

A. Case I: r = 1

According to (48),

D(SL1 )| ≤ 3|D(L)|. (49)

Therefore,

|U(SL1 )| ≤ |D(SL1 )| ≤ 3|D(L)|. (50)

B. Case II: r = 2

By substituting r = 2 into (46), we have⎧⎪⎨
⎪⎩

D(NL

2 ) = {2(li − lj)|i, j = 1, . . . , N},
diff(NL

2 , N̄
L

2 ) = {2(li − lj)− 1|i, j = 1, . . . , N},
diff(N̄

L

2 ,N
L

2 ) = {2(li − lj) + 1|i, j = 1, . . . , N}.
(51)

Consider that D(L) has two elements at two consecutive posi-
tions q and q + 1. Then, from (51), we can obtain six elements
in D(SL2 ) at positions 2q, 2q + 2, 2q − 1, 2q + 1, 2q + 1 and
2q + 3. Note that two elements overlap at position 2q + 1.
Hence, a conclusion can be drawn that for each pair of two con-
secutive elements in D(L), two corresponding elements overlap
in D(SL2 ). Thus, we have

|D(SL2 )| = 3|D(L)| −
I∑
i

(Ii − 1) = 2|D(L)|+ I (52)

and

|U(SL2 )| = 3|U(L)| − (|U(L)| − 1) = 2|U(L)|+ 1, (53)

where Ii denotes the number of elements in the i-th island in
D(L).

C. Case III: r = 3

Plugging r = 3 into (46), we obtain⎧⎪⎨
⎪⎩

D(NL

3 ) = {3(li − lj)|i, j = 1, . . . , N},
diff(NL

3 , N̄
L

3 ) = {3(li − lj)− 1|i, j = 1, . . . , N},
diff(N̄

L

3 ,N
L

3 ) = {3(li − lj) + 1|i, j = 1, . . . , N}.
(54)

Note that for two consecutive elements q and q + 1 in D(L),
the corresponding six elements ranging from 3q − 1 to 3q + 4
in D(SL3 ) do not overlap and exactly construct an ULA. Conse-
quently,

|D(SL3 )| = 3|D(L)|. (55)

|U(SL3 )| = 3|U(L)|. (56)

D. Case IV: r ≥ 4

Note that if r ≥ 4, then for two consecutive elements in
D(L), the corresponding six elements in D(SLr ) do not overlap.
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Therefore,

|D(SLr )| = 3|D(L)|, r ≥ 4. (57)

Meanwhile, holes appear in the difference coarray of the syn-
thetic array for arbitrary original arrays if r ≥ 4. It implies

|U(SLr )| = 3, r ≥ 4. (58)

In a word, Theorem 1 is proved.

APPENDIX B
PROOF OF THEOREM 2

Note that a sparse array has a hole-free array if and only
if the uDOF and the DOF of the sparse array are the same.
Therefore, we only need to prove that if D(L) is hole-free, then
D(SLr ) = U(SLr ) or |D(SLr )| = |U(SLr )| for r = 1, 2, 3.

If r = 1, then N
L

1 = L. Assume that D(L) = {−Q,−Q+
1, . . . , Q}. According to (46),⎧⎪⎨

⎪⎩
D(NL

1 ) = {−Q,−Q+ 1, . . . , Q},
diff(NL

1 , N̄
L

1 ) = {−Q− 1,−Q, . . . , Q− 1},
diff(N̄

L

1 ,N
L

1 ) = {−Q+ 1,−Q+ 2, . . . , Q+ 1}.
(59)

It can be derived that

|D(SL1 )| = |U(SL1 )| = |D(L)|+ 2. (60)

For r = 2, according to Theorem 1,

|D(SL2 )| = 2|D(L)|+ I. (61)

Since the difference coarray of L is hole-free, I = 1. Thus,

|D(SL2 )| = 2|D(L)|+ 1 = 2|U(L)|+ 1 = |U(SL2 )|. (62)

For r = 3, it can be obtained from Theorem 1 that

|D(SL3 )| = |U(SL3 )| = 3|D(L)|. (63)

In a nutshell, if the original array L has a hole-free difference
coarray, we have

|D(SLr )| = |U(SLr )|, r ≤ 3, (64)

which suggests that the difference coarray of the synthetic array
is also hole-free. Hence, Theorem 2 is proved.
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